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Die Typen der linearen CompleoBe rationaler 

Curven im R^. 

Von S. Kantob. 



In der Theorie der endlichen discontinuirlichen Gruppen, welche ich fur 
die Ebene in meinem Bucbe'*' feststellte, hat sich mir nach mehrfachen Yersuchen 
die Ueberzeugung befestigt, daas auch fur den B^ jene Theorie nicht eigent- 
lich auf invariante Punctionenkorper von r + 1 Variabeln — die invarianten 
i^^i-Systeme — zu begriinden ist, sondern dass vielmehr die invarianten Curven- 
complexe zum Angelpunkte fur die Entdeckung der Aequivalenztheoreme werden. 
Bewogen durch diese Ueberzeugung hatte ich bereits in der ersten Halfte des 
Jahres 1896 einen Abriss jener Theorie auf dem Fundamente der Curvencom- 
plexe skizzirt. Es erweist sich zu ihrem voUstandigen Abschlusse als eine noth- 
wendige Praliminararbeit, Theoreme zu finden, welche fiir die rationalen und 
elliptischen Curven im R^ dasselbe leisten, wie jene, welche man in der Ebene 
theils seit langer Zeit, theils durch meine 1899 (Monatshefte) veroflFentlichten 
Arbeiten kennt. Und eben im R^ zeigt sich die Nothwendigkeit dieser letzteren 
neuen Theoreme, welche alles Irrationale ausschliessen.f 

Wie im R^ sind auch im Rr zwei Reihen von Theoremen zu bilden. Die 
eine sieht alles als gegeben an und hat also allgemein nur einen numerischen 
Werth ; die zweite reicht in alien Fallen, auch wenn die Basiselemente nur grup- 
penw^ise rational bekannt sind, aus, wobei also der natiirliche Rationalitatsbe- 
reich der geometrischen Data nicht iiberschritten zu werden braucht. Die 
Superioritat der zweiten Reihe liegt auch hier darin, dass sie eigentlich vor die 
erste Reihe zu treten hat. Denn diese kann aus jener gefolgert werden, wahrend 

* Mayer u. Mtdler, 1896. 

tDenn in den FaUen, wo die Theoreme aus der Ebene zur Anwendung im Rr gelangen, wird, was 
in der Ebene discrete Punktgruppe war, ein Weber- Dedekind'sches Polygon auf einer algebraischen 
Varietat und verliert die ftlr die Betheiligung an einem Fundamentalaysteme nothwendige Bestimm- 
barkeit. 
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sie selbst derzeit wohl iiberhaupt eine arithmetische Herleitung nicht gestattet, 
sobald r >► 2 . Ich spreche diese Meinung aus* obzwar ich selbst in Acta Math. 
XXI. p. 1-78 fiir eine sehr ausgedehnte Classe von Systemen die arithmetischen 
Theoreme auf dem Wege der Belationen fiir die Singularitaten entwickelte. 

Aus dem Folgenden sei das durchgehends zur Geltung kommende Princip 
der Transversalmannigfaltigkeiten hervorgehoben, das die Theorie im By ohne 
die Herbeiziehung noch hoherer Raume in zufriedenstellender Weise aufzubauen 
gestattei Diese Methode enthalt das fruher (Acta Math. XIX. und C. R. 1886) 
in Anwendung gebrachte Princip der Verminderung der ^ als speciellen Fall 
in sich. 

In §4 habe ich eine von Domenico Montesano, einem der besten lebenden 
italienischen Geometer, als angeblich typisch durchgefiihrte Eintheilung der 
linearen oo^Systeme von Kegelschnitten im R^ als in diesem Sinne falsch nach- 
gewiesen. 

In §5 gebe ich die Verallgemeinerung eines vielgenannten Picard'schen 
Satzesf liber M.. im R^ auf Jf,._i im R^. 

§1. — AUgemeines uber lineare Gomplexe von Curven im Rr. 

1. Bin linearer oo'"-"*.Complex von Curven G^ im R^ ist ein solcher, von dem 
durch jeden Punkt des Rr nur eine der G^ geht. 

Lemma.% Jede Involution von oo'' k-punktigen Gruppen im Rr ist rational, 

* Der Grund fiir dioBen Ausspruch ist eben in der Unhandlichkeit der Nether ^schen Postulations- 
formeln eu suchen, auf die ich bereits Acta Math. XXI. hingewiesen habe. • 

t Cr. J. Bd. 100. 

tich habe diesen Satz schon in Acta Math. toI. XIX ausgesprochen. Ich wQrde es aber gar nicht 
nothwendig haben, den Satz hier zu beweisen, wenn ich nicht meine Theoreme durch wegs allgemein 
fftr " alle Gomplexe des Indexes 1 " auszusprechen wiinschte. Wollte ich die Theoreme dieser Arbeit 
nur fiir " Curvencomplexe, die als gegenseitiger Schnitt von r — I Afr - r Systemen im Rr erzeugt 
werden ibd/inen," aussprechen, so konnte ich' es einem neuen Probleme anheimstellen, iiber die Iden- 
titat aller Gomplexe 1. Ordnung (oder des Index 1 oder wie ich im Texte absichtlich sofort sage 
'* linearen Coroplexe ") rait den eben gekennzeichneten Complexen zu entscheiden.— Mit dem obigen 
Beweisehalte ich selbstverstandlich die " delicate " Frage der Rationalit&t aller eigentlichen Involu- 
tionen r ter. Stufe in linearen Rdumen f Gr entschieden. Anders verh&lt es sich mit der von Castelnuovo 
wie von Enriques noch nicht erwahnten Frage der Involutionen qo'' + \ . ... bis oo*'-' im -Rr , unter 
denen ich die Moglichkeit irrationaler Involutionen wirklich vermuthe. Jedoch sind solohe Involu- 
tionen intermediarer Stufe bisher der allgemeinen Aufmerksamkeitentgangen, cf. n. 6. am Ende dieses 
§1. Rational sind allgemein im Rr alle oo*'.8tufigen Involutionen, obaberauch fiir ft > 1 die oo*^+*'-stu- 
*figen Involutionen irrational sein k^nnen, dies erst ist eine wirklich delicate Frage, die ich mit dieser 
Note angeregt haben will. 
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Denn man kann alle <»''* fc-tupel des Rr auf die Punkte eines R^ic derart 
abbilden, dass jede Gesammtheit von oo'"^*'"^^ A;-tupeln mit einem festen gemein- 
samen Punkte P© auf einen -Br(fe-i) dos» Ry^ abgebildet ist. 

Ich bewirke dies, indem ich im R^ r lineare if^_i-Systeme, jedes von k 
Dimensionen angebe und welche solche Lage haben, dass je r Mr^i aus den Sys- 
temen sich in Tc freien Punkten schneiden. Man kann etwa die M^^-^ unicursal 
nehmen, etwa alle mit demselben (n — l)-fachen Punkte, und sieht, wie die Oon- 
fltruction dieser r Systeme auf ein rein arithmetisches Problem hinauslauft. 
Dann nehme ich r lineare 5,.(ik__i)-Systeme, jedes mit einer Axe Rru^ic-.\ und 
weise sie den r JM^_i-Systemen zu, indem ich iiberdies zwischen jedem Paare eine 
coUineare Beziehung herstelle. Dann ist die Abbildung erreicht, indem die 
r Rrk-.h sich in einem Punkte schneiden. Durch einen Punkt Pq von R^ gehen 
dann r oo*-*-Systeme von ifr_i, welchen im R^^ durch die r Collineationen 
T Rrk-i entsprechen werden. Diese schneiden sich in einem Raume der Dimen- 
sion r(rk — 1) — (r — l) + rk=zr{k — 1), welcher 5r(*-i) das Bild der Aj-tupel 
mit dem gemeinsamen Punkte Pq ist.* 

Durch jeden Punkt des iZ^ gehen k solche JBr(fc-i). Die Bild-jJ^. einer Invo- 
lution Qo*" von A^tupeln des Rr schneidet jeden Rrik-i) in einem Punkte und nur 
in diesen. Es wird in vielen Fallen moglich sein, zu bewirken, dass diese 
Rr(h-i) keinen alien gemeinsamen Punkt besitzen; auch wenn die ilf,..i-Systeme 
so gewablt sind, dass die Rrik^D alien gemeinsame Punkte besitzen, kann der 
Schluss auf die Rationalitat der Bild — M^ nait Sicherheit gemacht werden. Denn 
die Mr ist im Rrk ein — eindeutig auf die oo''-Reihe der Rr(jc^i) bezogen, ist es also 
auch auf die Punkte eines Rr . 

Gorollar. Jede Involution oo*" im Rr ist ah der gegenseitige Schnitt von Je r 
Varietaien Mr^i in einem linearen co""- Systeme anzusehen und zu oonstrviren. 

Ich sage : die Involution sei im if^_i-Systeme erzeugt. Dies ist unendlich 
vielfach moglich. ** Wenn eines dieser if^_i-Systeme vollstandigf in dem Sinne 

*Fur r = 2 wurde das Theorem bei Castelnuovo Math. Ann. XLIV : ^^ SuUa razionalit^ delle curve 
plane " bewiesen. Ich bin aber der AnBicht, dass sich der Uebertragung seines Beweises auf den Rr 
Schwierigkeiten entgegenstellen, die auch mit den noch unbekannten Qeschlechtseigenschaften der 
algebraischen Jfr-i kaum liber windbar werden. Ich hebe deswegen hervor, dass yorliegender Beweis 
das Schwergewicht auf ein arithmetiaches Problem legt, die Bestimmung der restlichen Sohnittpunkte- 
zahl h Ton Mr-\ mit gegebener Basis und invers die Bestimmung dieser Basis aus der Zahl k, und dass 
naoh L5sung dieses Problemes der tibrige Beweis sich ganz naturlich entwickelt. 

f Noch muss beach tet werden, dass das Theorem, welches Castelnuovo beweist (oder das von mir in 
Acta Math. XIX ausgesprochene) nicht neben den Aufsatz von Luroth zu steUen ist. Ltiroth hat sicher 
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ist, dass es in keinem Systeme hdherer Dimension aber gleichen Ranges h 
enthalten ist, sind eu alle." " Wenn diese Systeme unvollstandig sind, ist flir alle 
die Minimaldimension eines enthaltenden voUstandigen Systemes dieselbe." 
Diese enthaltenden J^^j-Systeme erzeugen Involutionen oo'^, in denen die gege- 
bene enthalten ist. 

Theorem- -^Jl^cfer Kneao'e (»'^~^-Gomplex von G^ im R^ ist der gegenseitige 
Schnitt vonje r Mr^i eines iinedren o^"""'-^ — Mf^x-Syatemes. 

Injedem i2,.«i eines Buschels wird fiir die^ aui^eschttittene Involution oo'"""* 
ein erzeugetides if^^^-System (GoroUar) in gemeinsamer ftir alle co^Rr^i rational 
distincter Weise bestimmt und z. B. duroh ScHnitt mit r— l.Gteraden eine Jfr«i 
festgesetzt, welohe die <»i diese Geraden treflfenden Jfr-g enthalt. Das linear^ 
-iC-rSystem wird durch irgend r — 1 so bestimmte i/,!_i combinirt. 

Fur einen oo'— ^-Gurvencomplex existiren oo erzeugende' Jf^«.i-Systeme. Ist 
eines " vollstandig," sind es alle. Wird im Folgenden von oo''~^-Complexen von 
Gk gesprochen^.sO'Sind " voUstandige," also solche gemeint, die nicht in 00''"^+^- 
Complexen von G^ enthalten sein konnen. 

2., Ein eigentlicher, linearer 00 "-Complex von (7fcim Rr, wo t^>r — 1, ist 
ein solcher, wo eine im ganzen Rr gleiche Anzahl Punkt^ willkiirlich angenom- 
men werden -konnen, sodass durch sie immer noch eine, aber nur eine Curve 
hindurchgehe. Fiir ihn muss nothwendig u = {r — l)((ir— r+2) sein konnen, 
ein 00* — Jf^^i-System existiren, das ihn erzeugt. Von einem voUstandigen* 
Curven.complexe kann man nur beziiglicb des erzeugenden Jf^.^-Systemes 
sprechen. Dies is vollstandig, wenn es alle Jfr-i niit demselben Singularitaten- 
complex^ iiberder festgesetzten Biasis enth$,lt. Andererseits kommen in dieser 
Arbeit Falle yor, wo ein Gj^'Gomp\ex^hemg}^iQh des Qeschlechtes n einer Gjc als 
vollstandig oder iiicht distinguirt wird. 

3. UneigentUche Gomplexe sind der Sclmitt von r — 1 Jf,._i-Systemen, deren 
Dimensionen t?i, .... t?r-i von einander theilwei^ oder durch wegs verschieden 

nicht die Absibht gehUbt/bZo^^ die Rationnliiat der Invoiutioli at +- ^' = zu beweisen, seine Leistung 
ist eine algebraisch-techniitohe ! die bekannte neuer Parameterf estsetzung. Das leistet C. nicht und babe 
ich im obigen Beweise uberhaupt nicht zu leisfcen beabsichtigt. 

* Das Wort ** yolistandig'' habe ich im Hinblicke auf die Theorie der Kronecker'sohen Modulsysteme 
gew&hlt, welche in neurer Zeit die Theorie der algebraisohen Mannigfaltigkeiten zu beherrsohen 
beginnen. Fur Systeme eignet es sich wohlauch besser als der Ausdruok *^ normal/' den ich aber fiir 
einzelne Mannigfaltigkeiten im Sinne Veronese's (Math. Ann. XIX) unbedingt beibehalten mdchte. 
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■ 

sind. I8tt?i> •••• «^r~i» so muss iiberdies mindestens ein t?<<l(2t;):(r — 1) 
+ r — 3 sein; denn die Dimension u ist 2t? und da w = (r — l)(d — r+2), 
miissen durch d — 1 = (2t?) : (r — 1) + r — 3 Punkte noch Curven gehen. Sind 
nun alle Curven in den Mr^i eines oo*.wSystemes enthalten, so muss Vr^i ^.v^ 
sein. Im Gegenfalle ist der Complex uneigentlich. Fiir uneigentliche lineare 
Complexe gilt: Wean durch eine Anzahl gegebener Punkte des Raujnes nur 
endlich viel Curven gehen, so darf die Anzahl nicht >> 1 sein. 

Die — etwa (5r-Systerae niederster Dimension enthalten die grosste Mach- 
tigkeit von Cj^ und ausser dem durch sie combinirbaren Jf^^i-Systeme gibt es 
nicht Jfr-i niit gleicher Ct-Machtigkeit. Unter dem combinirbaren Systeme 
meine ich jene JKJ._i, welche durch die ifr-ai» Schnitte der 6^ Jf^.j-Systeme, 
hindurchgehen. 

4. Sind alle v gleich^ so ist der G^'Gomplex stets eigentlich. Man nimmt zum 
Beweise erst zwei Systeme und indem man mit B^ in einer Involution oo*'' 
schneidet. Aus den zwei Systemen mogen zwei ©©""^-Systeme von Biischeln 
gehoben werden, sodass jede Mr^i in nur einem Buschel ist und beziehe sie 
(1, l)-deutig auf oo^ Arten auf einander, sodass unter je zwei zugewiesenen 
Biischeln oo^ Projectivitaten entstehen, die ein lineares System bilden. 
Dann liefern je zwei projective Buschel eine ifr-i und diese oo* + * erzeugen 
das Jlt_,-System. Mit diesem 00*+^ — J^-i-Systeme und dem dritten gege- 
benen wird ahnlich verfahren und weiter, bis alle erschopft sind. — Man kann 
aber auch sofort in jedem Jf^-rSysteme ein 00 •"'•'+ ''-System von oo''""^-S. angeben, 
sodass jede ifr-i nur in einem oo'"-^-S. ist, unter ihnen (1, l)-deutige Bezieh- 
ungen, nun aber unter je zwei zugewiesenen oo'— ^-S. Qo''-*Collineationen so ein- 
richten, dass jedes Paar nur in einer Collineation enthalten ist. Jede CoUinea- 
tion erzeugt eine M^^i, deren Gesammtheit den Curvencomplex zum Schnitte 
hat. Die Dimension des JfJ.«i-Systemes muss <»'■ + ''""* sein. 

« 

5. Beim Uebergange von Stralen — zu Curvencomplexen F muss die " Ord- 
nung " von T definirt werden. Solange F die Dimension u<i2r — 2 hat, durch 
jeden Punkt Pj hochstens 00''-* Curven gehen, werden ihre Tangenten in P einen 
Kegel bilden. Dessen Ordnung ist die Ordnung von F. Ist tt> 2r — 2, dann 
erfiillen die Curven durch P^ i. A. den ganzen -R,., sodass durch P^ i. A. 00*-*'' 
Curven gehen. Ist w<3r — 2, so erfiillen die Tangenten in Pj, Pg je einen 
Kegel. Beider Ordnungen sind gleich der Ordnung von F. AUgemein ist 
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« > rA; + ^, wo ^ < r, so gehen durch Pi , . . • . P^ noch oo"-*^ Curven, welche 

in den Pi, P^ h Tangentenkegel gleicher Ordnung, der Ordnung von T, 

haben. F ist linear, wenn diese Kegel lineare Raume sind. 

Fiir lineare Gomplexe ist zu beachten, dass nun nicht das Totalsystem aller 
Curven gleichen Characters einen linearen Totalcomplex bilden, wie bei den 
Stralen ; es ist nur noch der Fall, wenn die Curve voUstandiger Schnitt von r — \ 
Mr^i allgemeiner Natur ist. Also erst bei den Curvencomplexen ensteht die 
Prage nach den umfassendsten vollstandigen linearen Complexen, wie es bei den 
Stralencomplexen der ganze Geradenraum war. Diese um/aasenckten Gomplexe 
sind der Gegenstand vorliegender Arbeit. 

Jene eigentlichen linearen Complexe, deren Dimension eine Zahl der Form 
(r — l){d — r + 2) ist, sind der vollstandige Schnitt von je r— 1 Mr^i innerhalb 
eines linearen oo<* — if,. _i-Sy stemes. 

Auch die uneigentlichen Complexe miissen eine ihren characteristischen 
Zahlen entsprechende Dimension haben, damit sie der vollstandige Schnitt von 
r — 1 Jf,._i-Systemen sein konnen. 

Jene eigentlichen oder uneigentlichen linearen Complexe, deren Dimension 
nicht jene Form hat, sind in linearen hoherdimensionalen enthalten, deren 
Dimension jene Form hat. 

Jeder solche nicht vollstandige lineare Complex wird erzeugt, indem man 
in den r — 1 JK^.i-Systemen des vollstandigen Verwandtschaften verschiedener 
Stufen constituirt und also den Schnitt der ifr-i auf den Schnitt solcher -3fr_i 
einschrankt, welche in der Verwandtschaft zusammengehoren.* 

Dies gilt nicht nur fur lineare, sondern auch flir Complexe hoherer Ord- 
nung. — Die Ordnung von V hangt nicht nur von den Indices der erzeugenden 
Jfr-i-Reihen, sondern auch von der Art der Verwandtschaften ab.f Ob die 
ihrer Dimension nach geeigneten Complexe hoherer Ordnung immer als voU- 

* Dieae Erzeugung mittelBt Verwandtschaften kann der yorigen Erzeugung durch YolUtandigen 
Schnitt in zwei yerschiedenen Arten gegeniibergesteUt werden. Entweder man geht yon der erateren 
auB und kann dann die zweite als Degeneration auffassen, etwa wie man in der Theorie der Isomor- 
phic die Beziehung aller Substitutionen auf alle als ausgeartete Isomorphic auffasst, oder man geht yon 
der zweiten aus und fasst die erste als durch Einschrankung der Zuweisung aus der zweiten entstan- 
den auf. 

t Es konnen sogar die Curyen yon F transcendent sein ; wenn nur der Complex algebraisch ist, 
so werden die wie im Texte construirten Kegel algebraisch sein und eine Definition der Ordnung 
liefern Dagegen wird man beim Uebergange zu transcendenten Complexen, wo also die gemeinten 
Tangentenkegel transcendent werden, nach neuen die Ordnung yertretenden Characteren suchen 
mfissen. 
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standiger Schnitt von r — 1 Jf^_i-Reihen erzeugt werden konnen, will ich hier 
nicht entscheiden. 

Bei Curyencomplexen F gibt es aber ausser den Tangentenkegelordnungen 
noch andere characteristische Zahlen, deren Definition hier gegeben sei. Wenn 
u>2r — 2, so wird es Curven geben, welche in Pi einen Doppelpunkt haben, 
etwa oo*«. Dann erhalt man far die Tangentenpaare dieser Curven in P einen 
Ort, also einen Tangentenkegel, dessen Ordnung und dessen Involution 2. Ord- 
nung, die er tragt, fur P auch characteristisch sind. Wachst u noch weiter, so 
wird es geschehen miissen, dass durch Pj oo*» Curven gehen, welche Pi dreifach 
haben und deren oo*» Tangententripel in P einen Kegel erfallen, dessen Charac- 
tere auch fiir P characteristisch sind. AUgemein, wenn es oo** Curven in P gibt, 
welche Pi i-fach enthalten und deren Tangenten in Pj einen Kegel erfiillen, 
liefert dieser wieder fiir P characteristische Zahlen, 

6. Ueber Involutixmen. Durch den Schnitt von F mit einen M^^i entstehen 
folgende Begriffe : Eine Gesammtheit von oo''""* Punktgruppen in Mr^i heissteine 
Involution, wenn jeder Punkt nur einer Gruppe angehort. Bine Gesammtheit von 
Q5jr+r'-i Punktgruppen in einer ifj-^i, wo 7^<!ir — 2, heisse eine eigentliche Involu- 
tion {r + r' — 1) . Stufe, wenn zwar nicht durch irgend r' Punkte eine Gruppe geht, 
wenn aber durch jeden Punkt oo'^ Punktgruppen bestimmt sind, welche eine 
Mr' erfiillen, auf der sie eine Involution /-ter Stufe bilden. Diese Involution 
heisse aber wfieigentlich, wenn jeder Punkt von Jfr-i durch oo''' Punktgruppen 
ergauzt wird, die eine J^// erfallen und in dieser die Involution /-ter Stufe bilden. 
1st / = r — 1, so heisse die Gesammtheit der c»^(''"i> Punktgruppen eine 
eigentliche Involution 2(r — l). Stufe, wenn durch irgend zwei Punkte der 
Mr^i eine Gruppe hindurchgeht und allgemein die Gesammtheit von oc/<''"-i> 
Punktgruppen ist eine eigentliche Involution /(r — l)-ter Stufe, wenn durch 
irgend / Punkte der ifr-i ^ne Gruppe hindurchgeht. Ist dies nicht der Fall, so 
heisse jene Gesammtheit eine uneigeniliche Involution /(r — l)-ter Stufe. Eine 
Gesammtheit von oc/^*— 1>+>" Punktgruppen in -3f,_i heisse eine eigentliche Involu- 
tion der Stufe /(r — 1) +/', wenn durch irgend / Punkte der Mr^i noch oo>" 
Gruppen bestimmt sind (= hindurchgehen), welche eine Mannigfaltigkeit von /' 
Dimensionen erfuUen und darin eine eigentliche Involution der Stufe /' bilden. 
Erfiillen aber die <»r erganzenden Gruppen nur/" >/' Dimensionen und bilden 
in ihr eine eigentliche oder uneigentliche Involution /'-ter Stufe bo heisse die 
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Involution erne v/neigentliche der Stu/e /{r — 1)/'. Man erkennt so, class die 
Uneigentlichkeit einer Involution der Stufe ^ =/{r — 1) +/' durch drei Reihen 
von Zahlen characterisirt ist 

^1 /* fit /zi /sj • • • • 

y > fii /%i Jii • • • • 

/f pf jrn pf 
> /l>/8 > /3 » • • • • 

wo die Gleichungen gelten : 

^=/(r-i)+/', f=Af'-\-A, /i=AA' + f„ /»=/»/,'+ fs, ••• 

und woyj' die Dimension der Mannigfaltigkeit bedeutet, welche die Erganzungs- 
gruppen von/+/i+/3+ • • • +/% allerdings nicht willkiirlich gewahlten Punkten 
erfuUen. Diese Punkte konnen namlich Qberhaupt nur so gewahlt werden, dass 

/ in der Mr^u/i in einer J^/, /^ in einer J^.., ,/< in einer Mf^._^ variiren 

konnen, wo jedesmal die Mf. in der Mf.._^ enthalten ist. 

Die Zahlen fy /\f^ sind Invarianten nicht nur gegen birationale Transfor- 
mationen sondern auch bei Uebertragung einer Involution in einem eindeutigen 
in eine Involution in einem mehrdeutigen Systeme. 

Wird die Involution auf Jf,.«.i durch den Schnitt von linearen i/^^j-Systemen 
erzeugt, ist sie also rational, so hangen die Zahlen / von den Zahlen v (§1) der 
ifr-0-Systerae ab. Bs bleibt zu untersuchen, fiir welche Zahlenreihen /,/',/" 
die Involution auf if^.i nothwendig rational sein musse und ob es im Ri und auf 
unicursalen M^ iiberhaupt nur rationale Involutionen irgend welcher Zahlen /, ///" 
gebe. 

Gleichgebildete Zahlenreihen/,/',/^' gelten dann auch fur jeden uneigent- 
lichen linearen Curvencomplex hoherer Stufe in Br und allgemeiner fiir jeden 
uneigentlichen linearen ifJ-Complex hoherer Stufe im Br. 

Aber es gelten auch Zahlenreihen /, /', /" gleicher Bntstehungsweise fiir 
die uneigentlichen linearen Curven-oder Jf^-Complexe hoherer Stufe in einer 

Mr^ides Br* 

Ich unterlasse nicht, zu bemerken, dass diese Zahlen von einer so umfas- 
senden Geltung sind, dass sie auch fur Complete auf trmisoendenten Mannigfal- 
tigkeiten gebildet werden konnen.* 

* Gelegentlich sei erw&hnt, dass mittelst der Methoden in meiner Abh. Monatshefte 1899 auch das 
Problem erledigt werden kann, die uneigentlichen InYolutionen hoherer Stufe der Ebene zu discutiren, 
in denen ein System rationaler oder elliptischer Curyen '' enthalten " ist. 
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§2. — Lineare co^ "^-Gomplexe raticnaler Gvffwn. 

Theorem I. — Wenn die Gurven (p = 0) eines Unearen co'"'^' Complexes eine 
einpmiktig schneidente TransversaimannigfaUigheit gestatten^ so gestatten sie unendr 
lich viele. 

Jene eine Transversale kann eine ifr -i , at>er auch eine JiJ^j oder Mr^^ , . • . Jfi , 
M^ sein. Wird dann auf jeder Curve des Systemes zu dem einzelnen Schnittpunkte 
mit der Transversalen eine durch den Schnitt miteiner willkiirlichenify^i entste- 
hende binare Form hinzugenommen und irgend eine simultane lineare Covariante 
z. B. eine Ableitung genommen, so entsteht auf jeder G^ ein Punkt und der 
Ort derselben ist eine ifr-i, welche einpunktig schneidet. 

Gcrdlar. Ist auch nur eine der Zahlen, welche die Ordnung oder die Sttitz- 
zahlen der G^ auf den Basismannigfaltigkeiten bezeichnen, ungerade, so gestattet 
der (/^-Complex einpunktig schneidende Trans versal-Jf^^i. 

Denn in diesem Falle gibt es stets lineare Covarianten. Der Ort derselben 
kann sich auf eine Mi, sogar ifo zusammenziehen, kann aber nicAt fur alle linearen 
Covarianten identisch verschwinden, und gibt nach Th. I. doch zu Transversal- 
J^-i Anlass. 

Theorem II. — Jeder lineare oo'"''^' Complex rationaler Gurven im R^ gestattet 
zweipunktig schneidende Transversal- Mr ^i von unbegrdnzt hoher Dimension. 

Denn man kann zu jeder binaren Form eine quadratische Covariante bilden. 
Schneidet man daher alle (7„ durch eine iC-i und bildet auf jeder C^ fiir die 
entstehende binare Form eine bestimmte quadratische Covariante q, so ist deren 
Ort eine zweipunktige Transversale. Da die Ordnung der Mr^i beliebig hoch 
ist, auch simultane Formen beniitzt werden konnen, wird es immer eine Con- 
struction geben, welche nicht zu identisch verschwindenden Covarianten q fiihrt 
und uberdies JH—i beliebig hoher Dimension liefert. 

Definition. — In Uebereinstimmung mit Nother (fiir M^ kann man eine if^-i, 
auf welcher es eine rationale Involution von oo*"-^ Punktepaaren gibt, eine hyper- 
elliptische nennen. Diese Involution muss von einem linearen oo'—^-Complexe 
von Curven ausgeschnitten sein, da wir die Involution stets als " voUstandig " 
voraussetzen (als Definition) und diese ist nach § 1 selbst das Erzeugnis in einem 
linearen oo'— ^ — Jf^.^-Systeme. 

Theorem III. — Unter den zioeipunktig schneidenden Transversalsystemen gibt 
es stets auch homahidale oder sdche, u^elche homaloidale enthalten. 

Die Transversal — ilf^^i-Systeme sind sammtlich hyperelliptisch. In der 
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Bbene liess sich beweisen, dass die liDearen Systeme hyperelliptischer Curven 
stets die mazimale Dimension erreicben, woraus das Enthaltensein eines homa- 
loidalen Sjstemes auch gefolgert werden konnte. Ein ahnliches Theorem miisste 
nun auch im Rr bewiesen werden und zum selben Schlusse fuhren. 

Aber man kann den Beweis auch darauf griinden, dass, wenn durch Yor- 
schreibung eines Contactes hoherer Ordnung in einem Punkte P aus dem Com- 
plexe der Schnittcurven ein oo^-Complex rationaler Curven ausgeschieden werden 
soil, die Yerminderung der Zahl u dasselbe Gesetz befolgt wie in der Ebene. Es 
handelt sich also nur, die Diiferenz zwischen den Zahlen p und u fur die Trans- 
versalensysteme zu untersuchen. Umdiesbequemer thun zu konnen, kann man 
die Basisgebilde durch solche ersetzen, wo jedes nicht lineare Gebilde durch eine 
Anzahl linearer Gebilde ersetzt ist. 

Mit Beniitzung dieser Zerlegung kann man ubrigens den Beweis auf den 
des hierfolgenden Theoremes Y basiren. Denn die Zahlrelationen in Frage 
werden durch die Zerlegung nicht geandert und da Th. Y unabhangig beweisbar 
ist, muss das homaloidale System exist iren, also die fragliche Zahlrelation 
bestehen. 

Theorem IY. — Jeder lineare co^'^- Complex rationaler Curven im Rr ist durch 
hiratUmale Tranaformation des ganzen R^ iXhertraghar in einen oo^^ ^-Complex von 
Kegelschnitten. 

Beniitzt man eines der in Th. Ill erwahnten homaloidalen Systeme fiir 
eine Raumtransforination, so ensteht im R[ der Complex von Kegelschnitten. 

Theorem Y. — Qestatten die Curven p=^ eines Unearen o:>'' "^-Complexes eine 
I'punktige Transversalmannigfaltigkeit, so kdnnen sie durch birationale Trans- 
formation des Rr ifi ein StralhiXndel iibertragen werden. 

Ich stelle eine CoUineation unter den M^^i des Systemes und den Ry^i 
durch einen Punkt her, hiemit gleichzeitig unter den C^ und den Geraden 
durch als Individuen. Dann weise ich drei 1-punktige Transversalen der 
(7„ drei Rr-\ im Rl zu und setze unter jeder (7„ und der zugehorigen Geraden 
eine Projectivitat fest, in der die drei Schnittpunkte mit jenen den dreien mit 
diesen entsprechen. Die Gesammtheit dieser oo*""^ Projectivitaten gibt die 
Transformation. 

CoTollar /. Jeder lineare oo ''- ^- Geraden- Complex kann durch birationale Trans- 
formation in ein Stralbimdel ilbertragen werden. Hieraus kann geschlossen wer- 
den, dass es so viele wesentlich verschiedene Arten von linearen oo*'""^-Complexen 
gibt, als homaloidale if^-rSysteme mit (n — l)-fachem Punkte. 
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Gorollar 11. Gestattet ein linearer Qo''"^-Geraden-Complex von Curven im 
Rr einpunktige Transversalmannigfaltigkeiten, so haben dieee solche Beschaffen- 
heit, dass sie sich birational (im R^) je in ein System von iC-i i^it (^ — l)-fachem 
Puukte iibertragen lassen. 

CoroUar III. Jedes Biischel einpunktiger Transversalmannigfaltigkeiten 
eines linearen oo^—^-Complexes kann durch birationale Transformation des Rr In 
ein Biischel von Rr-^i verwandelt werden. Denn in ihnen kann man simultan 
auf rationale Art je ein homaloidales System von Mr ^2 festlegen and kann unter 
den Mr -I des Biischels und den -Br-i eines anderen Buschels in rational bestimji- 
ter Weise 00 ^ birationale Transformationeu festsetzen, deren Gesammtheit die 
Ueberfahrung leistet. 

Zum Schlusse sei erwahnt: Sind zwei lineare Gomplexe 00 '""Won Curven 
im Rr aquivalent, so sind noch nicht irgend zwei sie erzeugende 00'— ^-Systeme 
von Mr^i aquivalent. Denn ein 00 •—^-Complex kann auf unendlich viele Arten 
durch ein lineares c» '"""^-System von Mr^i erzeugt werden. 

§3. — Lineare co^^^- Gomplexe von Kegelschnitten im Rr. 

Jedenfalls sind in einer Bbene entweder oder 1 oder oo^ Kegelschnitte 
enthalten (oder in Ausnahmeebenen 00*). 

In Rq konnen die 00* (7, entweder in <»^ R^ enthalten sein, welche dann ein 
Biischel bilden miissen oder in 00*. Die 00^ Ebenen miissen die C, entweder 
aus einem Biischel von M2 oder einem Netze von Mi ausschneiden. Im ersten 
Falle sind die Mi des Biischels linear bezogen auf die Geraden einer rationalen 
Regelschaar, sodass jede Mi von den sammtlichen Ebenen durch die entsprech- 
ende Gerade in <»^ G2 des Complexes geschnitten wird. Im zweiten Falle miissen 
die Mi coUinear auf die Ebenen bezogen sein, damit der Gomplex linear werde, 
weil den durch P gehenden Mi, welche also im Biischel sind, eine solche Mannig- 
faltigkeit von Ebenen entsprechen muss, von der eine einzige durch P geht. 
Also muss die Mannigfaltigkeit aller Ebenen 00^ Biischel enthalten, das heisst 
ein Biindel sein mit dem Scheitel 0. Damit entsteht sofort das Neiz von Mi 
durch eine c, p = 5 . Dieses Netz ist von Montesano in den Rendiconti des Inst. 
Lombardo in gediegener Weise untersucht worden. 

Es entstehen also : I. G^ in Ebenen einer Biischels, 2. G^ in Ebenen einer 
rationalen Kegelflache und in Mi eines Biischels, 3. G^ in Ebenen eines Biindels 
und in Mi eines Netzes, 
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Ich bebaupte, dass die 2. Art birati 
(7g eine Gerade zweimal treffen, sofern i 
einfuhren will. Diese letztere Ist noth\ 
J^-Buschels einen Funkt zu individualie 
bilachel projectiv auf die M^ des Biischel 
die ihr zugewieseoe Ebene, womit durch d 
eice birationale TraDBformation im B^ enl 

UebrigeDB ist die 1. Art noch zu untE 
der Qo' KegelschnittbilBchel eine irreduct 
tigkeiten erfiillen. Unter solcher AufFass 
I. der Complex in einem Ebenenb&achel, I 

Im Br koDoen die 0^, damit sie ni 
seien, nur entweder in oo"— * oder in 
Ebenen mueaen jedenfalls einen Complex 
[0,r] = l. 

Jeder lineare <»'~^-fi,-Complex kani 
feate Gerade verwandelt werden, wobei 
Ebenen Collineation bewirkt werden kani 

* Im R, hat Hootosano Domenioo in den Reodicc 
eine EintheiluDg angegeben. Dieselbe iat abar, wenc 
R, ale die disoriminirende Hauptgruppe bezieht, « 
beanepiucht, falaeh. Denn von der Involution, in wol 
hangl bezQglich der Aquivalcn^ gtgen biratiODale Tn 

Jedenfalle habe ichiniob— um eines herTorsufae 
behandelten apeciellen CoDgrueDzen,wo die Ebenen c 
Ton lil herausflnden laest, nelchea alle O, entbalt, 
m5glioh iat. 

Iat aber ferner eine CfCongruenz gegebeni weld 
beatimmten Trpua scbnaidet, to kann M unicw»ale F\ 
den C, in einem FwikUpaaraytteme geschnitten werden 
jener Fl&ehe m ti<ne Ebene tn ein Punkt^aarsyitem dn< 



Im Falle, wo die Cz eine Raumcurve 4. O. c,p^: 
3. O. Durch Abbildung dee Sohnittes derselben mit ( 
wie jener dnrch die Hchnitte der Stralen einea BQacl: 
«Dde. Dieaea PunktepaarajBt«m iat intricat unteraol 
Ct uber C^ auegeacbuitten wird. Ba gibt feruei' «in« 
Ebene und die C, wieder in C, verwandelt uud dab 
walcbe die Sbenen des R, in 2wei venchiedenen T^/i 
anderen F&llen I 
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werden.* Die Basispunkte der oo''-' Cg-Biischel konnen dann noch entweder 
eine irreductibele Mannigfaltigkeit i<?_8, oder zwei Mannigfaltigkeiten M^U'y 
Jlf?lj erfuUen, von deneii die erste die Scheitelgerade der Ebenen' zur {n — 4)- 
fachen, die anderen sie zur (n' — 2), (n" — 2)-fachen Geraden haben. 

Beim oo''"^-Complexe von Ebenen ist nun zu unterscheiden, aus welchem 
i/?_ i-Sy steme niederster Dimension der Bbencomplex die Cg ausschneidet. Es 
kann dies ein oo^ bis Qo''""*-System sein. Zum oo^-Systemegehort dann fiir jede if?_i 
ein lineares oo'—'-^-System von R^, welche also je eine Jf^_<+i erfuUen. Diese 
CO* Mr^i^i miissen ein lineares System bilden und ihre Gesammtbeit muss mit- 
telst ihrer R2 einen linearen oo*— i-iJj-Complex geben. Piir t = r — 1 entsteht 
jedenfalls auch im R^ ein oo'""^-System von ilfr-i> welche durch den Schnitt von 
je r — 1 die (7, hervorbringen. 

Constructionen von O'g-Complexen oo'"-i kann man mannigfach ersinnen. 
Einen oo''-*-Complex von Cg im Rr-i projicire man aus einem Punkte auf 
einen Jffr-^i d^s ^n lass^ dann in einer rationalen Curve variiren und den 
R'r^i in einem Biischel im R^. Dann entsteht ein oo''-"*-Complex des R^. Allge- 
meiner man construire in den saramtlichen Ri durch einen Ri^i des R^. je einen 
linearen 00* -^-Complex von Kegelschnitten einer der drei vorerwahnten Typen; 
die Gesammtheit gibt einen oo**-i-(73-Complex des Rr. Der extremste Fall 
dieser Reihe ist dann der Fall i — 2, unser obiger erster Typus. Man kann diese 
Complexe der besonderen Beschaflfenheit der Focal-if^__g wegen als singular 
bezeichnen. 

Eine andere beach tens werthe Classe ist der Complex der C,, die eine M?^2 
des Rr in zwei Punkten schneiden.f Er entsteht durch Projection aus einem 
Punkte einer JU^ des Rr+i von alien G2 eines in if? durch die R2 irgend eines 
linearen oo'*-*-Complexes entstandenen Schnittcomplexes. 

§4, — Lineare cx)^^^"^- Gomplexe rationaler Curven im R^, 

Lemma L Jedea lineare Mr ^i- System mit u=^r und raiionalen gegenseitigen 
Schnittcurven ist ein homaloidales System. 

* Jede C2 muss die Focal*3f^_s in 2r Punkten schneiden (Darbouz, '' LeQons but lea aurfacea II ''). 
Da Tier auf die Baaiapunkte dea Bfiachela in der Ebene yon (7, entf alien, ao folgt, daaa die den JS, 
gemeinsame Gerade (r — 2]>fach ftbr die M^.s ist. 

t Mario Fieri, Bendiconti lat. B. Lombardo hat dieaen Complex im R^ in Tortrefflicher Weiee 
behandelt. 
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Im Rt enteteht durch den gegenseitigenSchDitt in jeder J^ desSystemes ein 
vollstandiges oo^-System rationaler Curven in jeder Ms des Systemes, also, indem 
die bekanntlich daraus folgende Abbildbarkeit beniitzt wird, ein homaloidales 
System, das ist vora Range 1. Es xeX also auch das if^-Systeiii vom Range 1, 
liefert also eine birationale Transformation durch die Beziehung auf die ^i 
eines £3. 

Indem man so weiter schliesst, beachte man zunachst im R„ dass aus der 
Esisteuz eines homaloidalen Systemes auf einer Mj_i deren Abbildbarkeit auf 
einen 5r-i sofort folgt, weii es einen linearen c»''~'-Complex von Curven zu 
finden sofort moglich ist, die jene JH— 1 in je einem Punkte schneiden, der Com- 
plex aber direct den Punkten eines £,_i zugewiesen ist. 

Ist dann aber auf Jf,_i ein voUetandiges Hneares oo"— >-Sy6tem von Jf,_, 
gegebeo, die sich gegenseitig in rationalen Curven scbneiden, so kann der Rang 
nicht > 1 sein, weil schon fiir den Rang 2 die Dimension >■ r — 1 folgen wiirde, 
oder die Abhangigkeit der Punktepaare auf den Schnittcurven, was fiir p=zQ 
derselben nicht moglich iet. Also folgt auch aus derExistenz eines voJUtandigen, 
linearen oi'-^-Systemea von M^-i auf Jf,_] die Abbildbarkeit 

In dem im Lemma vorausgesetzten Systeme entsteht Dun wegen u=:r auf 
jeder Jf,_i des Systemes ein vollstandigeB lioeares 00'— i-Syetem von iC-s. 
woraue die Abbildbarkeit wegen der rationalen Schnitteurven und der Rang 1 
fiir das ganze Jf,_i-Sy6tem folgt. 

Theorem VI. — Fiir jedea lineare 'x'^-System, u'y>r — 1,* von JT-i m*^ i-ation- 
alen gegenseit'igen Schnittcurven giht es entioeder « ' einpunktige Transversdlen oder 
oe' zweipunktige Tramversalen der Curven. 

Auf jeder 3^ des Systemes entsteht im Rj ein oo"-'-Systera rationaler 
Curven. Die J^ sind fiir u>'r rational distinct auf die Bbene abbildbar und 
indem man die Theoreuie uber die cio"-^Sy8teme in der Ebene verwendet,t 
wo » — 1^1 ^^ nehmen ist, ist ersichtlich, dass es entweder ein I'ational dis- 
tinctes System von 00' rationalen Curveu gibt, welche fur alle oo*-^ Curven 
1-puuktige Transversalen sind oder ein 00^-System rationaler Curven, welche 
zweipunktige Transversalen sind. Dieses w'-System iet ebenfalls rational dis- 
tinct und iiberdies homalotdal. Dazu korarat ein dritter Fall, wo das oo"-'.Sys- 

* Wir bedOrfMD eigentlich nur mebr der Theoreme fQr u > r, da das Lemma den Fall einee v»ll- 
Btandigen u = r etaohopft. 

1 UonaUhefte fOr Hath, und Pbys. 1699. 
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tem dein System von oo^ C^ durch ein Punktepaar aquivalent ist, wo das System 
selbst als 2punktige8 Transversalensystem fiir sich aufgefasst werden kann. In 
jedera dieser Falle ist also das Transversalensystem auch auf der M^ rational 
distinct. 

Als solches muss es stets auf alien M^ des Systemes gleichzeitig durch ein 
lineares if^-System ausgeschnitten werden konnen. Dies ist in den beiden vor- 
herigen zu verwendenden Fallen um so sicherer, als das Transversalensystem in 
der Ebene, namlich fur die Typen das Geradenbiischel oder das Geradennetz in 
dem Curvensysteme selbst als Bestandtheil enthalten ist, also auch auf den if^ 
des Systemes entsprechend Bestandtheil sein muss. 

Es gibt also ein lineares ifg-System, welches alle Curven des Complexes ent- 
weder in einem oder zwei Punkten schneidet. Dieses System istiiberdies in dem 
gegebenen als Bestandtheil enthalten. Von hier ab schliessen wir nun ganz 
ebenso weiter fur die Mj^ im R^^ bis wir. zum R^ gelangen. 

CoroUar. Wenn es keine einpunktigen Transversalflachen im R^ gibt, kann 
die Dimension des i^Systemes nicht >> 6 sein, und sie ist entweder genau gleich 
6 oder 4 . 

Denn fur das auf einer JU^ des Systemes erzeugte Ourvensystem gilt von der 
Ebene her, dass die Dimension bei zweipunktigen Transversalen entweder gleich 
5 oder 3 ist. 

■ 

Theorem VII. — Jedes lineare cxi^'-Syetem van Jfr-i »wi^ erzeugtem Gomplexe 
rationaler Gurven und einem Bilschel einpmiktiger TTansver8a1rMr_i fiir dieselben 
ist hirational transfoTmirhar .in ein Sj/stem, dessen erzeugter Gm^vencomplex Gmrven 
Gn sindy die einen -B^-g *^ ^ — 1 Punkten schneiden. 

Ich nehme durch Vorschreibimg einfacher Punkte Pi, Pu^r ^.us dem 

Systeme ein oo '"-System heraus. Dasselbe wird nach dem Lemma ein homaloid- 
ales System sein. Ich transformire durch dieses System in einen R^. Dann 
erscheinen statt der 00*^**-^^ Curven oo^^'""-^^ Geraden. Die einpunktigen Trans- 
versalen sind jetzt in iC«i verwandelt, welche alle Geraden des R^ in je einem 
Punkte treffen, sind also -Br-i eines Biischels. Diese 00^ Rr^i miissen auch alle 
transformirten G^in je einem variabeln Punkte trefFeu; ihre Axe i2r-2 muss 
also n — 1 Punkte mit jeder (7„ gemeinsam haben. 

Das transformirte Jf^_i-System muss von jedem dieser Rr^i in einem 
homaloidalen Systeme geschnitten werden, sodass, obzwar u'^r seiii mag, den- 
noch in jedem der qo^ Trans versal-ii!y_i kein hoher dimensionales als ein oo''~i- 



^ 
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System erscheinen darf, da kein Jf^.i^Sjstem mit tz>r — 1 den Rang 1 haben 
kann. Dann lasst sich leicht unter den qo^ -Br-i dee B^ and oo^ -Br-i ^iiies 
Biischels in Bl eine Collineation und unter je zwei entsprechenden 5r-i» -^r-i 
eine birationale Transformation herstellen, welche jenes Schnittsystem in die 
oo''""* -Rr-» verwandelt Somit sind die -M^—i in solche verwandelt, welche einen 
(n — l)-fachen -Br-a besitzen. 

Auch wenn wir gar nicht die Dimension 1 fur die einpunktigen Transver- 
salen als aus der Ebene bekannt* voraussetzen wollen, konnen wir dieselbe 
erscbliessen. Denn wird nur die Voraussetzung gemacht, das iiberhaupt 1-punk- 
tige Transversalen vorhanden sind, so fuhrt die Beniitzung eines im oo^-Systeme 
enthaltenen homaloidalen oo^Systemes nothwendig zu einem Jf^«i-Systeme in 
Bi, wo die Transversalen in -Rr-i verwandelt sind. Waren dieselben nun 
oo''"^ oder Qo''--* .... 00^, BO waren die Curven des Complexes in (7^ verwandelt, 

welche (n — l)-fach einen Bq oder Bi, -Br-s treflfen wiirden, daber entweder 

jede in einem B^ oder in einem B^, ^r-i enthalten ware. Normalcurven 

sind aber die einzigen, welche in dieser Weise einen ** eigentlichen " Complex 
bilden konnen, wie eine leichte Ueberlegung aus der Definition des ''eigent- 
lichen " Complexes folgert. 

Theorem VIII. — Jedea Uneare co^-System, u^r — 1, von M^^i mit ratioruden 
gegenseitigen Schnittcurven, welche mehr dls oo ^ Transversal-Mr _ i einpunktigen Schnittes 
zulasseuy Tcann rdumlich birationxd transformirt werden in ein System von ifr-i, die 
sich in Normalcurven 2., 3., 4., .... {n — 1). Ordnung schneiden, welche einen 
festen Bq, B^, B^, .... oder -B»_s *^ resp. 1, 2, 3, .... (n — 2) Punkten treffen. 

Solche Curvencomplexe konnen aber einfach construirt werden. Yon den 
gemeinsamen Secanten-^^ aus projicire man sie auf einen ^r-n Br^%, ^r-si • • B^ 
resp. in einen G-eradencomplex. Daher : 

Theorem IX. — Soil ein eigentlicher co^- Complex von rationalen Curven einem 
der Typen des Theoremes IV aquivalent sein, so kann seine Dimension nicht 
> 2 (r — 2) sein. 

In diesem Falle wird sich uber jeder Geraden des Br^i (Projectionsraumes) 
nur eine Normalcurve befinden. In jedem Bi^i durch den Scheitel-22<_i kann 
dann noch nach Willkiir die Normalcurve M^^^ construirt werden, sofem dieselbe 
nur einem fiir alle -Bi+i einheitlichen Gesetze unterworfen ist. [Wird in jedem 
Bi^i ein oo«>®.Sy8tem von Curven construirt, so wird der Complex unei- 
gentlich.] 

* Monatahef te fUr Math, und Phys. 1899. 
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Theorem X. — Qestattet ein eigentlicher Complex rationaler Curven nur zwei- 
punJctige Tranateraalen^ so hat er entioeder ale erzeugendes Mr ^i- System ein solches 
der Dimension r + 1 oder der Dimension r + 3. 

Denn im Corollare zu Theorem I. wurde bereits geschlossen, dass im -^3 die 
Dimension 6 oder 4 ist. Nun ist im Jf^_i-Sy8tem des 22, jedes erzeugte ifrSys- 
tem wieder von derselben Art, was die Transversalen anlangt. Daher werden 
die i^-Systeme in den M4 entweder die Dimension 7 oder 6 haben, u. s. w. bis 
zu den ifr_i. 

Theorem XI. — Gestattet ein eigentlicher Complex rationaler Curven nur zwei- 
punJctige Transversalen^ so ist er hirational tran^formirhar entweder in das System 
der Kegelschnitte, in denen sich die J/?«i durch eine feste Mr^% schneiden, oder in das 
System der Curven 4. 0., Schnitte von Ji?_i, welche sich Idngs eines Rrs berilhren 
mit demselben Tangenten-Rr ^i in alien Panhten. 

Denn im Falle der Dimension r + 3 besteht ein 00 ^-System von Trans ver- 
8al-Jlf^_i, welche sich wechselseitig in M^^t so treffen mussen, dass diese ilfr-g 
die M^ des gegebenen J/^_i-Sy8 tames in je einem Punkte schneiden. Wird nun 
aus dem gegebenen oo^'+^-Systeme wieder durch einfache Punkte ein homaloidales 
System herausgenommen und wird mit diesen in R^ transform! rt, so entsteht aus 
dem Transversalensystem jetzt ein jMJ._,-System im Rl, das die Geraden des R'^ 
in Punktepaaren schneiden muss, also aus Mf^i besteht. Die Mf^i haben iiber- 
dies die Bigenschaft, sich zu zweien in abbildbaren Mr^^ zu treflfen. Bei dieser 
Transformation gehen die Curven des gegebenen Complexes in solche iiber, 
welche von den M^^i in zwei variabeln Punkten getroffen werden. Ich werde 
beweisen, dass dieses i/?_i-Netz stets birational in ein 5,..i-Bundel verwandelt 
werden konne. Ich nehme aus dem oo''+8-Jf^_i-System ein oo'' "^-System hera us 
und beziehe dasselbe collinear auf ein 00 ''-^-System von iJ^-i i«i R't^ gleichzeitig 
das 00^-System von Transversalen auf ein oo*-System von -B'_i im R^ reciprok. 

Dann kann, da die i/?_2 die M^ in je einem Punkte schneiden, hierdurch eine 
birationale Transformation unter R^, R'r bestimmt werden, welche die oo*'-W^_j 
und gleichzeitig die 00* Transversalen in i2r-i verwandelt. Die Curven des 
Complexes sind in solche verwandelt, welche von oo''-*ii;^_j durch eiue Gerade 
in 4 und von oo*5^_j durch einen Punkt in 2 variabeln Punkten geschnitten 
werden. Die erzeugenden if?_i haben in einen (n — l)-fachen Punkt, Statt 
hieran die Discussion zu kniipfen, verwende ich eine dritte Art von Transfor- 
mation. 
3 
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Ich beginne mit R^. Aus dem Vorhergehenden ist der Nutzen zu ziehen, 
dass wir oo* einpunktige Transversalcurven der sammtlichen oo* J^ kennen. In 
Folge dessen konnen wir aus dem oo^-System ein oo^-Syetem {M^ auswahlen, 
welches die i^ in oo^ Curven eines linearen Systemes vora Range 2 schneidet, 
wahrend das ganze oo^-System vom Range 4 ist. Die gegenseitigen Schnittcur- 
ven dieser {M^ sind zweipunktige Transversalen. Ich nehme nun abermals das 
Hilfs- oo^-System aus dem oo'^-Systeme, welches eine birationale Tr. und daher im 
R^ aus dem vorher bezeichneten oo^-Systeme ein solches mit O^ als erzeugten 
Curven liefert und hebe das hervor, dass in Folge dessen die Schnittcurven 
unter den {M* rational sind. Da es aber ein vollstandiges oo'-System ist, so ist 
es nach dem Lemma ein homaloidales System. Beniitze ich nun dieses fiir eine 
birationale Transformation, so verwandle ich endlich die M2 des gegebenen Sys- 
temes in i§ und die Curven des Complexes in G^. Jetzt folgt von selbst, dass 
die Mi, damit die G^ rational werden, sich in einem Punkte beruhren miissen. 
In der That bilden diese Mi ein oo^-System. Wir entdecken nun auch das bei 
dem ersten Beweisansatze gefundene oo^-System 2-punktiger Transversalen; 
das sind die Ebenen durch 0. 

Bemerken wir jetzt, dass fiir dieses System in R^ stets ein homaloidales 
System vorhanden ist, das die G^ in 4 Punkten trifft und rational distinct ist ; es 
sind die R2 des R^ , Bestandtheile der M^. Aber auch irgend drei Mi schneiden 
sich in 4 Punkten. 

Im R^ haben wir nun auf den M^ des Problemsystemes das 00 •-System. Wir 
haben wieder fur die M^ einpunktige Transversalen, eben in Folge des rational 
distinct vorhandenen homaloidalen oo'-Systemes, das als Bestandtheil im oo*- 
Systeme enthalten und daher zweifellos durch ein oo'-System von M^ ausschneid- 
bar ist, dessen gegenseitigen Schnittcurven die einpunktigen Transversalen sind. 
Mit Hilfe dieser Transversalencurven konnen wir aus dem oo^-Systeme von Jf , 
auf den M^ ein oo^-System von {Mj^ auswahlen, welches sich nur mehr in Curven 
schneidet, die zweipunktige Transversalen des gegebenen Systemes sind. Durch 
Beniitzung eines beliebigen, im gegebenen Systeme enthaltenen homaloidalen 
Systemes, welches im R^ jene Schnittcurven in G^ verwandelt, weisen wir die 
Rationalitat derselben, deswegen aber die Homaloiditat von {Mi nach, trans- 
formiren mittelst dieses Systemes und erhalten wieder Mi, welche einen Com- 
plex von Curven G^ bestimmen. Die sammtlichen Range dieses Systemes 
miissen 4 sein. Daraus schliesse ich, dass sich die if| langs einer Geraden 
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beriihren und auch in alien Punkten derselben einen und derselben Tan- 
genten-iZ, haben. 

In derselben Weise kann bis zura R^ geschlossen werden, dass die sammt- 
lichen Range 4 sind, um endlich, da hiezu weder gemeinsame if^-s noch zwei- 
mal gezahlte gemeinsame Mf^^ dienen, auf ein System vou J/^Li zu gelangen, 
welche sich langs aller Pimkte eines ^r-s beriihren. Sie sind also von r= 6 
Kegel mit einem Doppel-jB^_e, der innerhalb jBr-s variirt. 

Bs bleibt noch der Fall der Dimension r + 1. Dann ist das gegebene 
iiQ*-System vom Range 2 in BetreflF der Punkte, aber durch successive Schliisse 
ersieht man, dass aucb alle ubrigen Range 2 sind. Durch Yorschreibung eines 
einzigen Punktes P wird also ein oo^'-System vom Range 1, das ist ein homa- 
loidales System, ausgeschieden. Wird durch dieses in einen Rl transformirt, so 
wird nothwendig ein oo'^+i-Systera von M^^\ entstehen, dessen sammtliche Range 
2 sind. Das einzige derartige System ist das im Theoreme genannte. 

Bevor ich den Beweis verlasse, betone ich nochmals, dass der Angelpunkt 
desselben das im § anfangs gebrachte Lemma ist. Ich fasse alle Resultate 
zusammen in das folgende : 

Theorem XII. — Jeder eigentliche lineare Complex radonaler Gurven im R^ 
kann rdumlich birational in einen der folgenden Typen ubertragen werden: 
I. Da8 Stralenhundel in einem Scfieitel 0. 
II. Einen oo^^^-Gomplex von Kegelschnitten. 

III. Einen oo^^""'^^' Complex von rationalen Normcurven i. 0. mit einem festen 
{i — lypunktigen Sehnen-Ri^^^ i<r — 1 oder einen in diesem einthaltenen tinvoU- 
stdndigen Complex. 

IV. Einen Complex von G^ mit einem gemeinsamen (n — l)'punJctigen SeJmen- 
flr-i> wol>^ ^ loillkurlich gegeben aein kann, Schnitt innerlialb eines Unearen Sya- 
temea M^^i mit {m — \)-fac7iem jB,._2- 

V. Den Complex der Kegelschnitte, wAche eine feste M^^^ zweipv/nktig treffen^ 
oder einen in diesem enthaltenen unvollstdndigen Complex.* 

VI. Den Complex der Curven 4. Ordnnng, in denen sich die -3f?_i schneiden, 
welche einen festen Rr^^entJialten und langs desselben gemeinsame Tangenten-Ry^^ 
beeitzen, oder einen in diesem enthaltenen unvollstdndigen Complex. 

Um den zweiten Passus unter IV. zu beweisen, bemerke ich, dass ein i2r-i 
durch Rr-2 ^i^ ^!^-i ^^ zwei Jfr-g schneiden muss, welche nur einen gemein- 
samen Punkt besitzen. Ist also das System nicht homaloidal im i?r-i > was nur 

* Durch diesen Zusats wird die G^esammtheit der Geraden im Rr erledigt. 
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bei einem oo^'-^-Oomplexe (I. oder II.) eintreten konnte, so miissen die Mr^% 
Ebenen, also der Jfr-.2 niuss {m — l)-fach sein. 

Um in YI. zu erkennen, dass die sammtlichen Range 4 sind, hat man zu 
beachten, dass z. B. zwei M^'im R^, die sich langs einer Geraden g beriihren, eine 
Sclmitt-J/g* haben durch ^, deren beideTangentenebenen in einem Punkte P von 
g in dem gemeinsamen Tangenten-^g der M^ in P enthalten sind. 

Aus diesem Grunde zahlt g im Schnitte von M^l rait einer weiteren Ml dee 
Systemes 4-statt nur zweifach, and ahnlich im R^. Die 2*"* Tangenten-i2< in 
einem Punkte P von i2r-3 sind jedesmal in dem Tangenten-i2,._i an alle Mf^i in 
P enthalten. 

Die Typen des Aequivalenztheoremes VIII. beweisen folgendes fiir unser 
Trans versalenprincip wichtige Theorem : 

Theorem XIII. — Fur jeden eigentlicJien linearen co^-Gomplex rationaler Gurven 
im Ry giht es entweder : 

1. ein rational distinctes Biischel einpunktig achneidender My^^ {welche abbild- 
bar sind) und gleichzeitig einen oo^^"^- Complex rationaler die erzeugenden ifr-i ^ 
Complexes einpunktig schneidender Curven^ oder 

2. ein rational distvnctes lineares co^- System einpunktig echneidender ifr-s» 
aber nur im Falle, tvo u<2 (r — 1) ist, oder 

3. ein rational distinctes und uberdies homaloidales v/nd im erzeugenden Sys- 
teme enthaltenes (x^- System von Mr^\^ welcTie die (7„ zweipunktig schneiden, wo dann 
stets u = 2r istj oder - 

3. ein rational distinctes, weil im erzeugenden Systeme als Degeneration entJial- 
tenes co^- System von Mr^i, welche die C^ zweipunktig schneiden. 

In 3. und 4. gibt es einen rational distincten oo*'~^-Complex rationaler 
Ourven, welche die erzeugenden Jfr-i sammtlich einpunktig schneiden. 

Jedes einzelne dieser Systeme von Transversalen ist daraus zu erschliessen, 
dass bei birationaler Uebertragung Dimension, Geschlecht und Anzahl der Trans- 
versalpunkle in einem Systeme invariant sind. Es ist von Wichtigkeit, zu 
bemerken, dass die Transversalen 1.-4. auch fiir einen enthaltenen unvoU- 
standigen Complex rational distinct bleiben. 

§5. — Verallgemeinerung des Picard^schen Satzes an/ R,,. 

Das Theorem XIII. leitet zu folgendem weiteren Theoreme, dessen speciell- 
sten Fall Herr Picard in Cr. J. 100 gegeben hat (fiir r = 3) : 
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Th£OB£M XIV. — Die Jfr-i ^ Rri welche rationale ebene Schnittcurven besitzen, 

8vnd: 

I. die Jf?_i, 

II. die Mr-i^ toelche avs einer rcUionaJen Reihe von Rr^% zusammengeaetzt aind^ 

III. die Mr^if welche Kegel sind, die aus einem Rrs eine Steinerache Fldche 
4. 0. prqjiciren. 

Aus der Existenz der oo'^^'^-*^ ebenen Curven folgt zunachst die Abbildbar- 
keit. Der algebraische Beweis hat keine ScKwierigkeit. Geometrisch stiitzt 
man sich am besten auf das Lemma: Enthalt eine Jfr-i ernen oo'"-*-Complex von 
rationalen Curven, der den Index 1 besitzt, und der an sich eine unicursale 
Mannigfaltigkeit ist, so ist ifr-i unicursal. 

Urn diesen Satz zu beweisen, transformire ich mittelst einer einfachen 
geometrischen Construction die M^^i in eine solche, wo die oo''""* Curven in 
einem oo^'-^-Compleze rationaler Curven des R2 enthalteu sind, die den ganzen 
Raum einfach erfiillen. Dann wende ich das Princip an, dass die verschiedenen 
Geschlechtszahlen sich nicht andem, wenn die Basisgebilde des Complexes so zer- 
fallen, dass er in ein Stralbiindel transformirbar wird. Ist er dies aber, so wird 
M^^i ersichtlich eine Kegelflache, die von einem ^o ^i^^ unicursale id pro- 
jicirt. 

Nun sind die einzigen JM^_g-Systeme, welche sich in Curven p = schneiden 
und als Bilder einer Jf^-i i^^ ^r dienen konnen, die in IV. V. VI. des Th. XII 
genannten. 

§6. — Die uneigentlichen Knearen Gomplexe rationaler Gurven im R^. 

Theorem XV. — Im R^* ist jeder uneigentliche Gomplex von rationalen Gwrven 
Gn durch birationale Transformation des R^ in einen Gomplex von ebenen Gurven in 
den Ehenen ernes BUschels {wenigstens irrational) uhertraghar, sobald es ein alle G^ 
enthalfendes M^-Buschel gibt. 

Das zweite erzeugende Ji^-System hat mindestens ti = 2. Ist u genau = 2, 
so sind die Systeme von G^ in den M^ des Biischels homaloidale Netze, die 
Schnittcurven der Jfg des Netzes unter einander einpunktige Transversalcurven 

* W&hrend die eigentlichen Complexe rationaler Curven im JB,, tfa welche u> 2, yon F. Enriqnes 
in Math. Ann. Bd. 46 auf drei Typen zurtickgeflihrt sind, welche aus 4. 6. 6. des Theoremes XIII ftir 
r = 8 heryorgehen, hat er anch im jB, die uneigentlichen Gomplexe gar nicht erw&hnt. XJebrigens 
i^t seine im Rg bentltzte Methode nicht nur grundyerachieden yon der meinigen, sondern ihr in gewis- 
eem Sinne gerade entgegeng^setzt 
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jener Jfg, wobei jedoch von einfachen Basispunkten des zweiten Systemes 
abgesehen wird. In der That andert die Weglassung derselben nichts an der 
Rationalitat oder Ordnung der Schnittcurven und das System kann mit Bezug 
auf diese beiden Charactere erst nach Weglassung der einfachen Basispunkte als 
voUstandig angesehen werden.* Ist t^]>2, so kann aus dem oo^-Systeme von 
Gn durch Vorschreibung von Punkten, welche in der Basis des Jfg-Biischels ent- 
halten sind, ein homaloidales Netz, das ist also aus dem zweiten J^-Systeme ein 
voUstandiges oo*-System ausgeschieden werden, dessen gegenseitige Schnitt- 
curven einpunktige Transversalen der Jfg des Biischels sind. Wird nun dieses 
Netz auf ein Ebenenbundel reciprok und das erste JM^-Biischel auf ein Ebenen- 
biischel projectiv bezogen, so hat man eine birationale Transformation nach einem 
jBj vermittelt, welche das J^-Biischel in ein Ebenenbiischel iiberfahrt. 

Es wird aber sogar gleichzeitig das transform irende Netz so gewahlt werden 
konnen, dass es entweder das einpunktig schneidende Biischel enthalt oder selbst 
das zweipunktig schneidende Netz ist und daher entstehen durch die Transfor- 
mation dann die beiden Typen von Curvensystemen in den einzelnen Ebenen. 

Soil rein rational transformirt werden, dann diirfen die einfachen Basis- 
punkte nicht verwendet werden. Aber es ist zu ersehen,f dass auf jeder M^ des 
Biischels entweder ein oo^-System 1-punktiger Transversalen also insgesammt 
ein oo^-System 1-punktiger Transversalen des anderen Jfg-Systemes erscheint, 
was Transformirbarkeit dieses in ein monoidales System beweisen wiirde oder 
ein oo*-oder oo^-System 2-punktiger Transversalen, was im einen Falle rein 
rationale Transformirbarkeit auf ein Ebenenbiischel oder im anderen Falle 
Transformirbarkeit auf ein Biischel von M^ bewirkt. Aber eine weitere kleine 
Discussion beweist, dass diese nie voUstandig in einem Biischel sein konnen. 

Theorem XVI. — Die Gomplexe des Theoremes XV. sind dquivalent: 1. Gurven 

Gn, welche einen festen {n — lyfachen Punht hahen und in Ebenen eines Biischels 

enthalten sind oder 2. Gurven G^ , welche in den Z2g eines Biischels svnd und eine G^ i 

welche dessen Axe {n — 2)'punktig trifft, zwei/ach treffen oder 3. alle Og, welche eine 

feste Gerade zxceipunktig treffen. 

Es bleibt nur zu n. 1. zu erklaren, dass man die bei der Wahl der Trans- 
formation in den einzelnen Ebenen entstandenen (n — l)-fachen Punkte durch 

*Siehe §4, Lemma I. 

tDenn die Flachen mit einem rational distincten linearen oo^.oder oo'-System rationaler Curven 
Bind rein rational abbildbar auf eine Ebene oder eine Ml. 
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neuerliche Anwendung einer CoUineation auf je eine der Ebenen, das ist also 
durch eine neuerliche raumlich birationale Transformation in einen und denselben 
Punkt der Biischelaxe verlegen kann. 

Theorem XVII. — Wenn im iZ, die niederste Dimension eines enthaltenden 
Mi-Syatemea t?2 ]> 1 ist^ so hann der G^- Complex in den Schnitt aller Mi mit alien 
Ebenen oder in den Complex aller Schnittcurven der Monoide ifj|"(0""^) mit den 
Kegeljlachen eines linearen Systemes in verwandelt voerden^ welche selhst rational 
sind, 

Es ist dann eine Dimension Vi (cf. §1) mindestens 3. Jedes der beiden Sys- 
teme besteht aus abbildbaren Flachen, da jede dieser Plachen oo^ rationale Curven 
eines linearen Systemes enthalt. Aus dem Systeme oo** wahle ich ein oo^-System 
durch Vorschreibung einfacher Punkte, welche auch in der Basis des zweiten Sys- 
temes enthalten sind. Dann schneidet es diese Ji^ in homaloidalen Netzen und daher 
sind die gegenseitigen Schnittcurven jenes oo^-Systemes rationale Curven, welche 
die M2 des zweiten zu einpunktigen Transversalen haben. Yerwandelt man sie in 
ein Stralenbiindel, so kann dies stets auch so geschehen, dass die oo'i^in 00^ 
Ebenen verwandelt werden. Das zweite System geht in ein JM^-System iiber, 
dessen M^ von 00* Ebenen eines Bundels in rationalen Curven geschnitten 
werden und die Geraden durch zu einpunktigen Transversalen haben, also in 

Die Curven mussen auch von aus durch ein lineares System von Kegel- 
flachen projicirt werden, well sie auf jeder einzelnen if^* (0""^) des Systemes 
ein lineares System bilden, und diesem in der Abbildung auf i2g, welche durch 
die Projection aus entsteht, ein lineares System entsprechen muss. 

Wenn die sammtlichen Plachen gleichzeitig in Ebenen verwandelt werden, 
und die Kegelflachen, welche wir eben erwahnt haben, sind Kegelflachen 2. 0., so 
beniitzen wir gleich das ganze System der Kegelschnitte, welche Schnitte der M} 
mit alien R2 sind. 

Es wurde implicite die Annahme gemacht, dass Basispunkte des zweiten 
Systemes vorhanden sind. Diese Annahme gilt nur dann nicht, wenn diese M^ 
sammtlich schon die B^ oder die M^ sind. 

Gerade diese Bemerkung fiihrt zu einer zweiten Art von Transposition. Wir 
mogen i^s >> 2 voraussetzen. Solange das zweite System Basispunkte (in hin 
reichender Anzahl) hat, konnen wir nun, da die einfachen Punkte P nichts an 
der Rationalitat der Schnittcurven des ersten Systemes andem konnen, mindes- 
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tens ein oo-^System im ersten enthalten voraussetzen, dessen gegenseitige Schnitte 
rationale Curven sind, welches also, wenn es durch einfache Punkte als ein rela- 
tiv vollstandiges erhalten wurde oder es an und fur sich voUstandig ist, nothwen- 
dig homaloidal sein muss. Die Transformation durch dieses System liefert fiir 
das zvveite Jf,-System ein solches, dessen sammtliche ebenen Schnitte rational 
sind. Nach einem Theoreme (Picard's) fiir den R^ konnen diese nur sein : 1. 
die saramtlichen M^ oder ein darunter enthaltenes System, 2. Regelflachen, 3. 
Steinerische Flachen. Fiir 1. ist zu erwahnen, dass die M^ nur von den R^ in 
einem Complexe von Curven mit jp = geschnitten werden. 

Fur n. 2. sage ich nun, dass die Regelflachen die vielfachen Curven gemein- 
sam haben miissen, also dass ihre Erzeugenden entweder eine feste Gerade 
schneiden mussen, die fur alle (n — l)-fach ist, oder eine Congruenz der Ordnung 
1 bilden, welche also birational in ein Stralbiindel iibertragbar ist, somit die 
Regelflachen in Regelflachen mit gemeinsamen Scheitel verwandelt werden. 
Die Steiner'schen Flachen sub 3. konnen, obzwar es lineare Systeme von 
Monoiden gibt* keine linearen System bilden, ohne dass die Doppelgeraden fest 
sind, was den vorigen Fall gibt. So bleiben die Typen des Theoremes XVI. 
Dieselben gehorig interpretirt geben nun : 

Theorem XVIII. — Fur jeden uneigenUichen linearen Complex rationaler Curven 
im R^ gibt es eniweder : 

1. ein rational distvnctea co^-System von JK^, welche alle Curven einpunktig 
treffen^ oder 

2. ein rational distvnctes co^- System von Jfg, welche alle Curven des Sysf ernes 
zioeipunktig treffen, oder 

3. ein rational distinctes und Hberdies homaloidales oo^- System von JM^, welche 
alle Curven zioeipunktig treffen. 

Im FaUe n. 1. gibt es einen oo^- Complex der Ordnung 1 von rationalen Curven^ 
welche die beiden erzeugenden Systeme einpunktig treffen {eventuell dem einen ganz 
angehOren) ; im Falle w. 2. gibt es ausser den gegenseiiigen Schniitcwrven jenes 
M^-Systemes Jeeine Curven^ welche die M^ auch nur in zwei PunJcten treffen umrden. 
Das eine erzeugende M^System ist ein Partialsystem {Degeneration) des anderen. 

Diese Schliisse beruhen alle darauf, dass durch birationale Transformation 
des jBg ein im Sinne des Geschlechtes oder Punktranges vollstandiges System 
wieder in ein vollstandiges System ubergeht. 

* Mario Fieri, Qiorn. di Matematich^e vol. XXXI, beweist wohl zuerst die Existenz yon *^ BtlBcheln " 
von Monoiden. Es gibt aber auch h6here lineare Systeme von Monoiden im J2, und dann auch im R 
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§7. — Die uneigentlichen linearen Gomplexe rationdler Gurven im R^* 

Lemma IL Wenn im R^ ein vollstdndiges System von M^^i eine Jf^-i i^ einem 
volhtdndigen Systeme schneiden solly so darf es Iceine einfachen Basispunkte ausser- 
halb Ml^i besitzen. Denn die Weglassung dieser wiirde nichts an der Rationali- 
tat andem, ebensowenig an den r — 2 ersten Rangen des Jf^^i-Systemes, wurde 
aber die Dimension vergrossern. 

Lemma II L Die einzigen linearen Systeme im R^^ welche keine Basispunkte 
besitzen und von alien Ebenen in rationalefti Gurven geschnitten werden, svnd die 
M^^i. Die beiden anderen Arten Mr^i aus Theorem XIII. konnen ohne Basis- 
punkte kein lineares System erschopfen. 

Theorem XIX. — Wenn im R^ alh erzeugenden Systeme 2i , • • • 2r_i Dimen- 
sionen >• r — 1 haben, also {Bezeichnung §1) t?^_i]>r — 1,* so Jcann der Complex 
rationaler Gurven rdumlich birational r^erwandelt werden entweder 1. in einen Com- 
plex von Kegelschnitten^ Schnitt ernes linearen Systemes von M^^i mit einem linearen 
Systeme von Rr^^oder 2. in den Schnitt eines linearen Systemes von Monoiden 
JC^-iCO""^) mit einem linearen Gomplexe von Kegelfldchen zweier Dimensionen mit 
dem Scheitel in O.f 

Sr-i ist entweder nach Lemma aus §4 homaloidal oder es kann ein homa- 
loidales System herausgenommen werden. R^ hiedurch in R[. transformirt liefert 
Systeme 2i, .... 2r_2 von Picard'schen Mannigfaltigkeiten des Rl. Die 3. Art 
kann keine linearen Systeme liefem, weil es keine linearen Systeme von G^ mit 
Doppelpunkten gibt, deren drei Doppelpunkte nicht fest waren. Schneidet man 
die linearen Systeme von ifr-i der 2. Art mit Raumen iZg, so erhalt man lineare 
Systeme von Regelflachen und nach dem in §6 bei Theorem XVI Gesagten folgt : 

Lineare Systeme von if,. _i mit oo^^^^g konnen nur mit festem jBy_2» der 
von alien erzeugenden i?r-2 ^^ Rr^s geschnitten wird oder in einem oo*-Systeme 
der Ordnung 1 von Rr^2 existiren. Das letztere kann raumlich birational in 
das System der Rr^2 durch einen festen i^^-s transformirt werden. 

* Die Dimensionen Vi des Systemes 2< werden sich stets auf als vollstfindig vorausgesetzte Systeme 
beziehen. 

fEe treten hier zum ersten Male die linearen Gomplexe yon Jfj auf. Es ist klar, dass sich aach 
fUr solche Complexe mttssen Aequivalenztheoreme herleiten lassen, entsprechend den von Nother, Ber- 
tini nnd mir (Monatshef te) ffir Curven gefundenen. Aber es scheint, dass diese Aequiyalenztheoreme 
in ihrem Kerne doch nichts weiter als die Aequivalenztheoreme ftir die Curven enthalten werden. 
Dies ist in Uebereinstimmung mit dem, was ich in der Einleitung tlber die Grundlagen der Theorie der 
Transformationsgruppen gesag^ habe und was sich sogar auf stetige Qruppen ubertrdgt. 

4 
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Wird eines der S^ so transformirt, so konnen die anderen, welche die 
rationalen G^ ausschneiden, nur so beschaffen sein, dass sie Monoide sind und den 
festen i2,.«2 oder Rr^s zum Scheitel haben. 

Theorem XX. — Wenn ^?^_i =1 und in den M^^i von 2r_i eigentliche Gomplexe 
von Gurven entstehen, so Jeann der Gomple-x rdumlich hiratumal verwandelt werden 
entweder 1. in einen Gomplex von Kegehchnitten, die erne feste Mf^z tTeffen oder 2. in 
G^y welche von den -M?_2 durch einen festen Rr^i mit gegenseitiger Beruhrung erzeugt 
toerden^ oder 3. in (7„, welche einen festen R^^^in — lypunktig treffen^ 4. in Norm- 
curven 0^, welche einem Ri{i — lypunktig treffen und in alien diesen Fallen sind 
die Gurven des typischen Gomplexes nur in den co^ R^^i eines Buschels enthalten. 

Das Theorem ist die Verallgemeinerung von XIX. und kann Schritt fur 
Schritt in gleicher Weise bewiesen werden. Es ist also das Schwergewicht auf 
den Nachweis der einpunktigen Transversalcurven aller Jfr_i von 2r-i zu werfen 
und es sind nachtraglich die einzelnen Rr^i des Buschels coUinear so zu transform!- 
ren, dass die festen Sehnenraume aus den einzelnen Rr^i in den Schnitt-.S^^2 
iibergehen und dort coincidiren. 

Aehnliche Theoreme liessen sich fur »r-i = 2, , r — 1 geben und es 

wird niitzlich sein, sie abzuleiten ; ich wende mich aber Raummangels wegen 
zum allgemeinen Theoreme, das etwa so ausgesprochen werden kann. 

• Theorem XXI. — Tn jedem uneigenilichen Gomplexe rationaler Gurven des R^ 
giht es, wenn r ]> 3 , entweder 1 . em rational distinctes und iHherdies homaloidales 
co^' System von Mr^u welche fur alU Gurven des Gomplexes zweipunktige Transver- 
salen sind oder 2. ein ralional distinctes und iiberdies homaloidales oo^'-System von 
-Sfr-i, welche fur alle Gurven vierpunktige Transversalen sind oder 3. ein rational 
distinctes oo^ oder oo* . . . . oo^"^- System von iC-n welche filr alle Gurven ein- 
punktige Transvei^salen sind, Im letzteren Falle giht es stets einen Unearen oo'""*- 
Gomplex von Gurven, tjoelche gleichzeitig fwr sammtliche erzeugenden Sysieme em- 
punktige Transversalen sitid. 

Der Beweis soil nun die Giltigkeit far jBr-i voraussetzen, also auch fur 
jeden in einer abbildbaren Jf^-i enthaltenen Complex und von da aus den Rr 
einbeziehen, verkettet sich aber in eigenthiimlicher Weise mit dem Beweise des 
Aequivalenztheoremes. 

Sei v^_i < r — 1 ; jede ifr«i von 2r-i wird einen eigentlichen oder uneigent- 
lichen Complex des G,^ enthalten. Fiir jeden gilt das Theorem XXI. per 
hypothesin, also ist es moglich, aus den iibrigen Xt Untersysteme auszuscheiden, 
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welche sich in einem 00*^-1-878161116 einpunktiger Transv6rsalen d6r iC-i 
schn6id6D« 

Es mogen nun die Mr^^r^i-^ii i^ denen sich die JH—i des 2r-i gegenseitig 
schneiden, collinear auf die i2r-.r,_i+i bezogen warden, welche durch einen 
feeten iZ,..^ _^ eines Rr gehen. Dann kann mittelst der einpunktigen Transver- 
salen von vorhin jede der M^^^^^^^i auf den entsprechenden Rr^^^_^+i birational 
bezogen werden und zwar, da auch in jeder Jfr-»^_, + i das Theorem XXI gilt, bo, 
dass die Transversalen dieses Theoremes in -fir-t>,_i verwandelt werden. Alle 
diese einzelnen auf rational distincte Art festlegbaren Tranaformationen geben 
eine birationale Transformation des Rr, durch welche also bereits die Jfr_-i von 
2r-.i in Rr^i verwandelt sind und liberdies in jedem einzelnen — weil in jedem 
einzelnen der letzten Schnitt jB,.-„^_j+i — gewisse typische Curvencomplexe 
hergestelt sind. Dann bildan aber die Rr^i des Rl. das im Theoreme XXI. 
behauptete Trans versalensystem der Numern 1. und 2. und es existirt im Falle 
3. nothwendig ein rational distinctes Trans versalensystem Jf,.-i, welches die 
iC-i in den rational distincten Transversalsystemen i^-i schneidet. 

Furvr--i>r— 1 folgt die Giltigkeit von XXI. im R^ aus Theorem XIX. 
Der Beweis des Th. XXI. hat nun gleichzeitig das folgende Aequivalenztheo- 
rem geliefert. 

Theorem XXII. — Jeder uneigentliche lineare ^^' Complex rationaler Gurvcn 
G^ im Rr ist raumlich birational dquivalent enttoeder : 

I. einem Gomplexe von Kegelschitten, welche in einem linearen Systeme von 
jBr-i enthaUen sind, das auch durch das lineare System ihrer Schnitt- Ri vertreten 
sein kann,'* 

II. einem Gomplexe von Kegelschnitten, welche in einem linearen Systeme von 
J/r-i erUhaUen sind, oder 

III. einem Gomplexe von C^, v)elche in einem linearen Systeme von Ri mit 



*E8 gibt verschiedene Constructionen Ton Kegelschnittcomplexen, die zwar recht speciell sind, aber 
ihrerseits Ankntlpfungspunkte fiXr neue Faden geometrischer Untersuchung bieten. 

Im £5 yerwende man drei windeohiefe Gtoraden 9i,9ai0^si d^® Ebenen, die ihnen incident sind, 
bilden einen linearen oo'-Complex. Diesen beziehe man coUinear oder rational anf ein oo^-System von 
Jf?-i-Sy8temen, jedes der Dimension (oder M&chtigkeit) oo , u>l, soerh&lt man durch Schnitt jeder 
Ebene des CJomplezes mit dem entsprechenden Qo*Jlf?_i-Sy8teme ein lineares Qo*-Sy8tem von M\ in der 
En>ene. Wesn insbesondere ii = 1, ensteht ein oo^-Gomplez. Der Typus wird gefunden, indem man 
r&umlich birational den Qo'-jR^-Complez in alle Ebenen durch einen Rx verwandelt. Die Herstellung 
von Kegelsohnitten in diesen Ebenen geschieht durch das Transversalenprincip. 
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festem Ri^i enthdUen sind und ihre Doppelpunkte in einem festen Ri^z dea letzteren 
besitzen, oder 

IV. einem Gomplexe von Normalcurven (7i, welche in einem linearen Systems von 
Rr—\ enthalten sind, und einem Ri^ der alien gemeinsam ist, zum (i — l)-punktigen 
Sehnenraume hdben, oder 

V. einem Gomplexe von Gurven, welche der Schnitt eines Unearen Systemes von 
Monoiden M^^i{0'^''^) mit einem Gomplexe rationaler ztoeidimensionaler Kegel- 
flachen sind. 

Wird auf diesen Complex V. eine Transformation angewendet,* welche den 
Schnitt der Kegeliflachen mit einem allgemeinen Rr^\ wieder auf die typische 
Form bringt, dabei aber die Geraden durch 0, reap., wenn ein linearer Raum 
R^i^i, Ru»^\ durch R„ wieder in solche verwandelt, so entsteht das folgende 
absichtlich von XXII. getrennt gehaltene Theorem : 

Theorem XXIII. — Jeder tmeigentliche lineare Gomplex rationaler G^ im Rr, 
loelcher einpunktige Transversal-Mr ^i besiizt, hann rdumlich birational verucandelt 
werden i/a den Schnitt von r — 1 Mr^i'Systemen 2i der Ord/nungen tWj, .... wi^-i, 
welche bezilglich (wj — l)-/acA,f (m, — l)-/acA, .... (7n,._i — ly/ach einen Raum 
Oi^, . • • Oi^_^ enthalten, w?o ii > ig > . . . > tV_»i und vberdies jeder Oi^ in dem Oi^^ ^ 
enthalten ist, resp. mit ihm coincidirt, wenn z\ = i\_i und wo eines der Systeme 2<_i 
nothwendig ein System von (r — lydimensionalen Kegeln ist. 

Schlusshemerhung . Neben dem allerdings tiefer gehenden Aequivalenzpro- 
bleme, das Gegenstand dieser Arbeit ist, gibt es doch auch noch andere Unter- 
suchungsrichtungen auf diesem Gebiete ; z. B : Man soil alle projectiv verschie- 
denen linearen Gomplexe (die eigentlichen und uneigentlichen) von Raumcurven 
3. 0. im ^3 bestimmen — oder von Raumcurven 4. 0. 2. Sp. im R^ — oder von 
Normcurven r. 0. im R,. — oder von Normcurven i. 0. 2> = im R^ — oder von 
rationalen Raumcurven (r + 1). 0. im R^ etc. 

* Es wird namlich das Lemma : Gibt es eine birationale Transformation T im 12r_i so gibt es im Rr 
eine birationale Transformation Tj, welche die Stralen eines Btindels mit Scheitel Ogemass Tunter 
einander verwandelt, einfach durch Anwendung von T auf die Rr-\ eines Btlschels bewiesen. 
Wenn es nun eine birationale Transformation im i2r-i gibt, welche einen Complex oo* von rationalen 
Curven in einen anderen fibertr&gt, und dies auch dann, wenn der zweite Curvencomplex der typische 
ist, dessen Kenntnis im i2r-i bei unserem Beweise vorausgesetzt werde. Diese Transformation ist es 
nun, von welcher an dieser Stelle des Textes Anwendung gemacht wird. 

f Darunter ist also auch der Fall enthalten, wo ein lineare Complex von rationalen zweidimen- 
sionalen Regelflachen mit dea s&mmtlichen Br^\ zum Schnitte gebracht wird. 



Transformation of Systems of Linear Differential 

Equations. 

By E. J. WiLCZYNSKI. 



§1. Staeckel has shown* that the most general transformation, which con- 
verts a general homogeneous linear differential equation of order w >• 1 , into 
another of the same form and order, is 

where /(^) and ^ (^) are arbitrary functions of ^. If m = 1 the most general 
transformation is 

where % is a constant. 

In this paper we consider, more generally, a system of linear differential 
equations, and find the most general transformation which converts such a 
system into a system of the same order. The transformation thus found, of 
course, contains T' as a special case. The method of investigation is essentially 
the same as that of Staeckel. 

A theory of invariants of systems of linear differential equations, based on 
this general transformation, is now being worked out by the writer. 

§2. Any system of n independent homogeneous linear differential equations, 
containing n unknown functions yi, y», • • • ^n of or, and their derivatives of 

*Crelle^8 Journal fOr Ifathematik, Bd. 111. 
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order 1, 2, m, can be written in the form 



yr^ +2(^— i.'.^yi"^"' + 



*=! 



(t= 1, 2. .. 



{^ + 1,^+2, 



*-i /«• — 



j= 



+ Pukt/'k + PrnVk) = 0,\ 

• • • Aj "T" ^Jy 



y', +22>o,»y»= 0, (<T = A,,_ +1, ;i,_i+ 2, .... A,,), 






n 



22'wky»=0' («r = X„+l, ^,+ 2, ....X), 
*=^ a,i + Xg + A,+ +X« + A, = n. 



/ 



(1) 



The integration of such a system involves 

^m '■\- X^{fn — l)+ •••• H-Jlm 



arbitrary constants, and as such we can take the values of 

tfi • • • yx,, yii — yl, » — yT''^\ • 
yA,+i> • • • • yx, +A, 



• » yA, +1 ? 



yA, » 

JfA, +A,» 



• • 



yA, +A, + ....+ A^_j + 1» yA,+A,+ ....4.A^_j + A^ 



(I) 



for an arbitrary value a^ of x . 



§3. We wish to find the most general transformation 



Vi =9i{ij >7l> >72» ^n) 1 a =/(^ ; >7l» ^«, ^n)» 



(2) 



which will transform (1) into a system of the same form (1'), which we can 
imagine written down, if in (1) we substitute Greek letters >7, n and ^ for y, p 
and X. 
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Now from (2) we obtain 



^9i ^S^ ^9i ^>7x 

dv. ^ xtl dv. ^ 



\ 



- Y^ 



dx 



3/ . Y 



3/ dyj, 
1 S^A d^ 



<Py< _ <^g 






(3) 






d^ _ r„ 



— -» ' 



daf 






J 



where 



9^ x-t^a,?. d^' 



(4) 



and Fa, T^, etc., are defined by these equations, and are rational integral func- 
tions of yji, , ^x', vi^\ In particular, 



and if we denote by JT^x the coeflScient ofyjH in Tig, 






3>7a 3^ ;~A^^ 3>7« 

(% = 1, 2, . . . . n) . 



3/ a^i\ / 

>7x ^^tT/ " 



(5) 



These cannot all vanish identically, for else the functions /and gi would not 
be dependent. 

If we differentiate 



da* 



=n „u-» ' 



with respect to as, we get 






(2/*_3)^F,.,_, 



rJB^-l 



so that 



n.=«T^^-(2^-3)#n,_,. 



dg 



d£ 



(6) 
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Denoting generally by H^^j, the coefficient of yfif^ in FJ^, we have, therefore, 

and hence Hi^j, = a^-^-Sigx, (f^ = 2, 3, m), (7) 

so that H^^ is different from zero, if JJiix is- 

§4. If we substitute the values (2) and (3) in (1), we get 



etc etc. 



(8) 



Now Ti^ is linear in vf^\ .... vi^^\ and actually contains at least one of the 
nC^ derivatives, since at least one of the coefficients H^ and, therefore, at least 
one Hi^ is different from zero. 

Now, it must be possible to solve (8) for Xy derivatives of order m, X, of 
order m — 1, etc. For the transformed system is to be of the same order as (1). 
If the notation is so chosen, we shall, therefore, be able to express >?f*\ .... ^i^^ 
in terms of lower derivatives, etc. Moreover, these expressions must be linear 
and homogeneous in >7i, . • . >7n aiid their derivatives, so that the transformed 
system may be of the same form as (l). If, then, in (8) itself, we divide each 
equation by the coefficient of one of the derivatives of highest order which 
occurs in it, the resulting equations must themselves be homogeneous and linear 
in >7i, .... viny etc. 

Let ri^^^ be a derivative which occurs in the i^"^ equation (8). Divide by 
Hi^. Since the coefficients paj^c are arbitrary, each of the terms 



must be homogeneous and linear in >7i, .... >7„, >7i, . • • • ^i, etc. 
Now the last of these expressions is 

Po* iy(^ ; »7i, • • • • »?»)] «/. [(^ ; »7i, . • - • »;,)] (^ +2 ^^ -^f)"^' 

^ ^ "^* ■" 



(9) 
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This is linear and homogeneous in ^ , when m > 1 , only if 

^•^ =0, (;i= 1, 2, .... n), 



L e., if X is a function of ^ only, say 
In that case, the expression 

must be a homogeneous linear function of >7i, • • • • >7n* Moreover, the notation 
can always be so chosen that % = i, so that 97^""^ occurs in the i^ equation (8). 
Then 

Poat [/(g)] yfc(g ; >7i» - ■ fln)f tfr /^» = 1'2, ....XA, X 

dgi \Aj= 1, 2, nj ^ ^ 

must be linear and homogeneous in 971, yj^. 

A similar examination of the m — 2*^^ expression (9), 

shows that this expression is linear in 971 , .... 97^ if, and only if, 

g^^=0, (;i,fi= 1,2, ....«), 

80 that 

fl^k = aM(g)^i + aw(f)%+ +a*n(f)>7» + aw(g). 

But since (10) must be linear and homogeneous in 971, Vm <ho ^^^t vanish. 

In the general case m > 1 , we have, therefore, shown that the most general 
transformation which converts (1) into a system of the same order and degree is 

« = /(?)» y»=aM(0*7i + «w(f)nf+ +a*»(f)>7n,l /jjx 

(*s=l, 2, .... n), J ^ ^ 

6 
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and moreover, it is clear that every transformation of this form actually eflFects 
the required change, provided that 



§5. We still have to examine the particular case m = 1 . But in this case it 
is better to adopt an entirely diflFerent method of proof. 

-£^=Pkiyi+ '•' +ptnyn (*= 1, 2, .... n) (12) 

be the given system. Let 

y»i, 2/w, Vkn (fc = 1, 2, n) (13) 

be a simultaneous fundamental system of (12), so that the general solutions 

will be 

y*=ciytt + c8y*g+ +Cnyfcn, (A;=l, 2, n). 

Any fundamental system of (12) is then of the form 

y!i = CiiyM+Ci8yw+ +Ctoyfa.i (*i *=li 2 n), (14) 

where A=|cy|T^O, (t,y= 1, 2, . . . . n), 

and Cij are arbitrary constants. 

But we can write (12) in a di£ferent way. If we differentiate each equation 
(12) w — 1 times, we get 

^* = i>fcxiyi+ •• • +i>*x«y». (Ji=i, 2, .... n). (is) 

By eliminating the n — 1 quantities yi, i^pk from (16), we obtain n equations 

(Aj = 1, 2, .... n) 

for yi , .... y„ . In special cases these equations may be of lower than the n*** 
order, but in general they are not. 

But there are relations between the equations (16), so that the general solu- 
tion of one of them, say yi, being known, the others are at once obtained in the 
form 

y* = *wyi + «*i-^+ • •• + «*,n-i^;r:§, (17) 

(A;= 2, 3, . . . . n). 
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This follows simply from (16) by putting Jc = l and solving for y^, y^. In 

other words, eqtuitions (16) are cogredient^ as might also have been proved from 
the fact that the simultaneous fundamental systems of (12) are cogredient. 
The general system (12) is, therefore, equivalent to the system 



r 



•a'+--^'+ +'.^.=0. 



y* = »»yi + »«^ + •••• +«t..-i^s^*, (i=2, 3, ....n).J 



(18) 



If the transformation 

yk = 9k(^} Vij >7n), a5 = /(^; >7i, >7n) (19) 

converts (12) into a system of the same form and order 

^ = 7ifci>7i+ +n^Vn, (*J=1, 2, n), (12a) 

it must also convert (18) into a system of the same form and order 



(18a) 



(18a) being equivalent to (12a) just as (18) is to (12). 

But» by the method of the general case, it is now seen that the only trans- 
formations which convert (18) again into a linear system are, in general, 

provided that n >> 1 , and every such transformation does change (12) into a sys- 
tem of the same form. 

For n = m = 1 the theorem is not true. Staeckel has settled this case. For 
particular cases, of course, there may be other transformations which effect the 
required transformation. For instance, if m = 1 , n > 1 , i?* = for t ^^ A; and 
Pi^ zfz , transformations of the form 

where X^ is a constant, are also permissible. 
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§6. We have the general theorem. All trans/crmaiiona whick conMrt a gm^ 
eral eyetem of n homogeneow linear differmtM equatiom «nto amiher 0/ ike mms 
form and order ^ haw the form 

(A5= 1, 2, n), 

where/, an ... . a^n ore arhitrary fv/njcinom 0/^. Only ifn^^ 1, andifthe single 
differential equation to which the system then reduces is of the first order ^ is there an 
exception^ the most general transformation being in that case 

where Xis a constant 

This theorem can be extended to systems of non-linear homogeneous difier- 
ential equations by a method analogous to the method employed for this purpose 
by Staeckel in the case of a single differential equation. 

Uniybrsity of Calxfobnia» Bbbkblet, March 8, 1900« 



Distribution of the Ternary Linear Homogeneous Sub- 
stitutions in a Galois Field into Complete 
Sets of Conjugate Substitutions. 

Bt L. E. Dickson. 



The substitutions of the general linear homogeneous group 6?^ on m indices 
with coeflScients in the OF [jf] may be classified into complete sets of conjugate 
substitutions by applying the general theorems given in an earlier paper (Ameri- 
can JoumcU, vol. XXII, pp. 121-137). The classification is based upon the 
canonical forms of the substitutions of G^^. The former depend upon the char- 
acteristic determinants of the substitutions (a^) , viz. : 



A{X) = 



^11 ^*il — ^ .... Ojsm 



dm)' 



Furthermore, (?» contains a substitution in whose characteristic determinant the 

coefficients ai , a, , , a» are arbitrary marks of the OF [p*^] such that Om =^ . 

The required substitution is 



W = 



/ 01 J (tj^ OL^ • • • • CL^ I (X| 

' 1 









.... 1 



The present note considers the case m= 3. In the article following this, 
Mr. Putnam treats the case m = 4 . 
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Every ternary linear homogeneous substitution in the QF[^p^'\ can be 
reduced by a linear ternary transformation of indices (not necessarily with coeffi- 
cients in the same field) to one of the following five types of canonical forms : 



A: 


a/rrXa, 


y' = ^'^y, 




^ ■=%»"%, 


B: 


xf=Z(iX, 


y'=ft'^y, 




^ = az, 


C: 


sxf := az, 


y = /3y . 




«' = /«, 


D: 


afszax, 


y' = ^y . 




^=^iz + y). 


E: 


a/ = aa;, 


y' = a(y + 


x). 


gf=a{z-\-y), 



where X satisfies a cubic equation and (i a quadratic equation, each belonging to 
and irreducible in the GF[^p'''] , while a, /3, y denote marks ^^ of the (t^[2>"] . 
Type A includes i{p^ —p^) distinct sets of conjugate substitutions, those 
in diflFerent sets being not conjugate under Q^. In fact, if we replace X by XJ" 
or by X^, we obtain from A a substitution conjugate with A under G^. Any 
other replacement of X leads to a substitution not conjugate with A , since its 
characteristic determinant difiers from that of A. Let She s^ substitution of Gs 
having the canonical form A, where % is a definite mark of the QF[^p^^'] not in 
the GF [2>"] . If a substitution T of G^ be commutative with S, and if we apply 
to T the same transformation of indices which reduces S to the form A , then T 
must take the form 

where <t is a primitive root of the GF [^'"j and r is some positive integer 
^2)'» — 1. Hence, S is commutative with exactly ^*" — 1 substitutions of (?8, so 
that S is one of N-^ (p^** — 1) conjugate substitutions within (zg, the latter hav- 
ing the order 

N=: (i)«» — 1)(2?»« —p^'^p^—f^). 

The number of substitutions of G^ reducible to the types A is, therefore, 

J (p8n _ pn)(yi« —p^\f^ —I^). (a) 

Type B includes \{]^ — i^")(i^* — 1) distinct sets of conjugate substitutions. 
In fact, the replacement oi ii by ii^* leads to a conjugate substitution, while any 
other replacement oi ft or any change in a leads to a substitution not conjugate 
with B . A substitution of Q^ commutative with a particular substitution redu- 
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cible to a type B has the canonical form 

where p is a primitive root of the OrF\j^'''\ and h belongs to the GF\jp'^'\ 
and r is a positive mteger <2?"* — 1. The number of such substitutions is 
{j^ — OCp" — 1)* Hence, the total number of substitutions of G^ reducible to 
the canonical forms B is 

Type C includes ^" — 1 canonical forms with a = /3 = y ; (^" — l)(p* — 2) 
canonical forms with a=^P ^y; a like number with a = y ^ ^ ; a like number 
with ^ = y :^ a ; {p"*^ — l)(i?" — 2)(p* — 3) canonical forms with a, ^, y all dis- 
tinct. By a suitable transformation of indices, the multipliers a, ^, y in C are 
permuted in an arbitrary manner. The distinct sets of conjugate canonical sub- 
stitutions C are, therefore, given by the table : 

^" — 1 of type Ci with a = ^ = y ; 

(^* — l)(p* — 2) of type O2 with only two equal multipliers, say a = ^ :^ y ; 

i (^ — 1)(^" — 2)(i>" — 3) of type O^ with a , ^8 , y all different. 

The most general substitution of Os commutative with O^ is 

xf=::aXj y'=:by, ^=zcz, 

so that C7, is one of N'^{p* — 1)' conjugate substitutions within Q^. The most 
general substitution of G^ commutative with O^ is 

a/=:ax+6y, y'^^cx + dy, 2/ = 62;, 

so that C2 is one of N-^{p^ — l)(i^ — P''){p^ — 1) conjugate substitutions. 
Finally, Oi is commutative with every substitution of (?j and is, therefore, conju- 
gate only with itself. The total number of substitutions of G^ reducible to the 
canonical forms C is thus : 

(?•—!) + {p'"" - 1)(2>~ — 2) p'"" + i (i>** - 2)(p" - 3)(i>»» — l){p^ + l)p^. (c) 

Type D includes p^ — 1 substitutions with a = /3 and {p^ — ^){p^ — 2) with 
a :^ ^, no two being conjugate under G^. 

A substitution D with a = /3 is commutative only with the p^{p*— !)• 
substitutions of Gs 

a/ = dy + eflc, y'^^ay, s/ =zhy + az + ox. 
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A substitutiou D with a :^ /3 is commutative only with the p^{p^ — 1)* substitu- 
tions of (?| 

a/ = ca?, 'i/'='(iy^ 7/ =:by + az. 

The number of substitutions of G^ reducible to the types D is thus : 

(p^— l){p^ — l){p^ + 1) + {p- — l){p- - 2)(i?'» - l)(p* + 1) p»*. (d) 

Type E includes p^ — 1 substitutions, no two of which are conjugate under 
(?3. Each is commutative only with the p^ (p" — 1) substitutions of G^^ 

»' = ax, y'^^hx + ay, «' = ca5 + 6y +«. 

The number of substitutions reducible to the types E is thus : 

(^•-l)(^--l)(^-l)^-. (e) 

A check upon the above enumeration of the substitutions Q^ consists in veri- 
fying that the sum of the numbers (a), (b), (c), (d), (e) equals the order No{ O^. 

Thb Uniybbsitt of Texas, May, 1900. 



Distribution of the Quaternary Linear Homogeneous 

Substitutions in a Galois Field into Complete 

Sets of Conjugate Substitutions. 

By T. M. Putnam. 



The classification used is based upon the canonical forms of linear homo- 
geneous substitutions in an arbitrary Galois field.* 
The homogeneous substitution 

has for its characteristic determinant 

A{X) = ;i* — aiX* — ttg^* — ttgX — a^ , 

where ai, a^, a^, a^ may be arbitrary marks in the OF\^p^'\ such that 04:^ 0. 
Hence, substitutions exist for which ^{X) in the OF\^jf''\ is irreducible; the 
product of a linear factor and an irreducible cubic ; the product of two distinct 
irreducible quadratics ; the square of an irreducible quadratic ; the product of an 
irreducible quadratic and two linear factors distinct or equal ; finally, the pro- 
duct of four linear factors, some or all of which may be equal. 

Type I. If the characteristic determinant is irreducible, the substitution 
may be reduced to the canonical form 

a/ = ^, %f — 7f'y, 7i~%^'^%, \d=-l^w. 

where % is an arbitrary mark in the QF [p^] but not in the QF\j^'\ . There 
are then p^"" — p^ ways of setting up this canonical form. But replacing X by 
;ir, ^p*»^ Qj. ^p^^ y^Q obtain a substitution conjugate with the original. This can 

*Dr. L. £. Dickson, Amer. Jour, of Math., vol. XXII, pp. 121-187. 
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happen by no other replacement; hence, there are^^ — !ZL£Z distinct sets of con- 
jugate substitutions. The most general substitution commutative with one of 
this type is 

where /i is an arbitrary mark ^ in the GF{_p^^ . There are then p^^ — 1 

substitutions commutative with each one of this type. Hence, each set contains 

N 
-^ conjugate substitutions, N being the order of the group, viz., 

(/)*•— 1) (/>*• — />") {p^ — ^**) {p^* — f^) . The total number of substitutions, 
then, that can be reduced to this canonical form is ^, TT -4— • The period 

of any one of them is evidently a factor of p^ — 1 but not of p** — 1 . 

Type II. If the characteristic determinant is the product of an irreducible 
cubic and a linear factor, the canonical form becomes 

xf=Xx, y^ = Vy, tI — TJ^z^ uf = aw, 

where X is an arbitrary mark in the GF [/?*•] , but not in the GF [p"] , and a is 
arbitrary in the <?^[p*] • The period of a substitution of this type will be a 
factor oi]^ — 1, but not of p* — 1. \ can take p^ — />* values and a can take 
p* — 1, but replacing \ by V^ or 7J^, we obtain substitutions conjugate with the 

original. Hence, there are ^^ ^—^^ distinct sets of conjugate substitu- 

tions. The general substitution commutative with one of this type has the form 

x' = f£X, i/ = fj^y, sf = fi'^z, uf = Pw, 

where ii is arbitrary in the GF [p^] and ^ in the 6ri^ [/>*], in all, then, 
[jp^ — 1)(P* — !)• Hence, there are ^^-3^^^ ,-^-^ -^ substitutions in each of 

the conjugate sets, giving in all ^ / 3i> \ substitutions reducible to this 

canonical form. 

Type III. When the characteristic determinant is the product of two dis- 
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tinct quadratics, the canonical form becomes 

where X and (i are any marks in the G^F [/>'*] not in the OF\^p^'\ and/^i^X 
and fizfi^p''. There are evidently {p^ — P'^Xp^" — i^* — 2) ways of setting up 
this canonical form ; for to each of the ^ — p^ values o{^, fi takes jp^ — p^ — 2 
values not equal to X or X^. But the substitutions with the multipliers 
(;i, X*^, fi, ^P*), {^^, ^, (i,(i^^),{7i, >r, ii^\ fi), (;i'^, X, (T, (i) and the four others 
with the Xb and ^'s interchanged are conjugates. Hence, there are 
I (p«« _ ^«) (^« _ jjn — 2) distinct sets of conjugate substitutions. The form of 
the commutative substitution here is 

a:f = ax, \f -= a^y, 2/ = rz, w/ = v^w, (cr, v arb. in GF\^y?'^'\). 

The total number of commutative substitutions is then (/>*" — 1)^ and hence each 

set has -—^ r^ substitutions. In all there are, then, ;f , '£ " , ^ substitu- 

{p^^' — lf 8(^^—1) 

tions of this type, each of period a factor of jp^ — 1 but not of ^'^ — 1 . 

Type IV. The characteristic equation for this type is the square of an irre- 
ducible quadratic. Two canonical forms occur, 

(1) Qc! = ^, y^ = ^{y + x)y zf = 2rz, m/ = ;i''" (1^-1-2); 

(2) xf = 7^, y' = Jiy, 7l — V\, wf = x^w, 

where ^ is arbitrary in the GF^p^}, but is not in the (ri^[p'*]. There will be 
^ — ^ distinct sets of conjugate substitutions in each case. The corresponding 
commutative substitutions are 

(i) Qcfz=iiXj y' ^= ax + (ly, 2/ = fi^^z, mcI = a^*z + {iTw, 

(I and a being arbitrary in the GF [/>*^] . 
(ii) Qcf=aix + fiiy, y^ = 02X + (iiy, ^ = aY'z + (ifw, w^ = afz + (jfw, 

where cti, (Tg, fii , (i^ are arbitrary marks of the QF^p^'] . There are p^ {p^ — 1) of 
form (i) and {p^ — l)(jP^" — P^) of form (ii), the latter being the number of ways 
that the determinant of the substitution (ii), viz., {oifi^ — ii\0^'^^ can be set up 
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with <Ti, (T,, (ii, jt/j arbitrary marks in the 6?i^[p^] . Hence, from (1) there are in all 
^ n/ ^ . .\ I aiid from (2) ^ ^ , ^ , ., .,, -^ substitutions, those of (1) being 

of period a factor of p {p^ — 1) but not of ^ (/?" — 1) . and those of (2) of period 
a factor of ^^ — 1 but not of ^'^ — 1 . 

Type V. When A{X) is the product of an irreducible quadratic and two 
distinct linear factors, the canonical form is 

where a and /? are arbitrary in the GFlp""] , a :^ /?, and X is arbitrary in the 
GF [p»*] but not in the GF [>**] . If a and /?, or X and X^"" are interchanged, 

conjugate substitutions are obtained ; hence, there are ^ ^ a 

distinct sets of conjugate substitutions. The commutative substitutions are of 

the form 

a/ = aa , y' ^:zby f zf = (iz, «/ = (i^w, 

with a and b arbitrary in the GFlp^}, and fi arbitrary in the G^i^ [/>**] i in all» 
therefore, {p^ — l)(i^" — !)'• Hence there are from this type ^^.^g~ K sub- 
stitutions of period a factor of^*" — I but not of 2>* — 1. 

Type VI. A (X) for this type is the same as in Type V with the two linear 
factors coincident. Two canonical forms occur, 

(1) a/ = aa, i/ = a(y + x), 2/ = A^s, rd =1 W w\ 

(2) a/ = ax, 7/= ay, 2' = ^2, vjf = X^''w. 

(1) is of period a factor of^ (2?*" — 1) but not of p (2?* — 1), and (2) is of period 
a factor oHj^"" — 1) but not of^" — 1. In each case there are ^^ <i 

distinct sets of conjugate substitutions. The commutative substitutions have the 
respective forms, 

(i) d =1 ax, y = 6y 4- ax , if = (iz, ti/ = fi^u) ; 

(ii) a:f=:ax+byy y^^cz+dy, ^ = (iz, lo^ = (i^'^w. 

There are jp*(2)*'—l)(^^—l) of form (i) and {p^"" — If {p^ —p"") of form {ii). 
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Hence, belonging to the two canonical forms, there are respectively 



2(/>«+ 1) 



N 
and c,i n X ^\/ %n 7\ substitutions. 

Type VII. In this case A (X) is the product of four distinct linear factors. 
The canonical form is 

The determinant of this substitution is A = a/?yS, with {p^ — 1/ sets of solu- 
tions. But three multipliers are equal in 4 (/)" — l)(p* — 2) of the sets [see IX] ; 
two only will be equal for 6(p" — l)(^* — 2)(/>" — 3) others [see VIII]; 
they will be equal in pairs in 3(/)" — l)(p" — 2) of the sets [XI], while for 
p^ — \ all four will be equal [X] . Excluding these, there remain 
(/>** — !)(/>** — 2)(/>" — 3)(/>" — 4) sets of distinct multipliers conjugate, how- 
ever, in sets of 4 ! . A substitution of this type is commutative with the 
(2>* — 1)* substitutions of the form 

Hence there are ^ (i>*— l)(p" — 2)(/?* — 3)(p* — 4) sets with /-^r^v^i substi- 
tutions in each : in all, therefore, there are ^^ ~ ^y^. ~ ^^^^ ~ — - — substitu- 

24 (jP — 1) 

tions of period a factor oi p^ — 1 from this type. 

Type VIII. For this type just two of the linear factors of A (;i) are equal, 
the canonical forms being 

(1) a/ = aaj, y = /3y, 2/ = yz, ti/=y(w? + «); 

(2) x'sraa;, y=/?y, 2'=zyz, vjfzziyw, 

(I) is of period a factor of p (p* — l) and (2) is of period a factor of />* — 1 . For 
each there are ' ^ aP ~ )\P / distinct sets of conjugate substitutions. 
The p^{p^ — 1)' substitutions of the form 

xfz^ax, y^^=.hy^ ^ z=z cz, u/ '=^ dz + cw 
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are commutative with (1), while there are (p** — 1)^{%^ — l)(i^'*' — P*) commu- 
tative with (2), viz., all those of the form 

71'=' ax, ^^=^hyj 7^ =^cz + dw, w^ =^(/z -{- d^w. 

Therefore, there are ^^ ^ — j-^ -r^ — substitutions of type (1) and 

2(p«_i)3(^n+l)^nOttype(2). 

Type IX. In this case there are three of the linear factors of A (X) equal, 
giving rise to three canonical forms, 

(1) o/^ax, y = /?y, 2' = /?(z + y), wf = (i{w'^z), 

(2) Qcf^ax, y' = ^y, zf = ^z, w/ = /3(w? + 2), 

(3) x! = ax, y = ^y, 2/ = /?z, to' = (3w. 

(1) and (2) are of periods factors of p(p^ — l) (if i>=2, (1) is of period 
a factor of 4 (p" — 1)), (3) is of period a factor of p* — 1. There are just 
(p^ — l){p^ — 2) sets of conjugate substitutions for each subtype. 

The respective substitutions commutative with (ij, (2) and (3) have the 
forms 
(i) xf = ax, y^ =iby, z! =^ bz + cy, lo^ =:bw + cz + dy] 

(ii) x' = ax, y' =1 by + cz, 7^ =: dz, v)^ = ey + fz + dwj 

(iii) x' = dx, y' = aiy + biZ'\'CiW, z! = a^y + b2Z + c^^, 

'f^ = a^y + b^z + C8W?. 

There are p^"" (/)^ — 1)^ of form (i), p^ {p^^ — 1)« of form (ii), and 

(/)3«— 1)(/)'"— i>'*)(p'*— i?^'*)(i?'*— 1) of form (iii). There will be then in all 

^/T^^T substitutions from the subtype (1), ^^ ~ ^^ T. from (2), and 
^(p** — 1) -^^ ^ 2^^"(p'* — 1)^ ^ ^ 

(p^— 2)JV^ . . . 

T^pe X. When A (X) is the fourth power of a single linear factor, five 
canonical forms arise, 

(1) x' = ax, y^ — OL{y + x), ^ = a{z + y), w' = a{w + z)] 

(2) x! = ax, y' = ay, ^ = a{z + y), w/ = a(t^ + z); 

(3) x' = ax, y = a (y + x), ^ = az, to^ =^a{w + z); 

(4) x! = ax, y = ay , 2/ = az, w/ == a (ti? + z) ; 

(5) x' = ax, y'=:ay, 7/ =z az, v/ = aw. 
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If^ = 2, (1) and (2) are of period 4 {p^ — 1) or a factor of it ; if ^ = 3, (1) 
is of period a factor of 9 (j?" — l) ; for /> ]> 3, the period of (1) is a factor of 
p {p^ — 1) ; for jp > 2, the period of (2) is a factor of p (jp* — 1). (3) and (4) 
are always of period a factor oi p {p^ — 1), and (6) is of period a factor of^** — 1. 

The substitutions commutative with the above have the respective forms 

(i) a/ = ax J y' = hx + at/j 2/ =z ex + by + az, 

w' =: dx + cy + bz -{- aw; 
(ii) xf=ax+by, y' = cy, zf=dy + cz, 

vjf =zex +/y + dz + cw; 
(iii) x'=aix+ biy^ y' = a^x + aiy + b2Z + biW, ^ = a^x + b^z, 

tcf = a^x + a^^y + b^z + b^w. 
(iv) of :=ax+by+cz, y' = Oi a; + ftjy + Ci2, 2/ = Cj2, 

w/ =: a^x + 64^ + ^42? + C2W] 
(v) is commutative with every substitution of the group. 

The number of substitutions in each of these types is 

(1) pan(^n_i)^ (2) p^{p^-l)\ 

(3) p'^{p^ — l){p^—p^), (4) p^{p^ — l){j^—l){p^-p''). 
Hence the totals for the respective subtypes are 
U) :Sr^ (2) -4^r7#-TX' (3) ^^tt^^-tt^ W ^ 



and, finally (5) with^" — 1 substitutions. 

Type XI. When the multipliers are equal in pairs, three canonical forms 
arise, 

(1) a/=aa, y=a(y + a), s^ =^ ^z, ti/ = /?(to + a); 

(2) a/=aa, y = ay, ^ = fiz, w^ = ^{w + z)] 

(3) oi •=:^ajx^ ^ = ay , 2/ = /Sa, u/ = ^w. 

There will be ^-^ y ^ distinct sets of conjugate substitutions for 

(1) and (3), since interchanging a and /? gives conjugate substitutions. This is 
not true, however, for (2), which has, therefore, {p^ — 1){jP'* — 2) distinct sets. 
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The substitutions cQmmutative with these three subtypes are, respectively, 

(i) Qcf = ox, y = 6x -f- ay, 2/ = C2, tt/ = c?z + cio ; 

(ii) Qcf =: ax + by, r/ -= ex + dy, 2/ = ez, xd 1=1 fz ^ ew, 

(iii) sc' = ax + 6y, y = a^x + 6iy, 2/ = cz + dw^ ti/ = Cj z + c^jto. 

There will be f''{p''—\f substitutions of form (i), f^ {p^ — lY^p"" + 1) of 
form (ii), and (f>**— 1)*(^*'* — p^f of form (iii). The total number of substitu- 
tions of each type is, therefore, 

, V {p--2)N . (p--2)N . . (p--2)N 

v^^ 2{p^—l)j^' ^ ^ p*^{p^—l)\p^+l)' ^^^ 2(p««— ;)«)»(2>«+l)(i)»» — !)• 

As a check on the above results, the sum of all the totals for the various canoni- 
cal forms will be found to equal N, the order of the group. For p^ = 2 the 
group is simply isomorphic with the alternating group on eight letters, and the 
above results also agree with those for that group. 

UNrTBRSiTY OF TiEXAS, May, 1900. 



On the Determination and Solution of the Metacyclic 
Quintic Equations with Rational Coefficients. 

By J. C. Glashan. 



(The following paper is in tardy fulfillment of a promise made to the late 
Professor George Paxton Toung. See American Journal of MathemcUica, vol. VI, 
page 114). 

§ 1 . If cdef are given rational numbers, and if 

^ = Sc» + <?, 

jB=15<J*— 2c»<? + SccP— 2df+ 3e«, 

G=26€^— 36c*6 + 40c»d» + 2<?df + llc*e« — iSccPe — cf^ -j- 16d* + 2def— e«, 

D= 3456c*/*— 11520c*cfo/+ 6400cV + 5120c»d»/— 3200c»(?e«— liAOc^ef^ 

+ 2640c*cP/«+ 4480c«(fcy— 2560c^<5*— 100S0c€Pef+ 5760ccP^—120cdf^ 
+ UOc^f^ + 3466(P/— 2160dV + SSOcPef^ — 640dcy + 256e** + /*, 

the quintic equation 

x^ + 10c«» + lOcio* + 5ex +/= (1) 

will be solvable by radicals if the sextic equation 

{u^—6Au^ + 6Bu — 5Gy—Du = (2) 

have a rational root, but if the sextic (2) have not a rational root, the quintic 
(l) will not be solvable by radicals. (In examining equation (2) for a rational 
root, only common factors of G and D of the form m^ + n* or the form m*, need 
be tried as values of u.) 
7 
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If the sextic (2) have a rational root, denote it by Ui, and let 

E=2od+/, 

F= 10c»d + lie*/— IScde + 12<? + e/, 

(? = 50c*<f — 69c*/+20c»tfo +40c*<^+42c«e/— 48cdy — 38cde*+44eP« — d/»+e»A 

^ _(M— 2J?V«i + (7) Tg 



t^ — 3^ttf + Btti + C" 

«,= i [— (d + r,)— VU<' + •^3)'+ 4(c + 'r,)(c»-'i)[], 
a, = i [- (d + T.) +VU*' + r,y + 4 (c + r,)(c»- ^)f], 

and 6)* — 1 = 0, 

then will 



X 






§2. The preceding propositions may be proved as follows : 
Let a = (jyi + G?y^ + a)8yg + (j^y^ , 

in which af — 1 = 0, 

then will 

of — lOa^T?— lOdTga:* — 5(2<T4 — <7| — 3^)a;— 2<y5+ 20r8T8=0, (3) 

in which 

^% = yiy4 + yzVsy ^2 = viyi — y%yz^ 

2(^8 = 2/1^8 + 2/2^1 + ^8^4 + 2^^8, 2r8 = yfy8 — 2/l2/i— 2^^4 + 2/42/1. 

^i = ylvt + 2/I2/4 + y\yi + 2^2/8. 

2(Tb = 2/^ +yl +2/1 +2/4- 

Comparing equations (1) and (3), gives us at once 

<T2= — c, 
CTg = — d, 
2(T4 — o|— 3t|= — c, 

2(75— 2OT2T8 = — /. 
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To these we add 

04 — '^= 2<r8(<T| + t|) — AttCtti— 4(<Ti — t|)», 
(<y« + T,)(<r4 + r*) = ((T, — 'r,)(<r5 +»,) + (a, + r8)Vj — r,) , 

(tfs — '»',)(<r4 — T«) = (<T, + T'g)(<'6 — T,) + (<T, — <t^)\<St + T,) , 

ia which 2T4 = yjy, — 3^ y* — ylyi + y}y„ 

On eliminating tft, <T|, cr^, (Tf , ri, r4 and ^5 from these equations and writing u for 
26t|, we obtain 

[{u'' — 3 (3c^ + e) t*» + (16c* — 2fl*e + 8a? — 2rf/ + Sc^) « 

+ 25c«— 35c*« + 40c»<P + 2c«d/+ llc»<5*— 2SccPe — c/* 
+ 16d*+ 2<fe/— fi»f X 
{ctt*— (20c» + 8oe— <?) M» + (150c» + 20c*e + 55c»d* — lied/ 

+ 38c^ — 7<P« + /*) u' — .(500c» — 400<^e + 626c*<P + S6<fd/ 
+ lOOcV— 270c*cPc + 24c»/* + 200cd* — 104c(fe/+ 56oe» 
+ 66eP/— 31i»ei» + e/^u + 26(c» — oc + cP)(25c* — 36c*e + 40c»<P 
+ 2c»d/+ llc»e» — 28«?« — c/« + 16# + 2<fe/— e») } 

— \{2cd+/) ««— 2 (10c»<i+ll<!y— 18cde + 12<?+«/) tt+60c»<?— 690*/ 
+ 20c»cfe + 40c»d»+ 42c»e/— 48ot?/— 38o(fe»+ 44d»e — d/»+ «*/}»«] 
-J- (cM + c» — oe + <P) = 0. 

On performing the indicated multiplications and division, the resulting 
sextic equation may easily be reduced to the form in which it has been given in 
equation (2) of §1, viz. : 

(«' — 5Atf + 6Bu — bCf — Du = 0. 

In the course of the elimination, the equation 

_ (Et^—2Fu + 0)T, 
'^' ~ M» — 3ili»* + Bu+ C 

is obtained, and thus t, is given in terms of Vg . 
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If r, and Tg have been determined, we have 

yaVi = ffg — -^2 = — (c + Tg), 

yfy* + yjys = <'8 + "^8 = —{^—fs)> 



• • 



yfys— 2^y2 = V U<^— »•«)* + 4 (c— Tg)«(c + tj)}, 
ylyi-3^y4 = VU<2 + *r«)'' + 4(c + Tg)*(c-T,)}. 



• 



• 







*-(c-Tg)»' 2^-^^ir^' 

and a = wyi + a>*y» + ***y8 + <»*y 4 • 

Examples. 

1. a!» + 3x* + 2a;— 1 = 0, 

0=0, d=.3, c = .4, /= — 1, 

.'. the critical sextic is 

(«» — 2m?' + 5,4« + .872)» —17.672m = 0, 

M] = .2, 

T8 = WV6 and T8 = tVV6i 
ai = ^ [- 75 + 35V5 + V {470 (25 — ll-v/5)}] , 

0,= g^Q [— 75 - 36V6— V{470(25 + IWS)}], 

a, = ^ [- 75 - 36 V6 + V { 470 (25 + 1W5) f ] , 

a^rr ^ [- 76 + 36^5 —v/{ 470 (25 - 1W6)}] , 



• • 



• • 



• • 
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,.=^(„_w.)-v{(^)(u-w»).-(^y|, 

and » = ot/i + o^g + (d'y, + o*y4. 

The value of t/i may also be written 

with corresponding values of ^, ^,2^. 

(This is the resolvent quintic of the modular equation of the 47*** order. It 
was solved by Professor 6. P. Young in the American Journal of Mathematics, 
vol. X, pp. 108-110.) 

2. SB» — lOo"— 20a:*-- ISOSsB— 7412 = 0, 

c= — 1, d = — 2, e= — 301, /=— 7412, 

.'. the critical seztic is 

(m» + 1490«« + 1213700t* — 871439000)'— 1883801304320000w= 0, 

.•. Mi=60, _ 

T2= — j>/2 and rs=8'v/2, 

a,= 1 + 4V2 +-v/(34 + 7-v/2), 
0, = 1 — 4-V/2— -v/(34 — 7V2), 
a,= l — 4V2 + V(34— 7V2), 
a4= 1 + 4V2- V(84 + 7-V/2), 

y5 = 9(197 — 139V2) + V{81(197 — 139V2)*— (1-^2)"}, 
yS = 9(197 + 139V2) — VJ81(197 + 139V2)» — (l+^/2)»}, 
j^ = 9(197 + 139V2) + vi8l(l97 + 139^/2)»— (1 + V2)»f, 
yj= 9(197 — 139-V/2) — ^{81 (197 — 139^/2)* — (1 — \/2)»}, 

and a = oyj + 0*^2 + o'y, + 04^4 . 



• • 



• • 
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(This equation was solved bj Professor 6. P. Young in the American Jow- 
nal 0/ Mathematics, vol. X, pp. 116, 116.) 

3. a»— 4a!*+ 4a« — 5a:» + 12x— 1 = 0. 

Let aj=i(« + 4), 

2» — 60is»— 7062* + 3460Z 4- 19179 = 0, 
c=--6, d = — 70.5, e=692, /= 19179, 

.'. the critical sextic is 

(«?— 4000tt»+ 19369375« — 4982421875)' — 55042999267578125m = 0, 

Ml = 125, 

«ra=V6, T, = W5, 

.-. ai = i{l41 + 83V5 +-v/(51360 + 22910V5)f, 
08 = ii 141 — 83V6 — V(51350 — 22910^5)}, 
Og = i{ 141 — 83V5 +-v/(51350 — 22910V5)f , 
a4=iil41 + 83V6— V(61350 + 22910v^5)f, 

.-. yj = — J(15029 + 7135-V/5)— v/{tV(18029 + 7135-v/6)« — (6+->/5)*}, 
2^ = —J (16029 — 7135-V/6) —^11^(15029 — 7135V6)*— (6 — V5)»}, 

yS= — i(15029 — 7135V5)+VJtV(16029 — 7135V6)* — (6— V5)»f, 

y5= — i (15029 + 7135^5) +V|-iV(16029 + 7136^/6)» — (6 +^/5)»i, 
and 

SB = i (4 + ayi + o*yg + a'y, + 0%) . 

The value of ^ may also be written 

yf = — i (15029 + 7135V5) — ^^/\l5S (13505 + 6029^/5)^, 

with corresponding values of ^ , yl, ^ . 

(This is the resolvent quintic of the modular equation of the 79^^ order.) 

§3. In the preceding sections it has been assumed that the quintic is of the 
form 

If we consider the full-termed form 

acB* + 56x* + 10cx« + lOda? -f- 5ca; + /= 0, 

the course of the solution will follow that in the preceding investigation, step 
by step, and may be summarized as follows : 
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Write 

H, = a*d — Sabc + 26«, 

Ht = a* {ae—4bd + 3c»), 

fft = a* {off— babe + 2aod + 86»d — 66c»), 

fli = EtH^ — Hi — 4Si, 

Hf ^ HjiHf — Hgffi, 

H, = ir,5i + 6EtH, — H! + AB^Ht, 

Hf = 2HtH, — ZHtHf, 

£r,o = fl? + 1 2n^H^ + 4^,57; 

Hrt = ^,5io - 25iir, + 9fi? - 5?, 

^j, = 2fii (J3;fi; — SfliJJ.) + H, {2HtH, — H,H^ — 165?) - 35?(5? + SHi), 
ax =—b + ai/i+ tt«y, + a'y, + 0*^4, 
»*— 1 =0, 

and as before, 

2tfi = yiy4 + yiy8. 

^i = yJyi + yti/i + yJyi + yJys . 
2<T, = ^ + 34 + y| + y;. 

2r, = yiy« — i/iy», 

2^8 = yjyi — ylyi — y|y« + yjys. 

14^ 26<i|, 
then will <Tg + JBT, = 0, 



2(^4 — o|— 3Tj + £i — 3ii? = 0, 
2<T5 — 20T,r, + fli — 2jSiir, == . 



Eliminating a^, Os, ^4 and cr,, we obtain 

_ \ H^u* - 2 (4g, + H^Ht) u—Hu+ bOH^H, \ y, 

' M, — Sjyy — (25"e — 5?) u — fi'u + 255? 

and 

[{ M» — 3fli«« - (25i — 5?) « — 5i, + 255Sf 

X { 5gw* — (fli + TFgilJ «« + (5j„ — ISFj^i — SiBiil, + 9^5?) «» 

— (5;5,o+ 21 J3?— 665,5,— 26fl?£r,+ 4645,5?) tt+ 255", (^i^255?) f 
— \ ffy — 2 (45, + HtHt) u — Hu + 605;5, f « «] H- (JJ^u — 5^) = , 
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which can be reduced to the form 

\u^ — 5H^u^ — 6 {2H^ — Hl)u—b (fi^— 25JB?)}«— {12»H^ + fi?o) w = 0. (4) 

Hence, if 

ai = i[-(J5,-T8) + ^/|(fls-Ts)» + 4(^ — T,)(5?-Tf)}] 

then will 



Theorem I. — Every algebraic equation A of degree n has a dioristic equa- 
tion B of degree (n — 2) ! whose coefiScients are seminvariants of the coefficients 
of A , and which is such that if A be solvable by radicals, B will have a rational 
root, and conversely, if JS have a rational root, A will be solvable by radicals. 

Theorem II. — If the equation A be solvable by radicals, its coresolvent 
equations will be of the degrees whose indices are the prime factors of n — 1 . 

Example8.—T\xB dioristic equation of the cubic 

aa? + 36x* + 3cx + d = 
is « + jBi=0, 



and the coresolvent equation is a quadratic. 
The dioristic equation of the quartic 



ax* + 46a:' + Qca? + ^dx + e = 
is 42?— JB|=:0, 

and the coresolvent equation is a cubic. 

The dioristic equation of the quintic is reducible by a linear transformation 
to equation (4) above, and the coresolvent equations are two quadratics. 

Ottawa, Canada, Marchy 1900. 



Construction of the Geometry of Euclidean n-Dimen 
sional Space by the Theory of Continuous Groups. 



By B. 0. LovBTT. 



1. With regard to space, let it be assumed : 

1^ That it is an n-dimensional manifoldness, i. e., that n independent data 
are necessary and sufficient to determine the position of an element of the mani- 
foldness ; these n independent things are called the coordinates of the element. 

V. That a figure of the manifoldness possesses ^ J" — '- degrees of free- 
dom within the manifoldness ; i. e., that "T — - independent data are neces- 
sary and sufficient to render a rigid body fixed in position ; the latter ^^^"'" ' 

« 

independent things are called the parameters of the figure. 

For convenience, let the element be called a point, and its coordinates be 

designated by sci, x^, , x^. Consider any figure containing this point and 

let the parameters of the figure be aj, cxg, .... , o^ n{n-\-\) • Let the figure assume 

a new position and call Xi, x^, , x^ the coordinates of the new position of 

(xj , Xg, . . . . , x^) • Then 

t = 1, 2, .... , n. 

The operation changing (xi, x^, .... , x„) into (fi, ^g, , f «) represents 

one of the motions of an n-dimensional figure, and the ensemble of all these 

operations constitutes a continuous group with — ^ — ^ — i parameters. The ideu- 
8 
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tical transformation ought to appear among these operations ; accordingly, there 
must be some system of parameters ai, .... , ( hgn-^-i) } such that 

gi = Xi , 58 = a^ J • • • • > 5» ^ a?n . 

There is no loss of generality in assuming the preceding system of values 
to be 

^1 ^^ ^ ^ • • • • ^^ 0^ n(n-H) =^ 0. 

An infinitesimal transformation of the group is one whose parameters differ 
by infinitesimals from those parameters which produce the identical transforma- 
tion ; in this case, the infinitesimal transformation is obtained by assigning 
infinitesimal values to the parameters themselves ; i. e., by such a transformation 
Xi, jci, .... , Xn 8.re changed respectively to 

»< + Tia^^^f i= 1, 2, , n, 



+2«.^ 



in the partial derivatives of which the a's should be put equal to zero. 
Writing, for short, 

- 9/ -to 
Pi — -^g^. » = 1, 2, ,71, 

the common symbol for the above infinitesimal transformation is 

n (n -f 1) 

or, putting 

r_V^^ i=l 2 n{n+l) 
^'i^ZLPida,' I- 1, A ... , , 



1 



any infinitesimal transformation may be written 



i »(»*-H) 



/=2] Oti Ji . 

1 

By a fundamental theorem of Lie, if we put 



«-^')-2(ig-ii)' 
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then ii2^ 

1 

where the ^'s are constants. There are 

i{n«(n + l)«— 2n(n + l)} 
of these equations, but the 

TVK(n + l)»-2n«(n+l)»[ 

%'s are not wholly arbitrary, since the following 

A jn»(n + 1)» — 6n«(n + 1)« + 8n(n + l)f 
identities of Jacobi 

{Ju (Jj, J,.)) + {Ji, {Jk, /*)) + (/», {Ji, J})) = 0, (2) 

i » ife=l 2 *^(*^+^) 

must hold. 

Ever J set of /'s satisfying (l) and (2) reveals a space whose independent 
infinitesimal motions are represented by the infinitesimal operators of the set. 
Those functions of the elements which are invariant under these transformations 
will characterize the geometry of the space. It is proposed here to find these 
characteristics for one set of operators. 

2. The following forms for the fundamental transformations 

i>li i>8i » i>n» ^iPi — ^iPu (3) 

», y = C7^ 2 <>f 1> 2, . . . . , n, 

satisfy the conditions (1) and (2). 

Let (xi, Og, . . . . , a:») and (xi, orij, , x^) be any two points, and 

(fi, ^2, , fn)» ($i» ^2» » ^n) ^^ their positions after they are subjected to 

the transformation 

i»(n + l) 



1 

where the t/^'s have the values (3). 
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Let 4>(a:i, . . . • , aJni *ii • • • • » a:^) be a function which is absolutely inva- 
riant under this operation ; then, if such a function exist, we must have 

that is, /<^ = 

for all values of the as ; hence, equating to zero the coefficients of the a's in 
I^ , we have the following system of linear partial differential equations for the 
function ^ : 

^4.-^ = i— 12 n ^ 



*, y= <7», jof 1, 2, , n. 



(4) 



This system of Vl^LILJ equations in 2n variables should not, in general, 

possess a solution. But the equations are not all independent. In fact, if we 
take the following system of 2n — 1 equations from the above, namely. 



multiply the equations (5) respectively by 



SCi — «i' 



A — 1 , 2y . • • • , tl , 



where Q*'^^ = Xiaj/ — a?,x/, 4 =0, *=2, ^n^h^i^j 

Z{*'^ = a^a^ — Xiic/, 5''"^ = ^1 *< ~ ^<*i ; 

multiply the equations (6) respectively by 

-^ — 7 , A = 2, 3, , n 

Xi — Xi 

where ^f ^ = xj—Xj, Xf' « = x, — z{, 
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and add the results, we obtain the remaining \ (n — l)(n — 2) equations of the 
system (4), namely, 



Xi 






^^ 4. a;' ^^ _ fl.' ^^ — 



dXi 



dxi 



dxi 



The complete system (5) and (6) of 2n — 1 equations in 2n variables pos- 
sesses at least one solution. That it has no more is readily seen by noting the 
fact that not all (2n — 1)*^ order determinants of the matrix of 2w columns 
























1 
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1 




• • < 


































.... 1 


«8 — «« 


a5i 


«! 















-xl 


xi 








«8 Xt 




• • • • 


■ • • 


xi 

• • 


■ • I 


Xi 

> • • 








-4 




• • • • 


x[ 

• • • 






^n *n 











. . . . xi — Xi — 



'n 



x[ 



vanish ; for example, the one formed by the last 2n — 1 columns whose value 
is {xi - xiy-\ 

The unique solution of this system appears by observing that the first n 
equations demand that the solution be a function of 



Xi = Xi — xi, 



i = 1, 2, .... y n • 



In these new variables the last n — 1 equations become 

X ^^ —X ^^ =0 



which require that ^ be a function of 



3X 



n 



• • 



2^/; 



that is, the function 



h 



= ^t(^- 



f\2 



4) 



• • 



*» J» = If 2, .... , w, 



(7) 



is an absolute invariant under the most general tranformation of the group (3). 
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This function h is said to define the distance between the two points 

3. Consider, now, the linear manifoldness of elements 

x<+/lia5i + a< = 0, »=2, 8, ....,n. 

The increments assigned to Xi^ x^, .... , x,, by the transformations (3) are 

as follows : 

^y Pi hxi=l, i=J, Sxi=0,i:pj\ 

t= 1, 2, , w, y=: 1, 2, , n; 

By XiPj — x^pi 8xi = — Xjj 8xj = + ««, fe* = 0, 

1c^i^j^=-l, 2, .... ,n. 



(9) 



Under Pi 



By forming the variational equations 

3 («< + ^< a?! + a<) = 

and substituting therein the values (9), we find the following values for the vari- 
ations of %f and oLi under the transformations (3) : 

1=1, h^i = 0, hai=—^j, \ 

y= 2, 3, . . . . , n; 
I i := 2, 3, . . . . , w, oAy = 0, Otti = — 1 , ooLj ^ 0, 
y y = 2, 3 , , n ; 

oXi = — Jlj-, oXj = Jlo OOti = — ttj , WlO) 

*=^l»y=#=l-{ 5a^ = ao 

3A,k= 5afc = 0, A; = 2, 3, , n^i^j] 

♦ ^ 2, 3, .... , ti , ^ ^ 1 , 0A| =: 4*1 "T" 1| Oylfc ^^ Jl^ 51^ , 
« = 2, 3, .... , n =p I , oafc/ = a^ X^/ , A/ = 2, 3, . . • • , ti • 7 

The invariants of two linear manifoldnesses 

(Ag, A31 . . • . An, (X>2, CXr3, .... , Otnj, V^» Af, .... A^, Gtg, OCg, . . . . , Oti^J 



Under a;<2?^ — x^pt ^ 



are solutions of the system of partial differential equations 

8 



2{^*'^+S«'«'+-^*'^'+^H=<'' 



(11) 



3 — If 2, . . . . , 



n^n4-_l) 
2 
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where the increments h^ are to be successively replaced by those due to the 
^ ^ infinitesimal transformations (3) as tabulated above in (10). 

For convenience, the equations (11) are arranged in the following manner: 
(n — 1) equations: 

1 equation : 

(n — 2) equations : 

^^ _ a. ^^ -I- /T. ^ _ „ ^^ -4- ai ^* _ a.' ^^ 

+ "^^-*^^ = ^' y=3.4, n; (14) 

i (n — 2)(n — 3) equations : 

+ aiJ^— a/^ = 0, t=3, 4, ,n,y=2,3, , n; (15) 

(n — l) equations : 



« + 0^ + W + .) ^ ;-f' (>,^ ^ + HK ^) 






+ S«^««^ + «^'««^) = ^ y=2,3, ...,,n. (16) 

It will be seen from table (10) that the variations of the X's are wholly 
independent of the a's ; accordingly, invariant functions of the %'s and X^'s alone 
may exist. If such invariant functions '^{p^, » ^)^» , X^) do exist 

they are solutions of the system of ^ ^^ ~ ' equations in 2(n — 1) variables: 
9 equations : 

i = 3, 4, . . . . , n , y = 2, 3, . . . . , n ; 
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(n — 2) equations : 






ax^ 






V-^ =0 



(18) 



(n — 1) equations : 



i=n=4=j 



^ = 2, 3, , .... , fi. 

This system cannot possess a solution if the equations are all independent. That 
the number of independent equations in the system is not greater than 2n — 3 

•ify by observing that the (^ — ^){^ — S) determinants of the 2 (w — 1)**^ 



we ven 



order formed by appending the rows of the array : 



/O -X, 0.. 

—X, ., 








>l, —a: 

X^ — il 













^; V 

>li 1 














■A 






» — 1 







A-i 



— >l, X,_^ 
>l, — Al-i 

>l4 




























V(20) 



\/ • • • « • 



^-i K,-t 



—M,-i -il-i 



\0 -i. 



-l. 



—i^ i'. 







w 



succeseively to the matrix 

-A, ;^ 

-^4 ox, 

-X, 

AjT- 1 X2 A3 Ag A4 Aj Af 
AjAj /Is + l A3A4 A3/I5 



—^ 
—X'i 



^ 

%i 













• • • Ai2 ^~' ^ji V U U .... ^2 

. • • AgAii Ag ~r 1 Ag Aj Ag A4 Aj Ag .... Ag A^ 
. • . A3 An Ajj A3 A3 "1" * A3 A4 A3 Ag .... A3 Aji 



(21) 



are equal to zero. 

Consider, then, the system formed by the (2n — 3) equations (18) and (19) 
in the 2 (n — 1) variables Xg, , ^, ^, i \- 
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The equations (18) assert that if/ is a function of 

e=2^'> »?=S^^' f=E^'^'- (2^) 

% 2 2 

The equations (19) become in the new variables f , >?, ^ : 

where ^i = I + 1 , »7i = »7 + 1. i^i = ? + 1 • 

From any one of these last (n — 1) equations we have 

Si >7i ii 

that is, 4> is a function of 
or the quantity 

co8» e = -nr-^-^ -T—^ = (24) 

{S^j + iHl^r + i} 

is an absolute invariant under the most general transformation of the group (3). 
The angle 6 is said to be the angle between the two linear manifoldnesses. 

That the above solution is unique is seen from the fact that not every 
2 (n — 1)*** order determinant of the matrix (21) vanishes. 

As appears in the table (10), the variations of the a's are functions of the 
a's and X's ; we should not expect, then, to find an invariant function of the a's 
alone. 

But the system composed of the equations (12), (13), (14), (16) and (16) 
yields (n — l) invariants, functions of the a's and X's, which come to light in the 
following manner : 

The equations (12) assert that ^ is a function of 

ft ^ ai — a< , t := 2, 3, . . . . , n . 

In the latter variables the equation (13) becomes 

2a^|^ = 0, <r^=X, — Xj. y= 2, 3, .... , n, 

9 
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which requires that ^ be a function of any set of the (n — 1) sets of (n — 2) 

determinants each, 

pj Cj — pjCTa = {f^)v^ y = 2, 3, , n ; 

fz<yj — pjO^= ipa)^, y = 2, 3, , w ; 



Pn<^J ~ Pi^n= {f^)njy 



J -^ 2, 3, . * * • , fi. 



The ^ ^^ ^ equations (14) and (15) become the (n — 1) following : 



(p<j)« 



8$ 



9((w)iy 
which demand that ^ be a function of 



{po)i4 57^y- =0' i; = 2, 3 n, 



{=n 



p=E(p^)«; 



i»9 



furthermore, in the original variables, the equations (14) and (15) assert that the 
Pi's and JL"s enter into ^ alone only by means of the determinants 

Ag A3 At^ • • • • A|| X 
Ag A3 A^ • . > « A,! X 



and, in fact, only through the forms 

^i ^ ^4 .... An 



« = 



and 



A2 A3 A4 . . • • A| 



iE =2 (J^ - K)' ; 



2 



further, the equations (16) cannot be satisfied unless R and Q enter into the 
combination 

Aji Ag A4 • > • ■ A,^ 1 



g + i2 = 



Ag A| A4 . • • • An X 



2 



= r. 



Finally, in the variables P and 7 the last (n — 1) equations assume the form 

{7^ + ^D{p^ + T^] = 0, y = 2. 3 «, 

that is, the solution ^ is an arbitrary function of 

PjT. 
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Accordingly, the following (n — 1) expressions 



Aj 



* = n 

2 



=1 k = t 



^ 



Of- 


-a; 




^ 

^ 


A4 • 
A4 


. - . A^ 1 

. . . A,^ 1 



8 



9 ' 



y = 2, 3, . . • . n, 



are invariant functions of the parameters of the two linear manifoldnesses under 
the most general transformation of the group (3). 

When the two linear manifoldnesses intersect, all the A/s are zero ; con- 
versely, when any Aj is zero, all the others are zero, and the linear manifold- 
nesses have a point in common. 

It is clear, a fortiori, that the form 

A2 — Ag A8 A8 . . . • Au A,j 



A« = 



a. 



<4 



as — ^8 



a. 



a 



n 



Ag X2 



• • • • 



At^ • • • • A,4 J. 



is an invariant. The analogue of the forms A^ and A to the expression for the 
distance between the straight lines in ordinary space is apparent. 

The fundamental notions of distance and direction in space of n-dimensions 
are thus introduced by the invariants (7) and (24), the former relative to two 
elements of the space, the latter relative to two simplest manifoldnesses composed 
of a simply infinite number of these elements. All the derived notions of geom- 
etry may then be derived by as simple extensions of these primary notions suc- 
cessively from three dimensions as occur when passing from the plane to ordi- 
nary space. 

Pbincbtov, Nbw Jbbsby. 
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A Table of Class Numbers for Cubic Number Fields. 

By Legh W. Reid. 



This table ha« been calculated with a view to furnishing for the general 
algebraic number fields an amount of number material suflBciently great to be of 
use in the further study of these fields, and in particular in that of the cubic 
fields. It gives for each of 161 cubic number fields the class number, A, the dis- 
criminant A, a basis, and the factorization of certain rational primes into their 
prime ideal factors. When A = 1 , the prime number factors of these primes are 
given. Units are also given for most of the fields. The method employed in 
the calculation of the class numbers is to be looked at from the point of view of 
the practicability of carrying out the numerical reckoning involved, and the 
actual determination of the numerical value of A. It is to be sharply distin- 
guished from those representations of h by an infinite series, which, although 
theoretically perfect, lead in only a very limited number of cases to the deter- 
mination of the numerical value of A. 

The method used depends upon the following theorem of Minkowski's : 
Th. 1, — In every ideal cldss there is an ideals i, whose nornif n(i), satisfies the 
condition 

„(i)<(Ay-'- 



m* 



-v/A 



(1) 



where m is the degree and A the discriminant of the field, and r the number of pairs 
of imaginary fields found among the m conjvtgate fijelds W^^ W^^ . . . . , W^^. I shall 

— J — ^ by M. If then we find all ideals of a proposed field, h , whose 

norms satisfy the condition (1), and determine the equivalences which exist 
between them ; i. e., into how many ideal classes they fall, we have determined 
the class number oih. 
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The task may be divided into two parts : 

I. The obtaining of all ideals whose norms satisfy (l). 

II. The determination of the number of the ideal classes into which they 
fall. 

Let be an integer defining the body Aj, /(a) = 0, the equation of lowest 
degree, the m^^, with rational coeflBcients, satisfied by 6, and d{Q) the discrimi- 
nant of this equation. 

We must first of all determine a basis and the discriminant A of A;. 

It can be easily shown that if d (0) be not divisible by the square of a 

rational integer, then 

d(0)= A 

and 1 , ^, . . . . , d""^ is a basis oih. 

In the case of cubic bodies, when d{G) is divisible by the square of a rational 
integer, we may determine a basis and hence A by a method given by Woronoj. 

I. We obtain all ideals of Aj, whose norms satisfy (1) in the following man- 
ner : Since the norm of a prime ideal is a power of the rational prime, which it 
divides, we shall obtain all prime ideals, whose norma satisfy (l), if we factor 
into their prime ideal factors all rational primes < i/| VA|. 

The desired ideals are then such of these prime ideals, their powers and 
products as satisfy (l). We have, then, first of all to factor all rational primes 

<if|VA|. 



This is easily accomplished in the case -^ ^ (mod p) by means of the 

following theorem : 

Th. 2. — I/p satisfy the condition — ^ ^ {mod p) , and if we resolve the left- 

hand member off(x) = into its prime factors with respect to the modulus p, as 

/(x)S{P(x)}']P'(x)f {modp), 

where -P (a) , ^ (a?) , • • • • «^6 different prime functions toith respect to p , and of 
degrees f,f^ . • • • respectively, then is 

{p) = {P.Pm{p^P'.m -" 
the required factorization of {p) , where (/>, P(0)), (p, P'(^)) are different prime 
ideals of degrees f,f, respectively. 
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When -^ = (mod p) , the factorization of {p) may be effected in the 

case of cubic bodies by a method given by Woronoj. 

I shall consider, during the remainder of this paper, the body under discus- 
sion to be cubic. 

II. We now take up the determination of the number of ideal classes into 
which fall the ideals of A; whose norms satisfy (1). 

The method that I have used is the following : 

Having selected any prime ideal p whose norm satisfies the above condition, 
we must determine first of all whether p is a principal ideal. The following 
method answers not only this question but the more general one. What is the 
lowest power of p, which is a principal ideal? 

We find an integer a such that (a) = p*. p is evidently a principal or non- 
principal ideal according as (a) is or is not the n^^ power of a principal ideal. If 
n = 1 , p = (a), a principal ideal. 

The necessary and suflBcient condition that (a) be the n^^ power of a princi- 
pal ideal is that a unit yi exist such that ari is the n^^ power of an integer. 

That is (a) can be the n*** power of a principal ideal, although a is not the 
n*** power of an integer, but acquires this property through multiplication by a 
suitable unit. 

The following theorems simplify the determination of the lowest power of p, 
which is a principal ideal : 

Th. 3. — If the mj** and m^ powers of an ideal a be principal ideals, then is also 
the V'^ pouoer of a a principal ideal, where I is the greatest common divisor of wii 
and t7i|. 

Th. 4. — The necessary and sufficient condition^ that a* = (a) be the loudest power 
of a , which is a principal ideal, is that (a) be neither the p^, pf^, . . . . , nor p^ 
power of a principal ideal, where PuPz, . • . • t Pr are the different prime factors of n. 

The problem of determining the lowest power of p , which is a principal 
ideal, be reduced, therefore, to that of determining whether a given principal 
ideal be the p^ power of a principal ideal, where pv&^ prime number. 

To determine, therefore, whether (a) be the^^ power of a principal ideal, we 
must multiply a with each one of a system of units, 
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such that if a be not the p^ power of a principal ideal but acquire this property 
through multiplication by a unit 97 , then one of the units of this system will be 
>7, and hence one of these products will be the jp*** power of an integer. 

Such a system of units I call a complete wait system for the power jp. (a), 
therefore, is or is not the p^^ power of a principal ideal according as one or none 
of the products 

is the p^ power of a principal ideal, where >7i , .... , >7^ is a complete unit system 
for the power 2>. In the construction of such a system of units in the case of a 
cubic field, we must distinguish two cases, according as A is negative or positive, 
that is, according as among the conjugate fields h, Td^W there are two or no 
imaginary fields, and h has respectively one or two fundamental units. Con- 
fining ourselves to the case A negative and p an odd prime, such a system of 
units may be constructed for the power j? as follows. All units of the field have 
the form )7 = ±6* where € is a fundamental unit. 

If a be the p^ power of an integer or acquire this property through multi- 
plication by a unit, it has the form, when p^2, 

a = ^s\ 
If we take >7 = ± e'', where grS — I (mod p), then 

The p units 

ri =z^ (or — 6^), g = 0, 1,2, ,/>—!, (mod p) 

form a complete unit system for the power ^. To obtain such a system we have 
only to find a unit yj, which is not the p^^ power of a unit, i. e., 

yi = ^ {OT ^^), g^ 0, (mod p) 

It is evidently indifferent whether we have >7 = g*' or >7 = — e^ since p is 
odd. For the sake of simplicity, we shall take the + sign, though the unit 
found might have the — sign. ^® = 1 , >7, >;*, , yj^^^ constitute then a com- 
plete unit system for the power p, since 0, gr, 2gr, .... , (jp — 1) g form a com- 
plete remainder system with respect to the modulus p, and hence one of these 
exponents is S — I (mod p). (a), therefore, is or is not the p^^ power of a prin- 
cipal ideal according as one or none of the products 

a, avj, a>7*, . . . . , aif"^ 
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is the^^** power of an integer. When p = 2, we have merely in addition to the 
above to take into consideration the multiplication of a by the unit — 1 , which 
is unnecessary when p is odd, since then — a is or is not the p^^ power of an 
integer according as a is or is not the p^^ power of an integer. When A is posi- 
tive, the method is similar, account simply being taken of the fact that the field 
has two fundamental units. 

In order to determine whether any one of the above products be the p*** 
power of an integer, we set it equal to {ac^i + ftco, + cY, where ©1,6)2, 1 is a basis 
of Aj. We then obtain, by equating the coeflBcients of the corresponding powers 
of 6 on the two sides of the equation, three equations to determine a, b and c. 
The necessary and sufficient condition for the product under discussion to be the 
p^^ power of an integer is that these equations have an integral solution. 

By means now of Theorem 4 and the above method for determining whether 
a given principal ideal is the p^^ power of a principal ideal, we can determine 
the lowest power of p , which is a principal ideal. Let this power be the t^^, then 

p, p^ .... ,p*-^ p*-(l) 
are representatives of t difierent ideal classes, which we denote with 

The class number, A, must now be divisible by t. Let N be the number of 
ideals whose norms satisfy (1), the unit ideal (1) being included. 

If N<i 2<, we have at once h= t. 

If, however, N <j[^2t, we determine the classe^s of some of the remaining 
ideals satisfying 1 . 

Let i be one of them. If we can find a principal ideal (y) such that (y)=p''i, 
then i belongs to the class which is reciprocal to that of p^ i. e., to A^\ where 
r'S — r (mod t). We can then easily determine in which classes lie the differ- 
ent powers of i, and the products of these powers, with those of p. If we can- 
not find such a principal ideal (y), we must determine the lowest power of i. 
which is a principal ideal, exactly as in the case of p. Let this power be the s^^. 
We must now determine whether i lies in any one of the classes -4, -4*, ... , A*^\ 
It can be shown that it is possible for i to lie in one of these classes only when 

we have t=0 (mod «), in which case, if — = <', it is possible to have i ^ p*'*', 
where i' is prime to s. There are, therefore, at most ^ (s) classes, in one of 
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which i may lie. If ^ = (mod t), it would be possible likewise for p to lie in 

one of 4) (t) of the classes B, B^, , B^"^ represented by the powers of i. To 

determine whether i lies in the class -4*, we must determine whether the product 

of i and an ideal ^ belonging to the class, which is reciprocal to that of A^^ is a 

principal ideal. To do this we must find a principal ideal (X), which is a power 

of \^^ and proceed as already indicated. If i belongs to none of the classes 

1,-4, .... , J.'"^ we have st different classes, li N<i 2^^, then h = st, and in 

general, letting, at any point of the reckoning, n be the number of the ideals 

satisfying I whose classes have been determined, k the number of the known 

classes which have found representatives among these ideals, and K the number 

of the known classes, from 

N—n + k<2K (2) 

follows hz=: K. 

The use of (2) saves much reckoning, as we find from it that we have to 
determine the classes of only N'+ 1 of the ideals satisfying (l), where JV= 2N^j 
or 2Nf +1. 

The table is arranged as follows : Part I contains all fields defined by the 
root of an equation of the form 

ar^+ u4,a; + il8 = 0, 

where A^^ A^ are rational integers less, in absolute value than 10. The first 
column contains a number for purposes of reference ; the second, the equation 
whose root defines the field ; the third, the discriminant of the equation ; the 
fourth and fifth, the discriminant of the field ; the sixth, the class-number ; the 
seventh, a basis (when no numbers stand here, ^,6,1 are to be understood) ; 
the eighth, one or more units. When, after a unit >;, ^ Jt? is placed, this denotes 
that neither yj nor — >; is the square of a unit. Then follow the factorizations of 

those rational primes p <iM\VA\. The factors are arranged according to the 
magnitude of their norms ; i. e., the factor with greatest norm stands second. 
When A = 1 , the factors are chosen so that their norms are positive and their 
product is equal to p without multiplication by a unit, except when p is divis- 
ible by the cube of a prime number. In this case, the unit is given with which 
the cube of the prime must be multiplied to obtain p . These units are desig- 
nated by * attached to the parentheses in which they stand. 
10 
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pz=p or (p) = (p) means that p is un factorable. When = and a number 
stand in the seventh column, it signifies that this field is identical with the field 
designated by the number. 

Part II contains all fields defined by a root of a cubic equation of the form 

A^x^ + Aio? + A^x + A^= 0, 

where A^, Ai^ A^, A^ are rational integers less in absolute value than 3, with the 
exception of those equations of this form which are found in Part I or are trans- 

A 

formable into one of those of Part I by the substitution x:x — —4- . In the 

cases also where one of these equations is transformable into another of the same 
form by a linear substitution, one only of the two is given. 

Part II is arranged like Part I, with the exception that in 12, 16, 17, 18, 19, 
since the roots of these equations are not integers, the equations written imme- 
diately under have been used to define these fields. In each case, this equation 

is obtained from the original one by the substitution x:-^ . 

A fuller discussion of the methods employed in the calculation of this table, 
with numerical examples, will be found in *^Tafel der Klassenanzahlen fur 
kubische Zahlenkorper," published by the author of this article as dissertation. 

See Hilbert, ^^Bericht dber die Theorie der algebraischen Zahlkorper," 2} 11, 34. Jahreeberioht 
der deutschen Mathematiker*VereinigUDg, Vierter Band, 1894-96. 

Minkowski, ^^ Geometrie der Zahlen." 

Woronoj, ^^ The algebraic integers, which are functions of a root of an equation of the 8d degree." 
(Translation of the Russian title.) 

Prinobton, N. J. 
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On Certain Properties of the Plane Cubic Curve in 
Relation to the Circular Points at Infinity. 

By B. a. Roberts. 



Part I. — On some Methods of Generating the Plane Cvbic Curve. 

I propose to investigate here some methods of generating a plane cubic 
curve. I begin by obtaining the cubic as a locus of a point P as follows : If 
perpendiculars be drawn from P on the sides of a given triangle, then the circle 
passing through the feet of these perpendiculars cuts orthogonally a fixed circle. 
A triangle involves six constants and a circle three, so that we have nine con- 
stants, which is the number involved in the equation of the general cubic. 

I observe that if we describe the conic with P as a focus and touching the 
sides of the triangle, then the circle passing through the feet of the perpendicu- 
lars from P on the sides of the triangle is the circle described on the transverse 
axis of the conic as diameter. Using trilinear coordinates and expressing that 
the product of the perpendiculars from the foci on a tangent is constant, 'we get 
the tangential equation of the conic in the form 

(»« + fiiS + ry)(W + li^' + vf) 

— -B^(;i* + fx* + V* — 2^y cos A — 2v% cos B — 2Xf£ cos t7) = . (1) 

Now, if this conic touch the sides of the triangle, the coefficients of ^, fi^, i^ 
must vanish. We thus have ota' = ^/?' = y/ = JB*. Hence, the tangential equa- 
tion of the conic touching the lines a, ^, y and having the points a, /9, y as a 
focus, is 

a{^ + y* + 2/?y cos jl)/i£r + i^ (y* + a* + 2ya cos B) vX 

+ y{a^+ ^* + 2a^ co&G)Xii = 0. (2) 

I now obtain the equation of the director circle of this conic. The coordinates 
Jl, fif V are proportional to awi, bw^, cw^ respectively, where a, ft, c are the sides 
of the triangle and t0|, org, w^ are the perpendiculars from the vertices of the 
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triangle on a line. Making this substitution, and putting mi=^p — a;i cos q 
— yi sin (d, xB^-^ etc., and then putting j? = a; cos o + y sin w for the tangents 
drawn to the conic (2) from x, ^, we get an equation determining the directions 
of those tangents. Putting the sum of the coefiScients of cos^ ca and sin^ co equal 
to nothing, we get the condition that the tangents drawn to the conic from x, y 
should be at right angles to each other; that is, the condition that a;, y should 
lie on the director circle of the conic. We have, then, for the equation of the 
director circle, 

aS'= &ca(/3^ + y«+ 2^y cos JL) /^i + ca/? (y^ + a» + 2ya qob B) 8^ 

+ ahy{a? + jff' + 2ai3 cos (7) /%= o, (3) 

where /S^i, S^^ 8^ are the circles described on the three sides as diameters respec- 
tively, viz. : 8i = {x — x^){x — x^ + {y — y^{y — ys) , etc. 

Taking the origin of the Cartesian coordinates at the centre of the conic, we 
may write 

8= (oa + 6/? + cy){a^y + hya + cafi){si? +y' — A^ — B"), 

where A, B are the principal semiaxes of the conic; that is, 

8= 2£^{^-\-f-A^—B^), (4) 

where A is the area of the triangle and 2 = a^y + hya + ca/? , so that 2 = is 
the equation of the circumscribing circle. Again, let one focus satisfy the equa^ 

^ & B?^ 

tion oa + 6/3 + cy = 2A, then, substituting — , --^, — for a, |3, y respec- 
tively, we have 

5»2=2Aa^y. (5) 

Hence, from (4) we get 

8 + 4A*a/?y = 2A2 {^•\-f — A^). (6) 

But 05* + y* — JL* = is the circle described on the transverse axis of the conic 
as diameter ; that is, the circle passing through the feet of the perpendiculars 
from a, |3, y on the sides of the triangle. Now, if this circle cut orthogonally 
a fixed circle, its coefficients are connected by a linear relation. Hence, expres- 
sing that the coefficients of aS + 4A*a^y are connected by a linear relation, we 
have 

Xa {^ + y^ + 2/?y cos A) + M^ (y* + a' + 2ya cos B) 

+ Ny (a* + /J^ + 2a/? cos G) + 2Pa/?y = 0, (7) 
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where Ly M, N, P are constants determining the position of the fixed circle. It 
may be observed that 

L=bc{S,-Jt^), M=ca{S^—¥), N=ah{8^ — 1^), P=2A^ (8) 

where h is the radius of the fixed circle, and Si^ S%, 8^ are the squares of the 
tangents drawn from the centre of the fixed circle to the circles described on the 
sides of the triangles as diameters respectively. Now, (7) represents a cubic 
passing through the vertices of the triangle, so that the points where the curve 
meets the sides again lie on a line, viz. : 

MNa + Nip + LMy = 5=0. ( 9 ) 

The curve (7), then, can be written in the form 

h{MN^y + Nl/ya + Zifa/?)+ \2LMN{L cosJL + Jf cos5 + iV^cos G+P) 

— M^IP — 1PD — DM^\ a/?y = 0, (10) 

00 that, dividing by a^yh , the curve is of the form 

where Z, m , n, p are constants. Now, I observe that the Hessian of the cubic 

ilia^ + ^xi + il3x| + ^a:J=0, (12) 

where J.i, A^^ A^^ A^ are constants and Xi + a:8 + ^8 + ^4=0 identically is 

^ +^ + -Ar+-j^=0» (12) 



A^xi A^xi A^x^ A^x^ 

and that corresponding points on the latter cubic are connected by the relations 

AiXiXi = A^x^X2 = AsX9xi:=^A^X4x'^. • (13) 

We see thus that points on the cubic (7) such that aa' = ^^' = yy', viz., foci of 

the conic (2) are corresponding points on the curve, namely, points such that the 

tangents thereat intersect on the cubic. Now, the cubic (7) is the Hessian of a 

cubic of the form 

JfiVa' + NL(3^ + LM/ + 05» = 0, (14) 

so that the polar line, that is, the pole of one point with regard to the polar 
conic of the other, of the circular points, for which aa' = |3/3' = y/ is 5 ^ , viz., 
the line passing through the three points on the curve corresponding to the ver- 
tices of the triangle. Now, there are three cubics of which a given cubic is the 
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Hessian, corresponding to the three systems of corresponding points, so that the 
cubic can be written in the form (7) in three ways. Thus the cubic can be gene- 
rated in the manner described in three ways. 

A general circular cubic cannot be generated in this manner. For, if the 
cubic (7) is circular, P = ; but then the circular points are corresponding 
points on the curve ; that is, the double focus of the curve is on itself. In such a 
case the circle passing through the feet of the perpendiculars has its centre on a 
fixed line instead of cutting a fixed circle orthogonally, as is evident from the 
fact that the conic (2) then touches another fixed line. The cubic is then the 
locus of a point P such that the feet of the perpendiculars from P on the sides 
of a quadrilateral lie on a circle. 

If the fixed circle satisfy a certain relation, the locus breaks up into a conic 
passing through the vertices of the triangle and a right line. This relation is, 
from (10), 

2LMNP =-iPlP+N^U + DM^— 2LMN{L cos A + McobB+Ncob C) ; 

that is, from (8), 

4A« {S, - J^){S, - J^){Ss - A?) = a'{S,- J^){S, - J^){S, - S,){S, - S,) 

+ <^{Si- i^M - ^W - SiM -s,). (15) 

Hence, selecting any given point as centre, we have a cubic for A^, so that three 
circles satisfying the condition are determined. Again, I observe that if the 
cubic (7) has a node, that point is situated at the centre of one of the circles 
touching the sides of the triangle ; for instance, for the centre of the inscribed 
circle the cubic is 

La{^-YY + M^{y-ay + Ny{a- ^y = 0, (16) 

so that, from (8), the fixed circle then satisfies the condition 

^{b + c — a){c + a — b){a + b — c) + {b + c — a) S^ 

+ {c + a — b)S^ + {a +b — c) /S,— **(« + 6 + c) = 0, (17) 

that is, it must cut orthogonally the inscribed circle, as it can easily be proved 
that the result of putting A; = in (17) gives the equation of the inscribed circle. 
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I now proceed to show that the same cubic can be generated if the circle 

^ + y' = A^ + B'-mB^ (18) 

cut orthogonally a fixed circle. 

We have from (4) , 

S=2l^{7? + f — A^- B"), 

where, from (3), S = bca (/?* + y^ + 2/8y cos A) + cafi (y* + a* + 2ya cos B) 

+ dfyy (a* + /?* + 2ai8 cos G) ; 

also from (6), -8*2 = 2Aa|3y , where 2 = a^y + hya + ca/?. Hence, 

8+ ^m£t?aPY = 2A2 \^ + f — A^—B^ + mB^), (19) 

so that to express that (18) cuts a fixed circle orthogonally, we write down a 
linear relation connecting the coefficients of the circle 8 + 4fii A^a^y = , when 
we obtain a cubic of the form (7), where 

L=bc{8, — i?), M=cai8, — J^), N=ab{8, — Ji!'), P = 2mA«. (20) 

From these equations it is easy to see that, if m be considered indeterminate, the 
fixed circle is not necessarily given, but may be replaced by any other circle 
passing through two given points, its centre lying on the line 

La{8^ — 8s + Mb {8, - 8^) + Nc{8^—8,)= 0. (21) 

Hence, making the radius vanish, we have from (20), 

^1 \ ^8 /00\ 

La ~ Mb~ Nc' ^ ^ 

which determines two points mutually inverse with regard to the polar circle of 
the triangle, as the latter circle is the Jacobian circle of /Si, /Sg, /%. We see thus 
that two circles of the system (18) can be determined, that is, two constant 
values of m can be assigned, so that the circle (19) passes through a fixed point. 
Again, if a certain condition be satisfied by the fixed circle similar to (16), the 
cubic breaks up into a line and a conic. This condition, corresponding to a 
given line, supplies a relation connecting m with the fixed circle. 

Suppose m= 2, then the circle (18) is £c* + y* = -4* — -B*, that is, it is the 
circle described on the line joining the foci of the conic as diameter. Express- 
ing then that 8 + 8 A^a^y cuts a fixed circle orthogonally, we obtain a general 
cubic of the form (7). Now, the foci of the conic are corresponding points on the 
cubic, so that we see that the circle described on the line joining a pair of cor- 
12 
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responding points as diameter cuts orthogonally a fixed circle. This can be, 
proved otherwise thus : A pair of corresponding points on the curve are conju- 
gate with regard to all the polar conies of the cubic of which the given curve 
is the Hessian. Now, the equation of the polar conies being of the form 
Wi +m?72 4"wC^= 0, one of the system is a circle. But when two points are 
conjugate with regard to a circle, U say, the circle described on the line joining 
them as diameter cuts U orthogonally. In the particular case, it may be 
observed, when the Cayleyan has a focus on the cubic, at P say, that is, when U 
breaks up into factors, all the pairs of corresponding points subtend right angles 
at P. 

I now proceed to find the locus of the centre of the conic (2), when the 
circle described on the transverse axis as diameter cuts orthogonally a fixed 
circle, or, in other words, the locus of the middle point of pairs of corresponding 
points on a given cubic. From the first point of view, as I shall show, this may 
be considered as another method of generating a general cubic. Let a, 6 be half 
the principal axes of the conic, and a, /^, y the perpendiculars from the centre 
on the sides of the triangle. Then 

a* = a^ C08« (0 — a) + 6^ sin^ (^ — a) , (23) 

and similar values for /3, y, where a, /?, y, Q are the angles which the perpen- 
diculars and the axis major make with a fixed line respectively. Eliminating 
B and h , we obtain 

sin JLV (a« — a^) + sin B^/ (a^ — /?*) + sin C^^ (a« — y*) = , (24) 

where A, B, C axe the angles of the triangle. Now, if the circle described on 
the axis major as diameter cuts orthogonally a circle /?= a^ + y* + 6tc., we 
have a* = S, so that (24) becomes 

sin As/ {S—a^) + sin 5V (S — ^) + sin CV {S—f)=0, (25) 

which, at first sight, appears to represent a quartic, but, being divisible by the 
line at infinity, reduces to a cubic, as S — a^, S — ^j S — y* are easily seen to 
be parabolflB. The cubic (25) is, in fact, the envelope of the conic 

l{S-a^) + m {S— ^)+n{S-y') = 0, (26) 

subject to the condition that it is a parabola, viz. : 

mn BiEL^A + nl sin* £ + lm sin» 0^= 0. (27) 
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We can obtain the equation of this cubic in another form, thus : Eliminating d 
and a from (23), we get 

sin As/ (a* — V) + sin BV{^ — 6") + sin aV(/ — &^) = , (27) 

then, observing that, since the director circle of the conic cuts orthogonally the 
polar circle P of the triangle, we have a* + 6^=P, so that if S — P = 5, 
nameljjthe radical axis of /S' and P, we get 

sin AA^{a^ + 5) + sin Bs/{^ + S) + sin CV(y* + S) = 0, (28) 

which, being divisible by the line at infinity, represents a cubic. This curve, it 
may be observed, passes through the points where the lines joining the middle 
points of the sides meet the circle S and the radical axis of S and P. 

Projecting, we find that the polar of a fixed line with regard to J., 5 is a 
cubic, where JL, B are corresponding points on a given cubic. 

In the case of the circular cubic, we may find the locus of the middle point 
of corresponding points thus : Let the curve be 

h {u^ -^ (?) + mu{v^ + (?) + n {u^ + t^) + 2puv = 0, (29) 

where u, v are circular coordinates, then corresponding points are such that 
v/uf =z vt/ =z (?. Hence, for the middle point of corresponding points we may 
write 

2u = u'+ ~ , 2t; = t/ + -^ , (30) 

where «', t/ lie on (29). Hence, we obtain 

(Zw+ wi?+ -^t^+i>y= -JK — c*)(«^ — c*), (31) 

which represents a circular cubic with the points w^ = v* = c* as foci. Thus the 
locus (31) is the transformation of the given curve (29) by a substitution (30) 
in which angles are preserved. The substitution is, in fact, a transformation 
from polar to elliptic coordinates, viz. : 

r = ^ + ^/(/li* — c*), ccosfl = r, (32) 

where cx = iiv, cy = \/{{(i^— (?){(? — j^)\j (33) 

and r, d are polar coordinates. It may be observed that the anharmonic func- 
tion of the locus can be expressed in terms of the similar function for the given 
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curve. For it is easy to see that the values of w corresponding to the foci of (29) 
are given by an equation of the form 

(t^8 + c> — 2au){u^ + (?— 2/?u) = 0, (34) 

so that the foci of (31) are given by 

{u — a){u — /3)(ti*— c^) = , (35) 

but the anharmonic functions of both these biquadratics are expressible in terms 

fC(a-^) 

c» — a/3 • 

If n = in (29), the double focus is at the origin on the curve, and the locus 

(31) reduces to the right line 

lu+fnv+p = 0, (36) 

as we have seen already otherwise. That is, when the cubic is not circular, the 
locus reduces to a right line, if two asymptotes intersect on the curve. 

I now proceed to show what geometrical relations are satisfied when a focus 
of the conic (2) lies on a general cubic passing through the vertices of the 
triangle of reference. Let A be the area of the triangle formed by the foci 
P, P of the conic and a fixed point a', /?', / ; then A is proportional to 

a ' X' r 

a » /^ » y 

where 

F= a'a 03* - y*) + /?'/?(/ - a«) + /y (a«- /?*). (37) 

Again, let t be the length of the tangent drawn from a fixed point to the 
circle passing through the feet of perpendiculars from P on the sides of the 
triangle of reference, then, if we have 

fi—J(?=XA, (38) 

where k and ^ are constants, we see from (7) and (37) that the locus of P is 

La{^ + f+ 2/?y cos^) + if/3(y« + a* + 2ya cos jB) 

Ny{a^ + /?« + 2ai8 cos C) + 2Pa/?y + VF= 0, (39) 

and this obviously represents a cubic circumscribing the triangle and satis- 
fying no further relation with it, for we have six constants at our disposal. 
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namely, h, X and the four depending upon the two fixed points. The locus of 

the other focus is evidently obtained by changing the sign of V in (39), as V 

y 
becomes — >/32 % when we substitute for a, /?, j' their reciprocals. This mode of 

generation of the cubic holds also if we substitute the circle described on PP' as 
diameter for the circle passing through the feet of the perpendiculars from P ; in 
fact, we might substitute any circle of the system (19). 

If we want to generate a circular cubic we should take P = in (39) and 
make Fpass through the circular points. The first condition makes the circle 
the director circle of the conic (2), and the second requires that the point a', ^', y' 
should be at infinity. Thus the relation (38) becomes ^— A? = ;i5, (40), where t 
is the length of the tangent drawn from a fixed point to the director circle of the 
conic and fi is the projection of PP on a fixed line. It may be observed that 
k may be made to vanish in (40) without loss of generality. A general circu- 
lar cubic is also generated when the circle described on PP as diameter cuts 
a given line at an angle whose cosine is proportional to the cosine of the angle 
between PP and a fixed direction. Similarly, a general cubic is generated when 
the circle on PP as diameter meets a given circle at an angle ^, so that cos ^ is 
proportional to the perpendicular from a fixed point on PP'. 

It may be worth while considering the case in which the two fixed points 
involved in (38) coincide for the circle described on PP as diameter. It is easy 
to see then that the cubic is the locus of the focus P of a conic touching the sides 
of a triangle, subject to the condition that the circle described through the foci 
P, P' so as to contain a given angle, cuts orthogonally a fixed circle. The equar 
tion of the locus is found to be 



'^\{^ + y')oosA+2^y\ + £^\{r' + a')cosB + 2ya\ 



sin 

^ .(^'~^2 ' n (a sin JL + 5 sin 5 + y sin G) 

2R mi A sm B ^m G^ ' ^ 

X (/?y sin J. 4- ya sin 5 + a|3 sin (7) 

+ m ]a'a(|3« — y*) + /?'/? (y* — a') /y (a* — j^^) } = 0, (41) 

where a', /?', y' are the coordinates of the centre of the fixed circle, S' is the 
square of the tangent drawn from its centre to the circumscribing circle, and h is 
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its radius, while m is the cotangent of the given angle. This form (41) contains 
ten constants, so that a cubic can be generated in this manner in a singly infinite 
number of ways. If A; = , the foci P, P subtend a constant angle at a fixed 
point, and the equation (41) then involving nine constants, the cubic can be 
generated in this manner in a finite number of ways. 

I observe that a circular cubic can be written in the form (29) in three ways, 
the origin in each case being one of the points corresponding to the real point at 
infinity. In connection with this form, I proceed to investigate a mode of gene- 
ration of the curve. Taking rectangular Cartesian coordinates and writing a 
conic referred to its principal axes in the form 

the equation of the circle passing through a/, i/ and the points of contact of the 
tangents drawn from a/, ^ to ^S' = is 



+<^ -€-)="■ (^') 



where (?=-a^ — 6*. 

Hence, if this circle cut orthogonally the fixed circle 

X* + 2/^ — 2aa — 2^2^ + A? = , (44) 

the locus of x\ yf is 



-(^-c»)-^=0, (45) 



6« 

which, it is easy to see, is of the same form as (29). There is no loss of gene- 
rality in making the radius of (44) vanish, in which case the circle (43) passes 
through a fixed point. In that case, the cubic is the locus of the six vertices of a 
quadrilateral circumscribed about the conic, the lines drawn from the fixed point 
(44) to the four points of contact all making the same angle with the conic. 

If the polar circle of the triangle formed by the tangents from P and their 
chord of contact cuts orthogonally a fixed circle, the locus of P is a cubic with 
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two rectangular asymptotes. For the equation of the polar circle is 



(^+f>'+y)-^(.-+»'+^) 



X 



-^(a« + 6»-^')y + a'' + 6'+|-a:'*+^y* = 0, (46) 
and if this cuts the circle (44) orthogonally, the locus of a/, 1/ is 

-2(a'» + i')(-^-f--§^)+a'' + i' = 0. (47) 

We can now generate the general cubic by means of these results, (45) 
and (47). Let 8 denote the circle (43) circumscribing the triangle formed 
by the tangents from P and their chord of contact, and let P denote the polar 
circle (46) of the same triangle, then let 2 = mS+nP= ; that is, let 2 be a 
circle coaxial with S and P and with its centre dividing in a constant ratio, the 
line joining the centres of S and P. Now let 2 cut the given circle (44) orthogo- 
nally, then the locus of P (a/, y') is the general cubic mU+ nV^^O. 

I now proceed to consider another method of generating a cubic curve. Let 
us consider a circle passing through points on the sides of a triangle so that the 
lines joining them to the opposite vertices form two sets of three concurrent lines, 
which, it is to be observed, is only equivalent to a single condition. Using areal 
coordinates, the equation 

{^ + y + z){ll!x + mmfy +nn 'z) = k {a^yz + b^zx + c^xy) (48) 

represents a circle. Making this identical with 

lla? + mm't^ + nn^s? — {mn' + m'n) yz — {tit + w7) zx — {Im^ + Tm)xy= 0, (49) 

where the lines joining the vertices to the intersections with the opposite sides 
are Ix — my:=0, fx — m'y^ etc., intersecting in the points mn, nl, Im; 
m'n', n'Vf Vml respectively, say these are P, P, so that Z , wi , n ; T^wl.n! are the 
coordinates of points inverse to P, P with regard to the triangle of reference, 
we obtain 

(m + n)(m' + n') = Aa«, (n + Z)(n' + 7) = AA^, (/ + m){J! + ni) = M, (60) 



I 
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so that (48) becomes 

(a? + y + z)\a^ {1 + m){l + n)A + l^(m + l){m + n) 5 -f-c^ (n + l){n + m) C\ 

= 2 (m + n){n + l){l + m){a^yz + h^zx + &xy) , (51) 

where -4.:=twy + ^2; — he, B=^lx'\'nz — my, C=lx + mt/ — nz. 

Now, expressing that this circle (51) cuts orthogonally a given circle, we 
get a linear solution connecting the coefficients. We thus have a relation of 
the third degree connecting l^m^n, so that the inverse points of P, P' with 
regard to the triangle lie on a cubic circumscribing the triangle 7 + iw = , 
? + n = 0, m + w=0, so that the points where it meets the sides again lie on a 
line. And it may be observed that the two points are corresponding points of 
the cubic. Now the triangle of reference involves six constants and the given 
circle involves three, so that we have the nine constants involved in a general 
cubic. 

I now consider Grassman's method of generating a cubic. Let us consider 
two triangles whose vertices are A, B, C, A', B, O respectively; then, if the 
lines joining P to A, By C meet B^O, OA\ A!B in three collinear points, then 
the locus of P is the cubic 

2Aa^^y — cp^^^'y — hp^^^ — ap^y^a = , (52) 

where 2A is the area of ABC and px,p^, Pz are the perpendiculars from A, B , C 
respectively on BO, OA, A!B. This cubic circumscribes the two triangles and 
furthermore passes through the intersection of corresponding sides, viz., the 
points ABy A1B\ etc. From the latter fact it can be readily deduced by means 
of the arguments, viz., the elliptic integrals which correspond to points on the 
curve, that A, B\ O must be corresponding points to A, B, (7 of the same sys- 
tem. Now, we know otherwise that the lines joining a point P of the curve to 
three pairs of corresponding points are in involution, so that in the same case 
the cubic can be written 

AO. BA. CB = AB. BGL GA\ (53) 

where AO, etc., mean the areas of the triangles PAC\ etc. Hence, when the 
curve is circular, we can find two relations connecting the two triangles. For, if 
we have the cubic a/?y = A^e^, then substituting the coordinates of the circular 
points, we get A:=l, a+j3+y=5+«+C> where a is the angle which a makes with 
a fixed line, etc., so that (53) gives AO. BA, CB— AB. BO. CA, where AC is 
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the length of the line joining A, O, etc. Also, the sum of the angles between 
AO and GA, BA! and AB, and GB and BG vanishes. Again, if the lines 
joining P to A, B, G respectively meet BG\ (7'-4', A!B in three points which 
form a triangle of given area M^ the locus of P is the cubic 

U= 2M{a! -p,){^'^p,){y-p,), (54) 

where IT is the cubic (52). This represents a cubic passing through the points 
A, B, G. 

Again, I consider a system of quadrilaterals with a given triangle of centres, 
and I seek the locus of the vertices when the circle passing through three of them 
cuts orthogonally a given circle. Taking the triangle of centres as the triangle 
of reference, and using areal coordinates, the equation of a circle is 

(» + y + z){lx + my + nz) ==a? cot A + y^ cot B + ^ cot (7, 

and expressing that this circle passes through the points — oi.'if^Ti^ a/, — y, 2/ ; 
3c'i y^f — 2', its equation becomes 

(a/' cot -4 + y cot B-^-tT cot G){x + y + 2) ] (3/ + 2^ — a') « 

+ (2/ + a/ - y ) y + (a/ + y - 2/ ) 2 } 
= (yn- ^— a^)(^+ ^— l/){^+ y'— ^){^ cot A + y^ cot B + s? cot G). (66) 

Hence, we see that if this circle cuts orthogonally a fixed circle, the locus of the 
fourth vertex (a/, y, 2/) of the quadrilateral is a general cubic curve passing 
through the six imaginary points where the lines joining the middle points of 
the sides of the triangle of centres meet the polar circle. Also, the locus of one 
of the three vertices is a circular cubic passing through the four points where 
two of the lines joining the middle points of the sides meet the polar circle. We 
thus have as loci of the vertices of the quadrilateral one general cubic and three 
circular cubics. 

I consider here now a locus connected with the cubic. Let AB be a chord 
of the cubic perpendicular to an asymptote, and let a, ^, y be the coordinates of 
a point P with regard to the triangle A, B, G, where G is the point at infinity 
on the same asymptote, then the equation of the cubic can be written 

{la + m^))^ + a^ (I'a + m'^) + y {aa^ + h^+ ka^) = 0. (66) 

Now, if a', j3', y are the coordinates of the intersection of the perpendiculars 
of the triangle PAB, it can easily be shown that a^' = ^a' = y/. Hence, the 
13 
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locus of the intersection of the perpendiculars of the triangle -4 jBP is the cubic 
a^ {la + m^^) + / {Ua + m^^) + y (aa« + 6/3* + hxi^) = 0, (67) 

intersecting the given cubic at the point at infinity C and at six points on the 
circle y* — a^ = 0, namely, the circle described on AB as diameter. Let ? = ?, 
m = m', then the cubic has, it is easy to see, two mutually perpendicular asymp- 
toteSt and the intersection of perpendiculars of the triangle PAB lies on the 
curve. 

Further, I note the following generation of a cubic. Given the base AB of 
a triangle, if a point P dividing in a given ratio the line joining the centre of 
the circumscribed circle and the intersection of the perpendiculars lies on a hyper^ 
bola with an asymptote perpendicular to AB, then the locus of the vertex C7 is a 
cubic such that AB is a chord of the cubic perpendicular to an asymptote at the 
finite point where that asymptote meets the curve. 

Taking the axis as the base, and perpendicular to it at the middle point, 
the coordinates of the point P are given by 

m + n' ^~ 2y(m + n) ' ^ ' 

where a/, ^ are the coordinates of the vertex and m/n is the given ratio. Hence, 

if P lies on a hyperbola with an asymptote perpendicular to AB , the locus of P 

is the cubic 

{my" + (m — 2n){^ — (?)\{Ax + B) + y {Co? + Dx + E), (59) 

whidi is such that A, B are two points on the curve on a perpendicular to the 
asymptote Jjc + -B = , where it meets the curve. 

Mn>I>LBTOWN, K. Y. 
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The CrosS'Batio Chroup of 120 Quadratic Cremono 

Transformations of the Plane. 

Part Second:* Complete Form- System of Invariants, 

Bt Hebbebt Ellswobth Slaught. 



§1. — Invabiants op the Binabt Quintic Fobm. 

1. Three invariants of the quintic as given by Salmonf are 

P«=n(12)«, 

A =2(12)*(34)«(35)''(46) 

C7 = i»2(12)-* (34)-» (36)-» (45) 




where (»;*) means the root difference 



(a< — oj) , 



(1) 



(»,y= 1 — 6). 



2. The ratio A : P written in cross-ratio form is 

A:P=z [3 21 4] [341 5] [36 12] + [41 23] [43 26] [45 21] 
+ [5132] [5234] [6431] + [6213][5314][5412] 

— [2314] [2416] [2613] — [3124][3425][352l] 

— [4132] [4235] [4531] — [5 142] [6 243] [5341] 

— [6123] [5324] [5421]— [4 21 3] [43 16] [46 12] J 



in which 



If wo put in (2) 



(a^ — a»)(a4 — a,) 
;ii=[4235], 



(2) 



{iij\ kj Z= 1 .... 5). 



• Th^ first part of this memoir is to be foand in the American Journal of Mathematics, vol. 
pp. 848*888, 1900. It will be referred to here simply as Part First, 
t '' Modern Higher Algebra," third edition, §341. 
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and let Jlj \ be derived from Xi by successive application of the cyclic per- 
mutation (12345) to the indices, and make use of the relations'^ 

we get 

:{A,iX,(i-;ii)(i-;i,)(i-^iX3)}. (4) 

3. We now identify the roots a^ with the variablesf Vi in the following order : 

tti Og tta a4 agj ,gx 

n '^l ^3 ^1 "^4^ 

and obtain the relation 

^i = p» ^ — -^ZTg' (^) 

Substituting (6) in (4) and changing to homogeneous coordinates 



2^3 23 



*M. J. M. Hilly ^^ The Anharmonio RatioB of the Boots of a Quintio " (ProceedingB of the London 
Mathematical Society, vol. XIV, p. 182). 

t E. H. Moore, '^The Cross-Ratio Qroup of nl Cremona Transformations of Order n — 8 in Flat 
Space of n — 3 Dimensions" {American Journal of Mathematics^ vol. XXII, p. 280, 1900). For the case 
n = 5, 1 use the variables Vi • . • . i^s, and the fundamental system of cross-ratios, 

p = P4 = [viVjV,vJ and o^p^'=i\y^v^v^v^'\. 

Whence, Pu p%^ Pz give the special values a>, 0, 1. 

With this notation, for example, the transformation T, corresponding to the substitution on the 
indices (15)(84), is derived as follows : 

^"■'^"""(P2-P4)(P5~P.)""P(1-^)' 
'^•"' (P2->4)(P5-Pl) P ' 

which, in homogeneous coordinates, becomes 

T\ «/: Zt :«/=«»(«i— «2) •(«!—««)(«•— «2) :«i («» — «•). 
See Part First, Arts. 4, 28 and 58. 
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there results 



+ (2i — a»)*(«i — «»)*(2| — 25)*f:{2i«8Zi(«i — a8)(2i — «,)(is, — a»)}.i 






In a similar manner, 

+ 22^2|2J(2,-2,)«(a,-2,)*(2,-2,y+Zls4s4(2l— 2.)' 

: I s^alzj («, — z,)»(2i — «,)•(«, — z,)« } . 
4. Applying to (7) and (8) the transformation 

^'^'^ — yi—yi-yt—yi'yt — yi^ 

we find the functions proportional to J., P*, C7; 

hiA = 2 (yi — yg)'(y8 — y*)* + 2 (y, — y,)* (^i — y»)*(ys — ^a)*. 

^i* = (yi - y«)*(yi — y8)*(yi — ytfint — y»)\y» — ytfiyt — ytY, 

SfG = 2 (yi — ys)'(i/i— y,)\yi — y^\y, — y,)*{yi — ytY 

+ P* 2 (ya - y;f(i/» - y,)\y, - y,)'. 



(8) 



(9) 



(10) 



5. It is desirable to evaluate A , P* and G in terms of the elementary sym- 
metric functions : 

—Pi = ^!/ii p%=^yiyi^ —Pz^^yiViyk^ v^ = yiy%y%y^^ (n) 

(*,yf *=i — 4). 

The results for A and i* are easily found : 

5i J. = 3^ps + 2- 3/>| + ^'&pzpi + terms containing j>i as a factor, 

S^ = 2«i>; — 3»^* — ^pipl — 2' pi pi + 2*p| 1>4 + 2*. 2?P^pIp^ 

+ . • • • terms containing j^i as a factor 

6. For the first part of G, whose weight is 18, we have 

2 (yi — y^\yi — yt)\yi — y^\yi—yd\yz — yiY = ^li^l + (hp! 

+ (hPtP! + (^iPSpi + a^pips + a^plPi + <hplPii- <hpip! 
+ (^9PiP\ +<^ioP2P3Pi + duPtplPi + (^i2Pipip! 

+ 41 terms containing ^| as a factor. 




(12) 



M13) 



7. In (13) put 



yi= — 2^8 = 1. y» = y4 = o, 



i 



102 Slauoht : The Cross-BoHo Grmvp of 1 20 Quadratic 

Whence by (11), piz= 'p^z= p^^= O , ^ = —1. 

From which Oj = — 2*. 

To determine a,, a^, Og, put in succession in (13), 

yi. Vt, Vi, y*— 0, 2, —1, —1 ; 0, —3, 2, 1 ; 0, 4, —3, —1. 
whence 

Pu P», Pt, Pi = 0, —3, —2, ; 0, —7, 6, ; 0, —13, - 12, 0. 

These substitutions lead to the conditions, 

1) 2*a, + 3*04 — 2»-3»a6 = — 2-3«, 

2) 2*-3«a8 + 3*-7»a4— 2*-3*-7«a5= 2"-5'' + 3*-6» + 2"-3*13— 7», 

3) 2" • 3*a,+ 2»l- 3* •T3*Ot — 2*^.3* • 13» a, = 3*5* • 7* + 2" • 7* • 1 7 + 2" • 3* • 5*— 13*, 

from which 

o,= — 2-3», a4= — 2 311, a, = — 2»"3»- 11. 

8. To find a,, a^, a,, 09, put in succession, 

Vu Vt, y«. ^4= h —1, 1. —1 ; 1, —l, 2, —2; 1, —1, 3, —3 ; 2, —2, 3, —3 
Whence, 

Pi,Pt,PtiPi'=^, —2, 0, 1; 0, —5, 0, 4; 0, —10, 0, 9 ; 0, —13, 0, 36. 

Then from the equations : 

1) 2»o, + 2«a, + 2«a8 + a, = 2", 

2) 5»o, + 2*-6X+ 2*. 5*08+ 2»a,= — 2»11- 29 113, 

3) 2»-6*a,+ 2*-3»-5V+2* 3*-5»a, + 3»a,= — 2"-83, 687, 

4) 13'(i, + 2»-3«13*a,+.2*-3* i3»a8+ 2»-3*.a,= — 2*-7, 238, 879, 

we get, 

a,= 2«, a,= — 2'11, aj= — 2™-7, a, = 2»-47. 

9. To find aj, ttio, Ou, Ojg, put in succession, 

yi.yi, yi. y«= 1. 1. 1. —3; 1, 1, 2, -4; 2, 2, —3, —1 ; 1, 1, 4, —6, 

which give, 

i»i.l^.l»«.l'4 = 0, -6,8,-3; 0, —11, 18.— 8; 0, —9, 4, 12; 0,-27, 60,-24 
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Then from the equations : 

1) 3a, —2^0,0 +2*-3''a„— 2«-3«a„ =2'-3*-711, 

2) 2*0,— 2«- 3* 11010+11*011 —2»Tl*au=2»- 1,339, 307, 

3) 2*0,-2*010 +3*aii + 2«-3*Oi, = 2«-3*- 11-617, 

4) 2»o, — 2*-3-6*Oio +3i»Ou — 2«-3'oi2 = 2'-3*-7- 11 ' 9,767, 

we find, 

a, = — 2'-3»-23, a„=2*3», Oii=2'131, Ou=2*3«-6. 

Thus we hare found : 



2 (yi - y«)*(yi — y«)*(yi - yO^y* — y«)*)(y« - ViY = - 2»i^ - 2 • 3''^j 

— 2^ 3» . 2Zpl pj — 2 • 3 • 1 lp\pl - 2» • 3* • 1 \plpl + 2«pjp, — 2^ 1 \p\^i 

- 2« • lpli\ + 2" • ^^p^pt + 2* • 2?p,pip^ + 2« • 13 li>^,V4 + 2" • 3« . 5i)|p|/)l 
+ . . ■ . terms containing ^i as a factor. 



(14) 



10. If the second part of (7 be evaluated in a similar manner and the result 
combined with (14), we have finally, 

h,G— — ^p\ — 2-3»- 23/>8»— 2. npipi—2'' 151plp* 
— 2»- ISplpi — 2'pipt + 2->pip\ — 2". IZplpl 

+ 2"-5 1l2J,i>4* + 2*-3»-5»p,i)8*/),+2»-3V^i^i), + 2».7 11i>5;^^» 
+ terms containing j7i as a factor. 



(15) 



§2. — Invariants op the Subgroup G^iV* 

Critical and Non-OriHcal Points. Arts. 11-13. 

11. One of the points 

li (t = 2 5) 

is non-critical in the following cases : 

(a). In general, for all the linear transformations of G^ which form the 
subgroup 0§^ and which permute these four points among themselves in 4 ! ways. 

(b). In particular, for a certain dihedron subgroup of (rJV, which leaves the 
corresponding jXHn< ^ec?. Thus the point \i is fixed under 

(?i*-{yW}all, (i,y, A;, Z=2.... 6). 
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(c). For such quadratic transformations as leave the point fixedy thus \i is 

fixed under each of the 6 quadratic transformations of the set [Part First, 

Art. 10], 

2?l7i-|yftZ}all(li). 

These belong to the set /Si7\ where 

Sii -- \ 2345 } all (1») [Part First, Art. 16] 

is. the complete set of transformations through any one of which G^ is trans- 
formed into G^. 

12. Under all other quadratic transformations the point li is critical; that is, 
it must be regarded as a pencil of directions which goes into a range of points 
on one of the fundamental sides. [Part First, Art. 1 2.] These transformations 
consist of 

(a) the remaining 18 in the set S^i^, 

(b) all of the sets, S^^, (jzfzi=z 2 6). 

In all, 324+18 = 90. 

IS. A pencily li, is invariant under such transformations as permute among 
themselves its infinity of direction tangents. Evidently this will happen if, and 
only if, the corresponding point is fixed. 

As just shown, the point li is fixed under the linear transformations 6^^ and 
under the quadratic transformations of the set Dii\ and hence the pencil li is 
invariant under the linear subgroup, 

(?«-jyWfall, 

and under the quadratic subgroup^ 

G\l^{Jkl\Bl\\li\.* 

This is in agreement with Part First, Art. 33, where the 4 pencils and 6 
sides were found to form a system of 10 conjugate elements under G^ • 

The linear subgroup Gl\ which plays an important role in the sequel, is 
also a subgroup of the quadratic group G^, its transformations being the only 
linear transformations in that subgroup. 

* See foot-note to Part First, Art. 10. 
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The Complete Form-System for O^i. Arts, 14-17. 

14. The linear subgroup &^ is projectively connected with Klein's coUinea- 
tion group Gn by the transformation* 

direct; Ziiz^iz^ =a%H-aJs-«8 + a^i-a?i + «», i /^x 

inverse ; jcj : a*, : a;, = — s^i + ^ + % * ^i — ^a + 2J3 : % + 2, — z^,) 



where Xi . * . ^ x^ are homogeneous point coordinates ; or by the transformationf 

direct; z^iz^iz^ =yi — 2^4 : 2^2 — ^4 : 3^8 — ^4* 

inverse; yi:y2:i/s:yi= Szi — z^— z^: — Zi+ Sz^ — z^ }• (2) 

: — Zi—Zt + 3z^ 



: — %— zg — Zg,; 



where ^1 • • - • ^4 are supernumerary homogeneous point coordinates. 

15. The complete form-system of invariants of Klein's coUineation group 0^\ 
consists of the elementary symmetric functions 

2y<%» ^yiViVk, n^i, (i, y, * = i — 4) (3) 

with the identical relation 

Sy, = 0. 

Hence, the complete form-system of invariants of O^ will be derived from that 
of 6^41 by applying the transformation (2) to the forms (3). The results are : 

P%=^yiyj = — 6X^1 + 4Xz^Z2 I 

— Ps = ^ViVsVic = 822^ — 822^28 + 1621%%, y (4) 

p^ =llyi = — 32z} + 42?%— 2022^2,23 + 1422? 2|, ) 

where again 2^< = identically in the 2's. 



♦Part First, (5), Art 7. 

t For the case G^t 1 ^ introduce supernumerary coordinates conveniently in the form 

from which, in combination with (1), we derive (2). It thus appears that 

%/denticaUy in tlie z^a cu well as in the x'e, I thus have the y*B related to the «'s of O^ just as Professor 
Moore has related the y's to the He's of Q^\- See his paper, ^* Concerning Klein's Qroup of (n+l)\ n^ary 
GoUineations " {American Journal of Mathematics, vol. XXII, pp. 886-342, 1900). 
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In these forms put 



and they become 



Xz^ = Pj ^^Z^ = qy Zl2>23 = ^» 



—p^ = 2' [ y —^pq + 2'r] 
p^zzi—p [3p' — 2*p3 + 2V] 




(6) 



(6) 



16. The forms Aj P^, G, initially given as functions of the roots of the quin- 
tic, have been interpreted (a) as functions of the homogeneous coordinates of the 
transformations of the cross-ratio group Gi^o, and hence of the subgroup G^, by 
the agreement (6), Art. 3 ; (b) as functions of the supernumerary homogeneous 
coordinates of the transformations of G^ by virtue of the substitutions (9), Art. 4i 
since this is the same as (2), Art. 14 ; and (c) as rational integral functions of 
Pi » P2f Psy Pi ^y (12), Art. 5, and (15), Art. 10. 

Hence, by Art. 15, they are absolute invariants of G^. They may be further 
simplified by substituting in them the value of jp,, jps* JP4 from (6), Art. 15, and 
remembering that jp^ = 0, thus 



M =2^3"— 2.3(pV + g"} + 19/>5r— 3V, 

82!^= ^Vr»— 2«(i)V + ^7^) + 2S^pqr^—S^7^, 

h^G = 2*. 5V9V — 2. 3»- 23r« + 2*- 5 • 7pYr» — 2- 5*. 43/)Vr* 

+ 2.3»157/?5?*— 2.143(;7*5*r» + pVr8) — 2.17(pV+5«r») 
— 2*^.73 (pV+j»r*) + (p'g^ + pV^) + 2.5.53(pV+-P?^^) 
+ 2. 5«(pV +P9^^) — 2* (i>'^ + ?•) — 2«. 3 (/g"r« +pV^)- 



(7) 
(8) 

(9) 



17. The form P* is of special interest later. 

In terms of yi .... ^4 for the group (J^,, we have by (10), Art. 4, 

-Pv = n(yi-y8) = VA, 
and in terms of Zi z^iov the group Q^, by (7), Art. 3, 

Pi = ZlZg 2, (Zl — Z,)(«i — 2j)(2, — Zj) . 



(10) 



(11) 



in which latter the factors on the right give the six sides of the quadrangle [Fig. 
II, Part First], 
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By well-known principles,* the linear homogeneous substitution group (?„, , 
which is isomorphic with the symmetric permutation group on n letters, has one, 
and only one, fundamental relative invariant, namely, v'A, since (except for 
71= 4) it has one, and only one, self-conjugate subgroup (?„,. 

Since the index of this subgroup is 2, it follows that the only relative inva- 
riants under Gn\{^^ 4) must throw oflF the factor ( — 1). 

This conclusion, however, holds also for w = 4, since G41 can be generated 

by transformations all of period 2, 

E?, L, W, [Part First, (3), Art. 6.] 

BO that if any primitive root of unity higher than the second could be thrown 
off, it would have to be built out of the factors (+ 1) and ( — 1), which is 
impossible. 

Hence, Py is the only fundamental relative invariant under (?4i, from which 
it follows that P, is the only such form under Q^. 

Therefore, all relative invariant forms imder G^ must be of the form 

F^^'f{jPz,!Pz,!P,). (12) 

where / is a rational integral function. 

§3. — Characteristics of Invariants Under Gi^o. 
Fwndamental Notions and Definitions. Arts. 18-21. 

18. Since a quadratic transformation, when applied to any function of the 
z's, must double its degree, it follows that no such function can be invariant in 
the ordinary sense under O^q. 

The only invariant form possible is a rational fraction such that, under any 
quadratic transformation of the group, a common factor (a function of the z's) is 
thrown off in numerator and denominator. 

Evidently, the degree of the numerator must be the same as that of the 
denominator and equal to that of the factor thrown off. 

19. Since a linear transformation does not change the degree of the function 
operated upon, it follows that numerator and denominator of an invariant frac- 
tion must each be an absolute or relative invariant under 0§i. 

♦Weber, "Lehrbuch der Algebra," vol. II, p. 161-164. 
16 
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Such a fraction cannot have both terms relative invariants under G^i, for 
[Art. 17, (12)] it would have the form 

which reduces, according as xi^Xg, to 

m ^^"'"^•I'liPi^Ps'Pi) or m\ ^iJPa^Ps^P*) 

^^ MP»>Ps,P*) ^ ^ p''"-"'Mp*'P^^p*)' 

in which both numerator and denominator are absolute invariants under G^. 
[Art. 16.] 

If, then, either numerator or denominator alone is a relative invariant under 
G§^y the fraction will have one of the forms 

(III) P^'''^^'^iiP2.Ps.Pi) (iY\ 1>i{P2. Pb. P^) 

Forms of the types (III) and (IV) will be considered at the end of the paper 
[Art. 52]. 

In the succeeding investigation, the forms considered for numerator and 
denominator of invariant fractions will be absolute invariants under Q^^ so that 
every such fraction will be of the type 

^%{P^i Pz^ Pa)' 

20. It follows at once that an invariant fraction cannot have its numerator 
and denominator of odd degree in Si, s^, s^s, for it would then have the form 

Pz'^^'^{p%^P\^P^ 
pt'^^'^^iPz^Plp^y 

since p^ is the only fundamental invariant form of odd degree mzi^z^^ z^ under 
the linear subgroup Q^^. 

But such a fraction, when reduced, becomes, according as Xi^X|, 



^%{p%^Pi^Pi) pV^'^^'^'^^^Pi^ PhP^)' 

in which both terms are of even degree in 2^, i^i, Sfg. 
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Thus, numerator and denominator of an invariant fraction must he roMonal, 
integral functions of p2, pi, p^, and hence also of p,qj r, and^ therefore, symmetric 
functions ofzijZ^, z^ owing to the relations (5) and (6), Art. 15. 

21. From these considerations come the following definitions: 

(a). An invariant under a quadratic operator of G^2o ^ ^ fraction whose nume- 
rator and denominator are rational integral functions ofz^.z^, Zg such thai it is trans- 
formed into itself hy the operator, after throwing off a factor in the z's common to 
numeraior and denominator. 

(b). An invariant under the Group (tuq is a fraction which is invariant under 
every one of a system of generators of the group, and so under every transformation 
of the group. For this purpose we use the generators of (r^\ 

K-^ (34), L ^ (23)(45), M-- (45), 

and as the extender to G^f^, the quadratic inversion, 

7" - (12) , [Arts. 4, 28, Part First.] 

(c). Any homogeneous function o^ Zi, z^, z^, which is suitable to form the 
numerator or denominator of an invariant fraction as above defined, is called an 
invariant form. Evidently such a form may be composed of factors or terms,* 
each of which is a simpler invariant form. 

(d). Those forms by means of which all other invariant forms of the group 
can be rationally and integrally expressed, are called the system of fundamental 
forms^ or the complete form-system of the group. 

Theorems on Invariant Forms. Arts. 22-25. 
Theorem I. 

22. Th/e most general invariant form under Oi^ is of degree 6n in z^, z^, z^ 
and throws off the factor r^ under the quadratic generaior T'. 

Proof. We denote hy f{zi, «,, z^) any homogeneous function of degree s in 

^1) ^> ^) which is invariant under Gi^ and investigate the value of s and the 

nature of the factor thrown oflF when f is operated upon by the quadratic 

extender, 

P ^{12)] z[:z^:z^ = Z2Z^:ziZ^:ZiZ^. (1) 

*In the case of invariant terms, of course aU must have the same ^' throw-off." 
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Thus we have* /, {z^, 2,, gj)^,, =/^ (zgz,, z^z^, z^z^. (2) 

Since f^ is an invariant form by hypothesis, some factor of degree s [Art. 18] 
in Zi, ^2, 2:3, must be thrown off, thus 

f^{^2^i ^jjggi 2i22)=/«(2i»a2, 2:3)4>#(2i» %» 253). (3) 

Now apply T again to (3) and as the left becomes homogeneous of degree 
As, we have 

(«lM8)'/«(«l, «2, 2;8)=/*(2l, 22, «8)<^«(«l» 22, 23)^8(21, Zg, Zj)^. (4) 

Hence, dividing by/, («i, 22,23), 

(2l28«8)', = ^, = t« (2^» 2»» 23) t. («1» «»» 28)r • (5) 

Therefore, <^« (^i , 22 , ^a) = ^ (< < (6) 

and t*(%» 23,2j)r' = r»^ (7) 

Substituting (6) and (7) in (5), 

r* = rs*, (8) 

giving 5 = 3<. (9) 

Then « = (mod 3). 

But « = (mod 2). [Art. 20.] 

Hence, * = (mode). (10) 

Then from (6), 

^ = 4>« = tan = {^^^)\ 

from which it follows, ^= 2n. (11) 

Therefore, the general invariant form, i2, is of degree 6n, and throws off the 
factor r** under 7^. 

Theorem II. 

23. TAe fwos< general invariant form may he decomposed into twofactorSy 

■^6n "^^ P^ • -^6 (n-2M) > 

i£?A€re /ti equals zero or a positive integer and R^ (n-«M) cowtaww no factor of P. 

*For coiiTenience, the operator is here written as a subscript to the operand. 
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Proof: The six factors of P are the six sides of the quadrangle IIi. [(11), 
Art. 17.] Since these form a conjugate system under G^^, and since R^ is inva- 
riant in the ordinary sense imder all transformations of G^, it follows that if R^ 
contains any factor of P, it must contain every such factor, and if any of these 
factors are repeated all must be repeated equally often. 

Moreover, since we are considering only such forms as are absolute inva- 
riants under G^^, such a factor cannot involve P to an odd power. [Art. 19.] 

Hence, R^ contains as a factor either no factor of P or else P^, where /ti is 
a positive integer. 

Theorem III. 

24. The curve i2en = P*'*i2«(*-2^) = 0, (1) 

has a mviUiple point of order 2 (w+^) at each of the critical points li, (i = 2 5). 

Proof: Consider the two factors of (1). 

(a). P^ fulfills all the conditions for an invariant form^ namely : 

It is an absolute invariant under the linear subgroup G§i. [Art. 16.] 
It is of requisite degree in Zi, z^, 23 ; that is, 6*2^ according to theorem I. 
It throws oflFthe proper factor under T^, namely, r** ***, thus 

P^=[^4^{z,- z,)\z, - z,)\z, - z,YY = ^-^p^. 

The curve P = 

is a degenerate sextic, having three branches through each of the points li, 
since it represents the six sides of the quadrangle Hi. [Art. 17.] Hence, 

has at each of these points a 6fi-ple point, 
(b). Hence, the remaining factor 

must be an invariant form ^ since the product R^^ is such by hypothesis. That is, 

[^«(*-2jr = r»^»-^>iS!e(„>,,). • (2) 

Prom this it follows that the curve 

-K6(»-2m) = (3) 

has the multiple points \i each of order 2 (n — 2/ti). 
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For if the curve (3) contains any of the points li , it must contain all of them, 
since they form a conjugate system under G^^^ under which subgroup, of course, 
-^« («-&*) is invariant. 

25. That it does contain three of these points follows from the properties of 
the quadratic transformation T, whose critical points are the three coordinate 
vertices and whose critical lines form the triangle of reference [Art. 10, Part 
First] , namely : 

Under T a curve through one vertex goes into another curve through the 
same vertex and throws off as an extra factor the opposite coordinate side ; and, 
conversely, a curve under T can throw off a coordinate side as a factor only 
when it contains the opposite coordinate vertex [special case of Art. 11, Part 
First]. 

Now (3) reproduces itself under T and throws off the factor 

which contains all three coordinate sides. Hence the curve contains each of the 
coordinate vertices and, therefore^ all four critical points as just shown. 

Since a curve passing once through each of the coordinate vertices throws 
off, under T, precisely the factor r, in order to throw off r^^'*"^\ a curve must 
have 2(w — 2fi) branches through each vertex. 

Thus three (and hence all four) of the critical points are multiple points of 
order 2 (n — 2^) on the curve (3). 

Therefore, the curve (1) 

has each of these points as a multiple point of order 

[6^+ 2(n — 2^)] = 2{n + ii). (4) 

§4.— Complete Determination of R^^ for w = 1, 2, 3. 

General Forms of Degree 6, 12, 18. Arts. 26-35. 

26. The determination of the most general invariant forms of any given 
degree 6n suitable for numerator and denominator of invariant fractions, involves 
three steps. 



I 
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(1). Set up the most general form of the given degree invariant under G^^ 
involving arbitrary coefficients. 

(2). Apply the transformation T by which (riV extends to G^. 

(3). Determine the arbitrary coefficients in such a way that the required 
factor, r*", may divide out and leave the original form. 

27. For this purpose, all forms will be expressed in terms of ^, q^ r, since 
the application of T to these is peculiarly simple, namely, 



(1) 




28. The most general invariant form of degree 6 under G^ is 
which may be expressed in terms of j?, g', r in the following manner:* 





(1) 


(2) 


(8) 


(4) 


(B) 


(6) 


(7) 




P' 


^q 


^ 


j?V 


pgr 


t» 


_p»g« 


— 2»ai 


3» 


— 2'-3' 


— 2» 











2* -3* 


+ 2*a8 


1 


2» 





2* 


— 2« 


2« 


2* 


+ 2a. 


3« 


— 2'-3* 





2«-3 


— 2» 





2^ 


Apply T 


3* 


p^r 


jpV 


5»r« 


pqr^ 


r* 


j^(^f» 


Divide by r* 


• • 


• • • . 


jpV 


^ 


pqr 


r» 


ft 



*In each case the form is written in a rectangular array with the original letters at the top, those 
resulting from the application of T next to the bottom, those left after dividing all terms possible by 
f^ in the bottom row, while the arbitrary coefficients occupy the column at the left and the numerical 
coefficients are written in the body of the array. 
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The conditions to be met are — 

(1). The new form must throw off r^. 

(2). The resulting quotient must be the same as the original form. 

In order to meet these conditions, 

(a). The coeflScients of jp* and p^q must vanish. 

(b). The coefficients of like terms in the original and resulting forms may 
be equated [r* having been divided out]. 

These give only two independent relations, 

2* • 3'ai — 2'aj8— S^Oj = 0, 
2^ai — 2*08 — Sag = 0. 

Prom which 01:02:03= 6 : 9 : 40. 

Hence the most general invariant of the 6th degree is proportional to 

2'Spl + 3Y,+ ^'6p,p,. (2) 

This is precisely the form A derived from the quintic. [(12), Art. 5.] 
Its value in terms ofp, q, r may be read from the table 

8A=z 2i>«2*— 2-3(jp8r + ^) + 19i>gr— 3V, (3) 

thus agreeing with (7), Art. 16. 

29. The most general invariant form of degree 1 2 under GiV is 

hipl + M + hpl + Mi>4 + M + ^^Plpi + h,p2pipi , (4) 

which, in terms of ^, 3^, r in rectangular array, is 
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(1) 


(3) 


(8) 


(4) 


(5) 


(«) 


(7) 


(») 


(») 




pa 


i>V 


i>"? 


p*qi 


p*r 


l^qr 


^r> 


p^i^ 


i>V 


+ 2*6, 


3* 


2«-3»-5 


— 2*-3« 


2"-3»-5 














_ 2" • 3» 


+ 2% 


1 


2»-3 


2* 


2» 


2» 


— 2''-3 





2" 





-h 


3« 


2»-3» 


— 2*-3» 


2" 


2«-3* 


2"-3» 











— 2*64 


3» 


2^3«-7 


— 2* 3» 


_ 2" . 33 


2*-3* 


2^1 • 3» 








_ 2" 


— 2»65 


3« 


2* S'' 19 


2<.3'» 


— 2^-67 • 


2*.3« 


— 2« 3* 


— 2" 





.21* 


+ 2»6. 


3* 


2«-3»13 


— 2*- 3* 


— 2"-3« 


2^3» 


_2"-3* 











+ ^% 


3» 


2* -53 


-2*-3» 


— 2'- 17 


2*-3-7 


— 2«-59 





2»-3 





Apply 

r 


?^ 


y/r» 


jPJ^V 


p'g^r^ 


q'r* 


pq^r^ 


^r' 


gV* 


2)Vr« 


Divide 
by »^ 


• • • • 


• 

* • • • 


• • • • 


• • • « 


• • • • 


• • • • 


/r» 


5»r» 


p^^r 



(10) 


(11) 


(la) 


(13) 


(14) 


(16) 


(16) 


(17) 


(18) 


(1») 


^qr 


p*qi* 


p^r 


2* 


p*i* 


pqr» 


J>V 


pV^ 


pSj'r 


r* 











2" 








2". 3'- 6 











2»-3 


— 2»-3 








2^3 


_2" 


2» 


2". 3 


— 2" 


2" 


2" -3 


— 2"-3 








2"-3» 













1 





2" -3* 





2" 











2" -3* 





-2"-3 





2»-3«.5 


— 2»-3« 


2« 





2«.3« 





2"- 13 


2"" -3* 


— 2"- 11 





2«-3-6 


_2"-3 








2».3« 





2" 


2" 


2" 





2»-3* 


— 2»-7» 








2*319 


_2« 


2" 


2" -5 


2" 





j^^j* 


p^r^ 


p*qr* 


ptj» 


jV 


■pqr' 


p*^^ 


^jV* 


j^^ji 


r» 


^g» 


pq*r 


p*q7* 


p*1» 


3* 


pqf 


pV 


J^^l* 


j^^r 


r* 



16 
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30. The conditions to be met here are — 

(a). The coefficients of terms (1) to (6) must vanish. 

(b). The coefficients of term (7), (8); (9), (10); (11), (12); (13), (14), must 
be equal in pairs. 

(c). The coefficients of terras (15 to (19) are the same in the old and new 
forms, and hence give no relations. 

There are then 10 relations, which are not all independent, but readily 
reduce to the following 7 equations : 



\ 



61 


h 


h 


h 


^5 


h 


> 


2«'3« 


+ 2" 


3« 


—2* -3* 


— 2»-3' 


+ 2«-3^ 


+ 2^ • 3« = 


2* -3' 


+ 2»-3 


-3» 


_ 28 . 38 .7 


— 2»-3«'19 


+ 3»13 


+ 2»-53 =0 


2» • 3' • 5 


+ 2» 


— 1 


— 2' -3* 


—2* -67 . 


+ 2-3* 


+ 2»-17 =0 


2" 


2^-3 


+ 3" 





[+2''3' 


— 2* • 3* 


— 2-3-19 =0 





+ 2» 


— 1 





-2« 





+ 2-3 =0 


28.3a 


+ 2^-3 


— 3 


_28-5-7 


— 2* -61 


+ 2-3-5 


+ 2«-3« =0 





— 2* -3 


+ 3 


H-2« 


+ 2«-7 13 


— 2«-3 


— 7* =0 

4 



(5) 



J 



31. Two invariants of the 12th degree are already known, P* [Art. 24], 
and A* [Art 28]. 
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Hence their values, 



pi 


pi 


I'J 


PiPi 


I^tPl 


Plpt . 


P%PiPt 


A*= 2»-3« 
P»= 


+ 3* 
-3» 




+ 2" 


+ 2» • 3 • 5 
+ 2* 


+ 2» • 8» 

— 2« 


+ 2« • 5" 
— 2' 


+ 2* -3* -5 
+ 2*'3« 


h 


h. 


b. 


h 


h 


h. 


h. 



(6) 



must each satisfy the above system of equations. This is easily verified. There- 
fore, there exists an infinity of solutions of the system (5) of the form 



miA^ + mgP^, 



(7) 



where m^ and tti^ are arbitrary parameters. Hence, all the first minors in the 
determinant of (5) must vanish, as well as the determinant itself. If, now, any 
second minor does not vanish, then no solution exists other than those included 
in the form (7). The second minor obtained by omitting the 5th and 7th columns 
and the 1st and 2d rows is easily shown to be different from zero. 

Hence y all invariarU forms of the 12th degree are included m the form (7). 



32. The most general form of degree 18 invariant under &^ involves 12 
arbitrary constants, thus 

<^pl + <hPl + CsPzPI + (^illpl + CbPlPs + c^plPi + (hP\p\ + <^%P\p\ 
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When expressed in terms o(p, q,r in the rectangular array, this becomes 

(1) (2) (8) (4) (5) (6) 





pM 


p»q 


p^r 


^y 


pV 


^12^ 


— 2»c, 


3» 


— 2» • 3" 





2«-3* 


—2" -3^ -7 





-\-^% 


1 


— 2»-3 


2*-3 


2*-8'6 


2«-5 


2«-3-5 


+ 2«c, 


3* 


2»-3^ 


2*- 3* 


24.3J.47 


— 2».3»'5 


26.36 


— 2«C4 


3» 


— 2»-3* 


2*-3»-5 


2*-3*-43 


— 2»-5-23 


2« . 38 . 5 . 23 


- 2«C5 


3» 


2»-3* 


2B.38 


2* • 3' • 23 


— 2»-73 


2^-3* 


+ 2% 


3« 


— 2«-3» 


2«*3' 


2« . 36 . 5 . 7 


20.38.7.11 





2% 


3» 


—^Z' 


2^'3« 


27. 35. 17 


210.34.5.7 


212 . 35 


+ 2»c, 


3« 


_2»-3^ 


2*- 3* 


28.36.11 


— 2' •3" '7 


212.35 


— 20, 


S" 


28.36 


2»-3* 


2" • 3* 


2IS . 3« . 7 


2" • 3* 


- 2"cio 


3» 


28.38 


2»-3-5 


2" -67 


2W-11 


2' • 3 • 5* 


-2^«cu 


3» 


— 2'-3« 


2* ■ 3* • 7 


2*-3»137 


— 2''-3»-143 


2^ -3^* -19 


+ 2»c„ 


3* 


_2«-3» 


2*-3»-ll 


2*-3«-7-19 


— 2« • 3' • 43 


2« . 38 . jgt 


Apply 
T' 


jW 


pq^^r 


3>V 


^jV . 


^YV 


^12^4 


Divide 
by r« 


• • • • 


•••••• 


• ••••• 






■■••■■•••• 
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(7) 


(8) 


(«) 

• 


(10) 


(11) 




yy 


i>V 


^^'gr 


jj" j*r 


^V 


— 2»Ci 


2"- 3' -7 


2" • 3* • 7 











+ 2«Ci, 


2»-3-5 


— 2"- 3 


— 2«-3-5 


« 

2»-3-5 


— 2" • 3» 


+ 2'«Ci, 


2ic . 3« . 5 . 29 


— 2»»-3» 


— 2* • 3* ' 5 


2" • 3» 


— 2" • 3* 


— 2«C4 


2» • 17 


2" 


— 2«-3*-71 


2"- 3- 47 


— 2"- 3* 7-43 


-2»c, 


2«-491 


— 2"- 3-41 


— 2'' ' 3' • 6 


2»-3*-31 


2" -3* 


+ 2'c, 


2U.36.5.7 


_2"-3'-7-13 


2» . 36 . 7 


2U . 36 . 7 





— 2»c, 


212. 3«. 6- 17 


— 2"-3»-61 


210 . 36 . 7 


2"- 3*- 5 


— 2" • 3* • 5 


+ 2»c. 


218. 3«.ii 


— 2" • 3» 


— 2* • 3' • 7 


2" -3* -19 


2" • 3* • 5 


-2c, 


2" • 3» 


2" 


2U.3S. 7 


2" • 3^ 


2" • 3' • 5 


- 2»Cio 


2^ • 3 • 43 


- 2" • 5* 


— 2^-73 


2» • 3 • 47 


— 2"- 71 


- 2"c„ 


2" • 3* • 59 


— 2»-613 


26.38.7.21 


2" • 3* • 6» 


— 2'" • 3' • 53 


+ 2»Cu 


210-277 


— 2»- 13 


— 2*'3»157 


2"- 3- 5 11 


— 2"- 3- 11-41 


Apply 
T 


^YV 


^^1* 


2>}^V 


2>*5'V 


i>^V 


Divide 
by 1* 






.«•• ••••••• 
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(18) 


(18) 


(14) 


(16) 


(16) 


(17) 


(18) 




<]^<fr 


?• 


^r* 


jp'r* 


^l» 


i>V 


p'^ 


— 2»ci 





— 2" 











_2»»-3* 





+ 2"c, 


— 2"-3-5 





2" -5 


2" • 3 • 5 








2"*3'5 


+ 2"c, 


— 2^-3-517 











2" 


— 2*'-ll • 


2" • 3* • 5 


— 2«C4 


— 2"- 5 -11 





212-5-47 


2" • 5» 








2M 


-2»c, 


—2" -5 -61 





2" • 3* 


2» . 3« 





-2" 


2"- 3 -31 


+ 2»c, 


— 2"-3*-5*7 














— 2** • 3* • 6 


2" • 3 • 5 • 7 


— 2% 


— 2" -3* -5 














2** 


2>» • 3» • 5 


+ 2»c, 


2" • 3' • 5' 





2" • 3» 











2**-3» 


— 2c, 


—2"- 3- 5 





220.38 


2"-3 








2» 


- 2"c„ 


— 2" -3' '5 





2" • 3* • 6 


2«-3-6-7 








2" 


- 2% 


— 2'»-3-5-47 





2ia . 3« 








_ 2" 


2"- 5 -41 


+ 2% 


— 2"- 6 -IP 





2«-3*ll 


2" • 3* 








2" -17 


Apply 


j>«5V 


^1» 


5»r» 


^i» 


p*r^ 


jp'g^' 


pt*g'i* 


Divide 
by r* 


• •• •• 


p*1» 


3' 


q*i» 


p^r^ 


p^^r 


T'q' 



1 
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(19) 


(20) 


(21) 


(22) 


(28) 


(24) 




/r» 


jV 


• 


^'2*r* 


p^qr* 


pq'r 


2»c, 








284-38 











+ 2"C8 


2" -3 








2" • 3* • 6 


2" • 3 • 6 





+ 2^0, 








222 


2" • 3* • 5 





2« 


— 2»C4 


2« 








2" • 3* • 29 


— 2" • 67 





- 2«C5 





2»» 





2" •3'- 19 


_ 2" • 3* 





+ 2»c, 








2M 








■_2»' 


— 2»c, 











2" • 3* • 5 








+ 2«C8 











2W.35 


— 2" • 3* 





-2c, 











2^-3* 


— 2** •3' 





-2% 


2" '3 








211.3.7.19 


__ 2" • 3 • 41 





- 2"c,, 











2"- 3*- 13 


— 2" • 3* 





+ 2«c„ 











2" • 5 • 353 


— 2" • 3 • 5 





Apply 


5»r'» 


2»V 


p*^r* 


^v^ 


pq'r' 


p'qi' 


Divide 
byr* 


ffV 


jj'r 


jp'jV 


^^ 


pq'r 


• 
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(26) 


(86) 


(87) 


(88) 


(89) 


(80) 


(81) 




P CTIT 


• 


p^^r^ 

m 


^g^r* 


p*qt* 


p^r' 


r» 


— 2\ 























+ 2"c, 


— 2"- 3-5 





2«-3-5 





— 2" • 3 • 5 





2» 


+ 2»Cs 


— 2" • 3' • 6 


2*' -5 





288.38 











— 2»c< 


2« • 6» 





2"- 19 





— 2**- 7 








2»C5 


— 2" • 3 • 67 


2» 


2" • 3* • 6 


— 2»"-3 


2I6 . 3» 


288 





+ 2V 





2" • 3 • 7 

















— 2»Ct 


— 2*» • 3* • 6 


2*« 





— ^ 











+ 2»c, 


— 2" • 3* • 7 





284.38 














— 2c, 


— 2»*-3 





2" 





-2»» 








- 2"c; 


— 2"- 3 -41 





2"- 5 -11 





— 2" • 89 








- 2"cu 


_2»-3 


2» 


2U.38 


— 2«'-5 





2« 





+ 2% 


— 2" • 6» 





2" • 47 





_2«»-3 








Apply 


^qiff 


ptgtjA 


jj^q^r^ 


^^r* 


pq*i* 


yj»J« 


^ 


Divide 
by r« 


• 


jpVr* 


^g^r* 


pYr^ 


pq*i* 


p*qf 


r» 
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(88) 


(88) 


(84) 


(85) 


m 


(87) 




_pY 


p*^r 


p*^T> 


pPg^i* 


J^^T^ 


pgf 


— 2»Ci 


2" • 3* • 7 

















+ 2"ci 


2» 


— 2" • 3 


2"-3-5 


— 2" • 5 


2" • 3 • 5 


2" -3 


+ 2«c, 


2" -211 


218.38. 19 


2" • 3 • 5 











— 2«C4 




















2«c, 


2"- 17 


— 2" • 3 • 5 


2"- 3 -13 


2" -11 


2" • 3* 





+ 2V, 


2" • 3» • 7* 


_ 2«i • 3« • 7 














— 2»c, 


20.38 


— 2»'3 11 


2" . 3 . 5 











+ 2»cg 


2a 


— 2" -3 


2«-3 


— 2»' 








— 2c, 




















- 2% 


2" 


— 2" • 3 


2" -7 


— 2** 


2" • 3* 


_2** 


— 2"cu 


2" • 5 • 7 


— 2"- 3*- 7 


2" • 139 


— 2»-3 








+ 2% 


2" 


— 2*'-3 


2»-13 


— 2" -3 


2" 





Apply 

2" 


p*q*r* 


p^^r* 


p*q*r* 


p^c^r 


^g*r" 


pjr" 


Divide 
by r« 


pV 


p^^r 


p*q*i* 


p^ifr^ 


^j^jV 


pqj^ 



17 
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33. The conditions in this case are — 

(a). The coefficients of terms (1) to (12) must vanish. 

(b). The coefficients of terms (13) to (30) must be equal in pairs; that is, 

(13), (14); (15), (16); .... (29), (30). 

(c). The coefficients of terms (31) to (37) are the same in the new form as 
in the original, and hence afford no relations. 

These conditions give rise to 21 relations among the 12 c's. This system 
reduces readily to the following 16 equations: 





Ci 


c» 


Cs 


C4 


<?ii 


Cf 


(1) 


2«-3» 


2" 


2" • S' 


4- 2' • 3' 


+ 2" • 3' 


26. 38 




(9) 





+ 2« 


+ 2' • 3* 


— 2-3»-5 


2U.38 


+ 2*-3« 




(8) 


28 . 3T . 7 


— 2"- 5 


— 2»-3''-167 


+ 2» • 6 • 23 


+ 2" - 73 


— 2* • 3' • 7 


•11 


(4) 





+ 2«-6 


+ 2' • 3* 


— 3 • 6 • 23 


— 2" - 3» 







(6) 


2" • 3* • 7 


— 2" • 3 


_ 2" • 3* 


+ 2* 


+ 2«-3-41 


— 2*- 3'* 7 


•13 


(«) 


2« . 3? . 7 


+ 2"- 3- 5 


-1- 2»-3»-6-29 


_2»-17- 


— 2^-491 


+ 2«-3»-5 


•7 


(7) 





— 2" • 3 • 6 


— 2* • 3* 


+ 3-7-43 


+ 2" • 3* 







(8) 


_2" 


+ 2" -6 





— 6-47 


_ 2» • 3' 







(») 





+ 2« • 3 • 6 


2" 


6» 


— 2«-3* 







(10) 


— 2*-3* 


+ 2«-3-6 


+ 2*-7-83 


— 2« 


— 2*- 101 


+ 2 - 3* • 6 • 


29 


(11) 





+ 2*3 





— 1 


_2« 







(18) 


2" • 3» 


+ 2»-3»-5 


+ 2*-191 


— 3' • 29 


— 2*-3»-19 


2" 




(18) 





— 2« • 3 • 6 


+ 2" 


+ 67 


+ 2" • 3* 


+ 2" 




(U) 





— 2»-3-5 


— 2»-5-7'13 


+ 6« 


+ 2*- 5 -53 


— 2' - 3 - 7 




(16) 





— 2' • 3 • 6 


+ 2«-3'» 


— 19 


— 2»-3-31 







(16) 





— 2»-3-5 





+ 7 


+ 2»-5-31 
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Cj 


<H 


Cg 


Cio 


<h\ 


Cl, 


(1) 


+ 2*-3» 


— 2* • 3* 


+ 3» 


- 2" • 3* 


+ 2»-3'' 


— 2^-3* 


= 


(2) 


— 2' • 3' 


+ 3» 


3» 


+ 2»-5 


2» - 3' • 7 


H- 28-3'll 


= 


(8) 


+ 2»'3*-6-7 


— 3»-7 


+ 2-32-7 


— 2"- 11 


+ 2* -3* 143 


— 2*- 3"- 43 


= 


(4) 


_ 2' • 3* 


+ 2»-3* 


— 2* -3' 


+ 2' • 5» 


— 2*-3»-19 


+ 2*.3-l3« 


= 


6) 


+ 2«-3»-61 


28. 3« 


+ 2» 


— 2« • 5» 


+ 2^-5- 13 


— 2*-13 


= 


(•) 


— 2-3»'6 17 


+ 3»11 


— 2-3» 


+ 2»-3-43 


— 2' -3*- 59 


2» • 277 


= 


(7) 


+ 2*- 3*. 5 


2*- 3* -5 


+ 2-3»-6 


— 2*- 71 


+ 2*- 3*- 53 


22-311- 


41 =0 


(8) 





_|_ 2« . 3» 


— 2* -3* 


+ 2«-3*-6 


2* -3* 


+ 2»-32-ll 


= 


(») 








2-3 


+ 2-3-6-7 





+ 2» - 3» 


= 


(10) 


— 241 


+ 2-3» 


— 1 


+ 2» 


— 2*-13-17 


+ 22-17 


= 


(11) 











+ 2-3 








= 


(12) 


2*- 3'- 5 


+ 2*-3* 


— 2* -3' 


+ 2*-3-7-19 


2»-3*-13 


+ 6-353 


= 


(18) 





— 2-3« 


+ 2-3* 


— 2» - 3 • 41 


+ 2*-3» 


— 2*-3-5 


= 


(14) 


+ 2«'61 


3«-7 


+ 2-3 


— 2»-3-41 


+ 2" 


— 2-6" 


= 


(16) 


— 2« 


+ 2-3'» 


— 2« 


+ 2»-5-ll 


— 2*- 67 


+ 2-47 


= 


(16) 








+ 1 


— 89 


+ 2« 


-2* -3 


= 
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34. Two invariant forms of degree 18 are already known, A? and J.J*, and 
since these depend upon two of the forms derived in (7), (8), (9), Art, 16, it is at 
once suggested that the third form G, which is of degree 18, may also belong 
to this system. [See (15), Art. 12.] 

In fact, it is easily verified that the 16 equations are satisfied by these three 
forms : 



Cl 


C| 


Cs 


Ci 


Cj 


Ct 


^8 = 


+ 2' -3' 


+ 3« 




+ 2* • 3" 





+ 2-3* 


+ 2* • 3* • 


6 


Al»= 





— 3» 




— 2»-3 


+ 2«-3* 


— 2- 3*- 11 


+ 2''-3 




C= 


2» 


— 2 • 3' ■ 


23 


— 2-17 


— 2^-151 


— 2* • 73 


— 2« 




Pl 


Pl 


Plft 


fiP\ 


p\Pt 


PlPi 



Ct 


<h 


c» 


Cjo 


Cn 


c« 


+ 2'. 3*- 5* 
-2' 

+ 2^ 


+ 2»-5» 

— 2».7 

— 2"- 13 



+ 2" -6 
+ 2'"-6-ll 


+ 2»-3*-5 
+ 2* -3* 
+ 2*-3»-5» 


+ 2* -3* -5 
+ 2*-53- 
+ 2»-3» 


_|_ 2< • 3' • 6* 
+ 2»'3« 
+ 2^-7-ll 


P\f* 


P\fi 


Pi pi 


PiPsPt 


PtP^aPi 


Plpll^t 



(9) 



35. It follows that an infinity of solutions of the above system of equations 
exists of the form 

m,A^ + m^P^ + m^G, (lO) 

where the m's are arbitrary parameters. 
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Hence, all determinants of the 12th order in the matrix of the coefficients 
must vanish and also all the first and second minors of these. A third minor, 
however, is easily found which does not vanish, namely, by depleting the first 7 
rows and the 2d, 6th and 10th columns. Thus, no solution exists other than 
those included in (10). 

Therefore, <7i€ only invariant forms of degree 18 are included in the general 
form. 

§5. — The System of Fundamental Invariants. 

Invariants of the Linear Groups (7J*. Arts. 36-38. 

36. It has been shown that each of the pencils It (t = 2 .... 6) is invariant 
under a dihedron group GJ*. [Art. 13.] 

The known* complete form-systems of these subgroups will now furnish the 
means of determining the system of fundamental invariants for 6riso- 

These auxiliary systems may be read by the group properties already shown 
in the configuration 11, Fig. X, Part First. 

It will be sufficient to deduce the system for one pencil, say at the ver- 
tex 13. 

The three conies 13-24, 13-25, 13-46 

are permuted under the dihedron 

(yi« - ] 245 } all. 

Hence, this group must also permute among themselves those directions in the 
pencil 13 which are given by the corresponding tangents to these conies at that 
point, 

2l — 22,= 0,^ 

2zi— 22= 0» \ (1) 

2i+ a| = O.J 

The product of these tangential quantics is, therefore, one of the cubic invariant 

forms under 6?, 

/,= -22f + 3(i^2, + 2i2|)-22|. (2) 

• Klein, '' Ikosaeder," Kapitel I, 29. 
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The other cubic iuvariant is the product of the three sides of the quadrangle IIi 
which pass through the point 13, 

f% = ^^ — ^4^ (3) 

37. In order to find the quadratic invariant under G^, we take the inva- 
riant conic belonging to the fundamental system of G^ [Art. 14], 

1)2 = — 322? + 222i«, = (4) 

and find the tangents to it from the point 13, namely [Art. 46, Part First], 



G)2l +2,= 0,) /gx 

6)*% + 2,= O.J 



The product of these tangential quantics is, then, the quadratic invariant form 
of (?J», 

/8 = 2?-2,23 + 2|. (6) 

This follows since, under 6rJ', the point 13 w fixed and the conic is fi»xed, so that 
the tangents must be either fixed or permuted, making their product an inva- 
riant. Since there is ordy one quadratic invariant under Gf^ it must be /a thus 
determined. 

In like manner the systems may be found for the other pencils and their 
groups. 



^1 Fl Fl \ .^. 



38. It will be seen that the above forms /i,/»,/8 correspond to Klein's 
forms JP\, i^j, -^8 ^^ t^® following manner : 

/i 

so that the identity* holds 

F* — F} — FI=: fl + 2.^/1— ^fl==0. (8) 

For the point 13 we have 

y? = 4 («^ + i4) - 1 2 (sii% + z,2{) - 3 (J8J25 + s?2|) + 262j2;, 1 

y?= + {AA + ^A)-^A, \ (9) 

From (9) we see at once that (8) holds. 

* Klein, "IkoBMder," p. 49. 
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The only remaining type-form of the 6th degree under Gf ia 
which alone is non-symmetric in Zi, z^. 



(10) 



Relation of A, P^, G to f,f^,f^. Arts. 39-47. 

39. It has been seen by theorems I, II [Arts, 23, 24] that every invariant 
form under Q^^ may be reduced to 

-Kan = ™''* R^in—^iL) I 

and that it has at each of the critical points a multiple point of order 2 (n + f^). 
For the forms already considered the parameters, n and (i have the follow- 
ing special values : 





n 


/« 


2(n + li) 


A 


1 





2 


A* 


2 





4 


A* 


3 





6 


p» 


2 


1 


6 


AF' 


3 


2 


10 


C 


3 





6 



40. Consider the sextic curve 



J. = 0. 



(1) 



(2) 



*SeeArt.46. 
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The product of its tangential quantics at 13, one of its double points, is the 
binary quadratic invariant for that point. For 

^=0 

is fixed, and the point 13 is fixed under the linear group 6rJ'. Therefore, the 
two tangents are either fixed or permuted, and their product is the quadratic 
invariant /s, since only one such form exists under G\^. 

In this sense the ternary form A is said to correspond to the binary form /j , 
and since A is the only ternary invariant form of the sixth degree, the correspondence 
is one to one. 

If, however, the second polar of (2) with respect to the vertex 13 be formed, 
/s is found to carry a numerical factor, thus 

A^2A. (3) 

41. The correspondence is very different in the case of the degenerate curve. 

P»=0, (4) 

which represents the six sides, each taken twice. The product of these at 13 is 
exactly y?, so that 

p* ~y?. (6) 

Whereas, the other 1 2th degree form A* gives the correspondence 

A' - 2!/?. (6) 

This illustrates theorem III [Art. 24], shoiving how thefa/itor 

P^ in the farm R^^, 0* =^ 0) 

raises the order of the midtiple point by 2fi on account of the degeneracy of the 
curve (4). 

For this reason the correspondence (6) is not one to one, since f^ may go 
equally well with some form of degree 18. See (10), Art. 43. 

42. In order to find the binary correspondent to the curve 

C7=0, (7) 

we form the 6th polar of (7) with reference to the point 

13; 0:0:1. (8) 
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For this purpose the following remarks are useful : 

(i,y, A;=l, 2,3). 
(b). At the point (8), 

p= Ij q= 0, r=0. 

(c). Neither the factor jp* nor any of its derivatives below the (a + l)®* can 
cause any term to vanish. 

(d). The factor q^ or any of its derivatives up to and including the fi^^, 
save one, 



32? ' 



' (i=l. 2) 



will cause all terms to vanish in which it may occur. 

(e). The factor r^ or any of its derivatives up to and including the 2y*^, save 
one, 

will cause all terms to vanish in which it may occur. 

(f). Hence, the X*^ derivative of a term, p^'^r^, will vanish for the point, 
0:0:1, unless 

43. Applying these principles to the curve (9), Art. 16, we see at once that 

every term has 

/?+ 2y<5. 

Hence, the first five polars must vanish. But for 31 = 6 there are two terms 
whose sixth derivatives do not vanish, 

— 2^^V and jp^jV. 

Determining from these the sixth polar, the product of the tangential quantics at 
the sextuple point 13 of (7) is found to be 

44-244 + ^4. (9) 

This is a perfect square, and is precisely the dihedron form /g. [(9), Art. 38.] 
18 
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» 

Therefore, the curve (7) has three cusps ai the point 13, and hence the same 
also at the other three critical points. 

Thus we have G-^-fi. (10) 

This may be called the normal correspondence between fi and a ternary form of 
degree 18, while that between y? and P* of degree 12 exists only because (4) breaks 
up into straight lines through the critical points. 

44. It remains to discover the ternary form to which Jf corresponds. From 
the identity (8), Art. 38, we derive 

2f!=2Vi-2'3'/l. (11) 

From (3) and (10), 

J.» — 2 • 3« a - 2»yj — 2 ' 38y?. ( 1 2) 

Calling the left of (12) C", we have 

(7' - 2y?. (13) 

45. The above results may be made more general as follows : 

Theorem IV.* 

If the ternary forms a , fi correspond to the binary forms a^b of degree 31 , f£ , 

tlien the product 

a^ "^ ab 

and the sum a + i^'^a, 6 or a + b, 

according as ^<Cfif '^(i or =^ (i. 

The proof follows directly from the principles of higher plane curves, since 
the correspondence in question is determined by finding the lowest non-vanishing 
polar of each curve with respect to the given point. 

By this theorem a more general form than G corresponds to fl^ namely, 

G+hAP'^fi, (14) 

where h is an arbitrary constant. 

Here the binary correspondent of 67, which is of lower degree than that of 
AP^ [Art. 39, (1)], prevails also for the composite form. 

* The chief theorems are numbered consecutively. See Arts. 22, 23, 24. 
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Likewise G' [(12), (13)] may be generalized, for if we put 

^«_ 2-38(7+ Mi»= (7", 



we have 



G'< ~ 2^. 



(15) 



46. Theorem V. 

No invariant form under G^ssa ^^^ correspcfad to any binary form which involves 
odd powers of the cubic forms f, f%. 

Proof: If an odd power of either f or/g alone is involved, then the form is 
of odd degree. This is impossible, since the degree of the binary form must 
equal the order of multiplicity of the point in question, which is always 2 (n + f*) 
according to theorem III, Art. 24. 

If an odd power of the product only, ff^ , is involved, the form is then of 
even degree, but is non-symmetric in Zi, z^ [(10), Art. 38]. This is impossible, 
since the ternary forms are symmetric functions of Zi, Zg* ^z* [Art. 20].. Hence, 
all their polars with respect to the coordinate vertex, 0:0:1, through which all 
the invariant curves pass [Art. 24], are symmetric functions in Zj, Zg* ^^^ similar 
statements hold with reference to the other three fundamental points. 

Therefore, all invariant forms under O^^ have as their binary correspondents 
at the poin^ 13, rational^ integral functions of 

fli fzt fs' 

47. The complete enumeration of binary correspondents for all ternary 
forms of degree 6, 12 and 18 may now be given as follows : 

m^A ^ 27711/3, 



m^A^ + m^P" 



\ 



2Xy?, ifm^r^O, 
m^fi, if iWi = , 7^3 =^ 0. 



miA^ + m^G + m^AP* ~ ^ 



ni2fiy ifmi = 0, 77i2=^0; 
^^"^ifiy ifwi=^0, 7^2 = 0; 

2W3y?yi» if TWi = TTIg = , TWg =^ 0; 

2m,f^, if TWa = — 2 • 3»7ni, =^ ; 
^ 2^m^fi + m^fi, if TW, =^ — 2 • S^m^ =^ 



*The foregoing investigation, which has been given with respect to the point 18, applies equally 
well to all four critical points, since these are conjugate under OHK 
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The simplest invariant forms independent of P' corresponding directly to 
the fundamental even binary forms are 

G --y?, \ (16) 

The General Reduction Theorem. Arts. 48-52. 

48. Definition. An invariant form is said to be reduced if it does not con- 
tain P* as a factor. 

Lemma. 

TvDO reduced invariant forms of the eame degree, which have the same binary 
correspondent at one of the vertices, can differ only in such terms as contain P* as a 
factor. 

Proof: Let R and R' be two reduced ternary forms, each of degree 6n, hav- 
ing the same tangential quantic at the point 13. We are to prove 

R-B' = P"^-R',[„_,,,, (1) 

where R' contains no factor of P and is zero if f* = . 

Since R and i2' are reduced forms, the common tangential quantic at the 
point : : 1, is of degree 2n [Art. 24], and involves only % and Zn [Art. 46]. 
Hence, by principles of higher plane curves, 

(a). R and R' each contain no terms of degree less than 2n in Zi and Z2. 

(b). They are identical in the terms of degree 2w in Zy and z^. 

(c). And, therefore, they can diflfer only in terms of degree higher than 2n 
in Zi and z^. 

Now, R — R is an invariant form of degree 6n, since R and Iff are such by 
hypothesis. Then R — R^ must have at 13 a tangential quantic of degree 
2{n + ii). [Art. 24.] 

Two cases now arise : 

(I). |it = . The tangential quantic is then of degree 2n which, by (c), is 
impossible, since R — jB' contains no terms of degree < 2n in Zj and 2j. Hence, 

R—R' = 0. (2) 

(II). f£ =#= 0. This means that R — Rf actually contains P^ as a factor, in 
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tohich case alone [Art 41] can a form have a tangential qaantic of degree higher 
than 2n. Hence, the conclusion (I) is established. 

Corollary. 

49. If one of two ternary forms of the same degree has the factor P^ (/* ^ 1)» 
while the other does not, the degree of the binary correspondent of the former 
is greater by 2ii than that of the latter. 

Theorem VI. 

60. The most general invariant form under G^^ is a rational integral function 
of the forma A, P^, G. 

Proof: Let B^ be the most general invariant form of degree 6w , and let Q^ 
be the resulting reduced form of degree 6 (n — 2(i^). 

Suppose the binary correspondent of Qi is given by 

Ci~<?i(/.,/f.y?), (1) 

where Gi is a rational integral function of the even binary forms of degree 
2(n— 2(^1) in «!, 2, [Arts. 24, 46.] 

Now, a known invariant form of degree 6 (n — 2/LCf) in Zj, 2,, Zg can be con- 
structed, having Gi for its binary correspondent, 

8,= G,{\A,GAGr (2) 

For the arguments in (1) are weighted 2, 6, 6 respectively in the variables, and 
they are the binary forms corresponding directly to the arguments in (2), which 
are weighted 6, 18, 18 respectively. See (16), Art. 47. 

Therefore, Qi and Si are two reduced forms having the same binary corres- 
pondent, which, by the lemma [Art. 48] are then either identical or differ only 
in terms involving P*. 

Thus, either Qi — /Si = , (3) 

in which case the theorem is proved, or 

Qi-S, = B,, (4) 

where ^ is divisible by i^» Ofi^l)- 



\ 
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Call the quotient Q^ of degree 6 (n — 2(ii — 2(1^) and suppose 

Q^-'O.i/s, /!,/!), (6) 

Then, as beforCi set up the known form 

S,= G,{^A, G,iG^) (6) 

of degree 6 (n — 2^i — 2^,) and having the same binary correspondent as Q^. 

Hence, either Q^— S^^O, (7) 

in which case B^ = P^^* G^ 

and R^ = P^^^-^^^^ G^ + P'^^G^ 

= ^{P^,A,G), (8) 

or else Oa — ^a = ^s, (9) 

where B^ is divisible by P^« (/t/3> 1)- 

If this process be continued, we must reach, after a finite number of steps 
X, a form independent of P®, since the finite degree 6n is successively reduced 
by multiples of 6, the divisor being always a power of P^ 

Hence, after the x^^ reduction, we shall have 

Q. — S^=0 (10) 

and Q. = S^=G^{j^A, 0,\G^), (11) 

where G^ is a function of degree 6 [w — 2(ai + ^g + + ^J] in %, aj^, Zg. 

So that 

R^ = P^-.G^. (12) 

But a-i = ^K + O.-i = P"-^ O^ + (y_i. 

Hence /2,^i = .P('''+''--i)(?,+ P^«-i6?,«i. 

Likewise, 



JBl z=P»<'*« + '*K-l+--''i) (y^+ P«''*-c-l + M«-.2+....M,)^^_^^ P^^^Gi. 
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Therefore, we have 

= ^(/«,^, C,G') 

= ^iP\A,G), (13) 

where the ^'s are rational, integral functions. 

61. Hence, every absolute invariant form under Gi^^, throwing off the required 
factor in Ziy z^, z^^ is a rational integral function of the fundamental forms -4, P^ G. 

Out of these forms must be constructed the invariant fractions, which return 
absolutely to themselves after canceling the common factor in numerator and 
denominator thrown off under any quadratic transformation of the group. 

Since A is the only form of degree 6, there is no fraction of that order. The 
simplest fractions of degree 12, 18 and 24 respectively are 

^ ^ AF^ ^ J^ AG 
P^'G' ~G'' P^ ' P^ ' 

62. It was shown [Art. 17] that the form P is the only fundamental relative 
invariant form under O^^, and that it throws off the factor ( — 1) . It also throws 
off ( — 1) under the generator T in addition to the factor r* in the aj's required 
by the theorem of Art. 22. 

It is, therefore, the fwndamental relative invariant form under G^, and all 
other relative invariants are formed from the product 

p-+^-4>U, P», G). 

However, P is an absolute invariant under the alternating group G^, and the 
complete form-systgm for this subgroup is, therefore, 

A,P,G. 

There is then for O^o ^^ absolute invariant fraction of degree 6, 

A 

There is no form of degree 12 in addition to those given in Art. 61 
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For the degrees 18 and 24 the following non-reducible forms for G^ are to 

be added : 

A^ G A^P ^^ 
ps » ps t G ' PG' 

It will be seen that these fractions are all of type (III) or (IV), Art. 19, in 
which forms all relative invariant fractions under G^^q must occur. 

Thb Uniybbsity 07 Chicago, Dec 1, 1900. 

NoTB.— In Part First, the last foot-note to Art. 1 should read, pp. 270-201, and the last foot-note to 
Art. 8 should read, p. 288. The heading above Art. 17 should read, Arts. 17-20. 



Memoir on the Algebra of Symbolic Logic. 

By a. N. Whitehead, Fellow of Trinity Gollege^ Gamhridgey England. 



Preface. 



The present memoir is a purely mathematical investigation concerning the 
Algebra of Symbolic Logic. As a matter of history, this algebra has only been 
continuously studied since the publication of Boole's '* Laws of Thought " (1854), 
and to C. S. Peirce* and to Schroder,t must be assigned the credit of perfecting 
its laws of operation. But, as a question of logical priority, this algebra must 
be considered as the first object of mathematical study. It holds this position 
by a double right. 

First, its interpretation is concerned with the fundamental conceptions of 
classes, and of their mutual inclusions and exclusions ; thus the terms of the 

algebra, such as a, &, c, , a;, y, 2;, can be interpreted as each representing a 

class ; a sum of terms, such as a + & > represents the class formed by the two 
classes a and &; the product of terms, such as ah, represents the class common 
to the two classes a and h ; the symbol % represents all the classes which are the 
subject- of discourse, so that not-a is conceived as a class composed of all % 

with the exception of a, and is denoted by a; the symbol means^nonentity. 

Secondly, the symbolism of the algebra is the simplest of all algebraic sys- 
tems. It is explained in §1 , Part I, of this memoir. The laws a +a = a, axi=ia, 
enable the use of numerals to be avoided, either as factors or indices. Also, the 
associative, commutative and distributive laws are preserved. 

But the algebra has apparently had the defects natural to its simplicity. 
It is like argon in relation to the other chemical elements, inert and without 



* Froc. of Amer. Aoad. of Arts and Scienoet, 1867, and Amer. Jonm. of ICath., toIb. m and IV. 
t " OperationBkreifl dee Logikkalktds," .1877, ''Vorlesungen Aber die Algebra dee Logik," yoI. I, 
1890, YoL n, 1891. 

19 
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intrinsic activities. Accordingly, the purely mathematical study of the algebra 
has languished ; the theory of Duality, the theory of Development by the pro- 
cess of Dichotomy, and the theory of Equations, have apparently exhausted its 
purely mathematical properties. The investigations concerning these properties 
were commenced by Boole, and have been brought to a high degree of perfec- 
tion by Schroder. But the greater part of the literature relating to this algebra 
may be termed '' applied mathematics ;'"'' it is primarily concerned with the rela- 
tion of the symbolism to its interpretation in the field of Logic,f and with its use 
as a practical means for the exact expression of deductive reasoning, especially 
in regard to the foundations of the various branches of mathematics, j; 

In the present memoir, it is shown that the algebra has many more purely 
mathematical properties than those with which it has hitherto been credited. 
In the theories of ordinary algebraic symbols, the solution of equations is not the 
dominant subject of enquiry. Analogously, here the centre of interest has been 
shifted from the solution of equations to the study of the properties of functions 
' of independent variables. 

The keynote of this memoir is the prominence given to three ideas, namely, 
that of the "invariants" of a function of independent variables, that of "prime 
functions of independent variables," and that of the theory of " substitutions " of 
independent variables for independent variables. This last idea connects the 
algebra with the theory of Groups, and opens out a large field for investigation 
in that direction. 

Invariants are defined in §2 of Part I : In the course of the memoir, the 
leading properties of functions of independent variables are shown to depend on 
them. Primes are defined in §3 of Part I. The expression here called a 
" primary prime " has been noticed by Jevons, and some of its elementary prop- 
erties are discussed by Schr6der§ and Peano.|| But here a different use is made 

* Though the field of the appUcation is itself ^* pare." 

t Cf. Venn's '' Symbolic Logic," Ist ed., 1881 ; 8d ed., 18M. 

t Cf . the admirable work in this direction of the Italian school, originated and inspired by Peano. 
The following are some of its principal works : *^ Arithmetices Prinoipin," by Peano, Turin, 1889 ; 
*'' Notations de Logique liath^matique," by Peano, Turin, 1894 ; '* Formulaire de Math^matiques," 
Tome I, Turin, 1895 ; ibid., Tome II,No. 1,1897 ; ibid., No. 2,1898 ; ibid., No. 3, 1899 ; ''Bevue de ICath^- 
matiques," Turin, Tome VII, No. 1 ; ibid., passim. 

i Cf. loo. oit., Tol. I, '' Neunte Vorlesung," pp. 870, 871 ; pp. 380, 381. 

I Cf. " Formulaire de Math.," 1896, 1, §8, propositions 34 to 80. 
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of them, and from them are constructed other functions called ''n-ary linear 
primes^' and ''n-ary separable primes." 

In §5 of Part I, the properties of primes in relation to factorization and 
summation are developed ; and the fundamental nature of primes is here made 
evident. 

In §6, the factorization of any evanescible function of n variables into n-ary 
linear primes is discussed. An evanescible function is a function which can be 
made to vanish by an appropriate choice of values for its variables. This factor- 
ization of a given evanescible function into ri-ary linear primes can be carried 
out in an indefinite number of ways. But the fundamental theorem is proved 
that, in general, the minimum number of such factors is 2*. An exceptional 
evanescible function for which the minimum number is 2* — r is said to be of 
deficiency r . The deficiency is shown to depend on the vanishing of r of the 
invariants. The term "deficiency'' had previously been formally defined in §2 
in relation to these invariants. The term has also a meaning, arising out of its 
present meaning, in regard to non-evanescible functions (cf. §8). 

In §7, the theorems deduced from §6 by the method of duality are enun- 
ciated. These relate to the expression of functions of n variables as sums of sepa- 
rable primes. The property, analogous by the theory of duality to deficiency, is 
called '' supplemental deficiency." 

In §9, two special types of functions called '* linear " and " separable " func- 
tions are discussed, and various theorems relating to them are proved. 

Part II is devoted to the theory of " Substitutions." A function ^{x, y) 
is transformed into some function '^(ti, v) by the transformation x=i/i{u, v), 
y^-f^iu, v). But, in general, it is not allowable to conceive x and y as inde- 
pendent variables, when this transformation is used. For the condition of the 
possibility of the two equations of transformation, viewed as equations to find 
u and t;, is an equation which x and y must satisfy. Thus x and y are restricted to 
be simultaneous solutions of this equation. But this equation reduces to the iden- 
tity, = 0, for all values of x and y , if the coefficients of the functions fi {u^ v) 
and/8(ii, t;) satisfy a certain condition. In this case, the transformation amounts 
to the substitution of one set of independent variables for another set of inde- 
pendent variables. The term ''substitution'' is exclusively used for this type of 
transformation. Each substitution is denoted by a single letter ; also u and v 
are replaced by x and y. Thus we write Tx=^fi{x^ y), Ty='f^{xj y)\ also 
T^{x^ y) is written for ^{Tx, ly). These explanations occupy §1 of Part II. 
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In §2, the relations between the coefficients of /i (x, y) and /^{xjy), that is, of 
Tx and Ty , are more fully discussed. It is proved that both Tx and T)f are of 
deficiency two and of supplemental deficiency two ; and the two functions are 
also otherwise related. 

In §3, it is proved that there is only one reverse substitution corres- 
ponding to a given substitution T, and its coefficients are determined. It fol- 
lows (cf. §4) that all possible substitutions form a group. The group is not 
continuous, since the concepts of *' real number '' and of infinitesimal variations of 
real numbers have no place in this algebra. It is of finite order, if the number of 
distinct fundamental terms in the algebra, representing constants, is conceived 
as finite. It is of indefinite order in so far as these fundamental given constant 
terms are not brought into explicit definition ; and also in so far as new funda- 
mental constants may always be produced at discretion without violating any 
law of the algebra. The order of the subgroup y, T*, T", • . . . is evidently 
finite and determinable in the general case.* 

In §6, the "congruence" of functions is defined. Two functions, 4^ (x, y) 
and <t>(x, ^), are defined to be ''congruent," if any substitution T exists such 
that T^{xj y) =: <t> (x , y). The fundamental theorem is proved that all functions 
are congruent which have all their corresponding invariants equal. A complete 
set of congruent functions is called a congruent family. 

The subgroup of substitutions (cf. §7) which leave a given function unchanged 
is called the identical group of the function. It is proved that the identical 
groups of all members of the same congruent family are simply isomorphic. It 
is also proved (cf. §8) that, except in assigned special cases, the subgroup com- 
mon to the identical groups of any two functions, contains more than the single 
identical substitution I^. 

PAST I. 

The Theobt of Primes. 

§1. — Elementary Prvnciplea. 
The following summary of the elements of the algebra may be useful : 

*I haTe since determined the order of this group, which is, in general, of the 18th order, and the 
orders of aU other cpronps mentioned in this memoir. I hope shortly to publish these results, which 
depend on a new general method in connection with this subject— Abfe added February^ 1901. 
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Let a, by c be any terms subject to the laws of the algebra, then 
a + b = b + a, a + b + c = {a + b) + c = a + {b+c). 

db^zba, abc=:ah.c=:a.bc. 
(xa^=:a, aO=Oa=0, ai=ia = a. 

The supplement of any term a is written a , and is defined by 

a + a=:if aa=0. 

The supplement of a complex expression, such as (a + 6) , is written (a + b) 
We have 

(a + 6) = at, (ab) = a + 6 . 

Also a^^a, = t, t = 0. 

The equation P+ Q=zO 

implies P=0, Q = 0, and conversely. Thus, any number of equations in 
which the right-hand sides are zero, can be combined into one equation by 
simple addition of their left-hand sides. 
The equation P = Q is equivalent to 

Thus any equation can be transformed into one with its right-hand side zero. 

The equation P= Q implies P^z'Q^ and conversely. The general ** devel- 
oped " form of a function of n independent variables x, y^ . . . . t'lB 

Axy ....<+ Sxy ....<+• — + ^y ....<, 

where every possible product involving x or a?, y or y, ....,< or 7, is represented, 
and the coefficients represent constants. 
The supplement of this function is 

Axy .... < + Bxy .... < + .... + ^xy ....<. 

For the sake of brevity, the argument will be conducted with respect to 
functions of two variables ; but the leading theorems can easily be generalized 
for functions of any number of variables. The typical form of a function, 4> (aj, y) , 
of two variables will always be written 

Axy + Bxy + Gxy + Dxy, 
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and this notation for the coefiBcients will always be adhered to. Then 

The condition that a proposed equation in n variables, x, y , . . . . <, such as 

'^Ka?, y, = 0, 

may be a possible equation, is found by substituting i or in '4^{x, y, . . . . ^ 
for each of a?, y, .... < in every possible combination, and by equating to zero 
the product of the results of such substitutions. This equation of condition will 
be symbolically represented by 

n*C„;o;.;;:;)=<'- 

Thus the condition for the possibility of 

is ABGD = 0, 

and the condition for the possibility of 

Ex + Kx = 
is HK=0. 

The general solution of this latter equation is 

x=K+uH, 

where u is an arbitrary unknown. Thus since an indefinite number of special 
values can be given to u, every equation has, in general, an indefinite number 
of particular roots which are all included in the general solution. 

According to the duality,* to every symbolic theorem involving + , X (the 
symbol for multiplication, usually omitted), t, 0, there corresponds a symbolic 
theorem in which + is replaced by X, X by +, t by 0, by t. An outcome 
of this theory in its application to functions of independent variables is as fol- 
lows: From the theorem that ^{x, y) can be expressed in the form "^{x^y)^ 
when the condition ;g(^, J?, 67, JD) = is fulfilled by the coefficients of ^(sc, y), 
there can be derived the theorem that ^{x^ y) can be expressed in the form 
4(»f y) when the condition ;c(-^» -^' ^» 5) = is fulfilled. 

*Cf. my ''Univerfial Algebra," $24, for a full Btaiement and proof of this theory. The theory is 
due to C. S. Peirce and to Schroder. 
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§2. — Symmetric Functions. 

Consider n terms dif (h^ <^n' Let their symmetric functions be defined 

as follows, by a notation which will be adhered to : 

% % n 

where, in S% , it is understood that the subscript p is not equal to 9 in the same 

product dpCLg, fiknd similarly for S^, /V4, S^. This, or a similar supposition 

respecting the inequality of su£5xes when typical products or sums are given, 
will be adhered to unless it is otherwise expressly stated. Then 

n n n 

j»-l P. ««"1 p, 9, r-1 

Also, evidently, 

^t Sfc Os • • • • ^^ ^fi • 




These subsumptions can all be expressed in the typical equation 

S,^A = 0. (1) 

This equation is also equivalent to any one of the following forms : 

iS^/Sp+j = /S^+flf Sp + Sp^q^=^ Spj SpSp^q^=^ Spi Sp+ Sp^q^^ S^^g. (2) 

» 

All other symmetric functions of Oj, o,, . . . . o^, and of their supplements, can 
be expressed in terms of these fundamental symmetric functions. Thus 

/X^i» = 2opO^, SyS^^i^Xapa^ar, /^ 5».f = 2apO,o,.o,, ) .^v 

i^/SL = 20,0(0^, /S|/S'„«i = 2op 0,0^.0,, ) 

It follows from equations (2) that if /^^ = 0, then /^,+i , /^ +t > ^n &11 vanish, 

and that if Sp — 0, then ^p^i, ^p-st .... ^S'l all vanish. 

The symmetric functions of the coefficients of the function ^{x, y^ t) will 

be called the invariants of the function. Thus, for the function ^(x, y) of two 
variables, the invariants are 

S, = A+B+0+D, S^ = AB + AG + AD + BO + BD + OD,^ 
S^ = ABC + ABD + AOD + BOD, S^ = ABCD, 

~Sj=rABGD, ^=2:bg+abd+iud+bud; 

^zizAB + AV+ID + ^V+BD+UD, ^4=-I + ^+^+A 



^ (4) 
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If the condition for any special property of a function can be expressed aa a relar 
tion between ita invariants, without the coefficients otherwise entering into the 
relation, the property will be called an invariant property. Such invariant 
properties will be proved in Part II to be analogous in many respects to inva- 
riant properties of rational integral algebraic forms in ordinary algebra. 

The following definitions of technical terms may be stated at once, though 
their fitness will only ^e apparent when primes have been introduced. Let 

4^(x, y, t) he B, function of n variables, and let S^ S^^ Sf^he its 2" 

invariants. Then if i^i = 0, 4> (x, y, t) will be said to be of *• deficiency 

one '^ at least ; if /^ = 0, the function will be said to be of ** deficiency two " at 
least, and so on. Thus, if ^ = , the function is of '' deficiency p " at least. 

Again, if /^ = 0, 4^ (x, y , t) will be s»id to be of *' supplemental defi- 
ciency one" at least; if /^.^iSsO, of ''supplemental deficiency two'* at least, 
and if aS^j- «p = , of *' supplemental deficiency j? + 1 " at least. 

Now, if Sff^=^Of the equation 

q>{x,y, t) = 

is a possible equation. In this case the function will also be called evanescible. 
Thus an evanescible function is of supplemental deficiency one, and conversely. 
If /S'l = 0, then the equation 

^{x, y^ . . . * t)z=i 0, that is, ^ {x, y, <) = t 

is a possible equation. In this case, the function will be said to be ''capable of 
th^value i" Thus a function capable of the value i is of deficiency one, and 
conversely. 

§3. — Primes 
A function of one variable x, which is of the special type 

ctx -^^ ctx^ 

where a is any constant, will be called a " primary prime." It will be written 
for brevity in the form p{a, x). It is obvious that jp (a, a;) = p (a?, a). Then 

J? (a, sc) =aa;+ax=jp(o, x). 
Thus the supplement of a primary prime is itself a primary prime. 
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The solution of the equation 

p{a, x) = 

m 

is as = a + tea= a. 

Thus the solution is definite, involving no arbitrary unknown. In other words, 
the equation has only one root. 
Conversely, if the equation 

has only one root, then the function Hx + Kx is a primary prime. For the 
solution is _^ 

x = K+uH. 

Hence, since by hypothesis, the equation has only one root, 

But, since the equation is possible, 

HK=Q. 

that is, JT^z H. 

Hence, i?= K. 

Thus Hx + Kx = Hx + Hi = p{H, x). 

A function of the n variables a, y, z, ... which can be expressed in the form 

ax + ax + by + by + cz + cz + , . . . 

will be called an **w-ary linear prime." It can be written 

i?(a, x)+p{b, y)+p{c, z) + .... ; 

and for brevity it will be written 

p{a, X] b,y] c,Z] ). 

The supplement of an n-ary linear prime is 

p{ayX', b,y; c, z'y )=p(«, x)^{b, !/)p{Cf 2) 

= 2? (a, x)p(b, y)p{c,z) 

This type of function of the n variables x^y, z, .... will be called an ** n-ary 
separable prime." Thus for two variables x and y, we have secondary linear 
primes, symbolized thus : 

i>(a, X] 6, y) = p{a, x) +p{b, y) = o.x -i^ ax + by + by; 
20 



I 
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and secondary separable primes, symbolized thus : 

p{a,x; b, y)=p{a, x)p {b,y) = {ax + ax){by + by). 

A primary prime can be looked on both as a linear prime of one variable, and 
as a separable prime of one variable. 

It must be noted that an n-ary prime, either linear or separable, is not a 
degenerate form of a (n + fn)-ary prime of the same type. Thus, aa; + ox is not 
a degenerate form of ax •\' ax -{-by + by ] for no constant value of b can be found 
which will make 6y + by vanish for all values of y. Similarly, ax + ax is not a 
degenerate form of {ax + ax){by -f by) . 

It is one of the leading objects of Part I of this memoir to prove that primes 
are to be considered as the fundamental types of function of this algebra, and 
that all functions of unknowns can be conveniently classified according as they 
are constructed of primes. 

The condition that ^{Xj y) may be a secondary linear prime is found by 
identifying it with ^ (a, a; b,y). But we may write 

p{a, X] l^) = {a + b)xy + {a + b)xy + {a -j- b)~xy + {a + b)xy. 

Hence, by comparison of coefficients, 

A = a + b, B = a + b, G=a + b, D=a + b. 

These equations can be written as the single equation 

{A +'i + 'G+'D)ab + (I + B +11 + ^oi + (J+ B + G+D)ab 

+ (A + B + a + D)~ab = 
The resultant of this equation for a and b is 

{A + B+G'+D){A + B+G+D){A + B+ G +D){J+ B+G + D) = 0. 

Hence, after multiplying out and reducing, we find 

S, + 'S,= 0; (4) 

which is the necessary and sufficient condition for a secondary linear prime. 

Thus a secondary linear prime is e vanescible and capable of the value i . 
Its invariants are /Si = i , /Sg = i, a^ = i, S^ = 0. It is of deficiency three and of 
supplemental deficiency one. 
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Reciprocally, we can state without further proof, that the necessary and 
sufficient condition that ^{x, y) may be a secondary separable prime is 

^i + A^ = 0. (5) 

Thus, a secondary separable prime is capable of the value i and is evanescible. 
Its invariants are /Si = i, a% = 0, /Si = 0, /Si = 0. It is of deficiency one, and 
of supplemental deficiency three. It is evident that the same function cannot be 
both a secondary linear prime and a secondary separable prime. 

It can be proved that a general form for a secondary linear prime is 

{p + q + r)xy + {p + q+r)xy + {q-)rr)xy + rxy; (6) 

and that a general form for a secondary separable prime is 

pqrxy +pgrxy + qrxy + rxy. (7) 

Another form for the condition (4), that 4> (x , y) may be a secondary linear 
prime, can be proved to be 

A = BGD, B = AGD, G=ABD, D = ABG. (8) 

Reciprocally, another form for the condition (5), that ^ (x, y) may be a secon- 
dary separable prime is 



A=BGD, B—AGD, G = :iBD, D — ABG. (9) 

The solution of the equation 

p{a,x\ J, y) = 

is X = a , y = & . Thus the equation has only one set of roots. 
Conversely, if the equation 

4>(», y)= 

has only one set of roots, then 4^ (x , y) is a secondary linear prime. 
For, by eliminating y, we find 

ABx-\- GDx = Q. 
This must have only one root, and accor'dingly 

AB = 0"+ D. 



t 
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Similarly, in order that the equation for x may only have one root, we must 

have __ _ 

AG=B + D. 

These equations are equivalent to the single equation 

ABGD + (A + B){G + D) + (A +~G){B + D) = 0. 

that is, S^ + l§s=0. 

Hence, ^ (x, ^) is a secondary linear prime. A similar theorem holds for equa- 
tions involving any number of unknowns. 

The condition that ^{x^y) is a primary prime with x as sole variable, is 

evidently 

A=zB=G=D. (10) 

This is not an invariant condition, but it involves 

Thus a primary prime p{a, x), if it is written in the form (y + y)i> (a* x) so as 
to appear as a function of two variables, x and y , is a function of deficiency two 
and of supplemental deficiency two. 

§4. — Factorization and Expression as Sums. 

Any function can be factorized in an indefinite number of ways. For 
assume 

q>{x) = Hx + ^= {H^x + K^x){H^x + K^) = H^H^x + K^K^. 
Then 

Hence, 

Also 

Similarly, 
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Thus, 

q>{x)=Hx+Kx = \{H+p,)x+{K+q{)x\\{E+'}>,p,)x + {K+q,^^^ (ll) 

Similarly, 

^{x, y) = \A + ^i) xy + (5 + g,) xy_+ {G + r^Fy + (Z) + «,) ^y} 

X ](-^ + iPi/>i)xy + (^ + ?ig0)^y + {G -\'T^r^xy + (/) + Si«,)ay}. (12) 

Thus the most general types of pairs of factors have been found. They can be 
expressed otherwise thus: Let '4^i(a:, y) and "^^{x, y) be any two functions of 
X and y, then the most general type of fact3)r of ^ (a, y) is 

^{x,y) + '^^{x, y); 
and the most general type of a pair of factors is expressed by 

4> (aj» y) = {4> («> y) + ^1 (»' y)f ]^ («» y) + ^i (»» i^) ^2 (^> y)f • (13) 

Equation (13) is evidently identical with equation (12) when we put 

'^1 i^j y) = Pi^y + qi^y^ + n«y + ^I'^l/ » 
4^2{xy y)= P2^y + q^^y + r^xy + s^x y . 

Reciprocally, any function 4>(x, y) can be expressed as the sum of. two functions 
in an indefinite number of ways ; thus, if we put 

^ (aj» y) = 4>i (^» y) + ^2(», y), 

the most general type for ^i {x , y) is 

4>i(^» y) = 4>(a:»y)^i(a3» 2/); (1-^) 

and if 4)i(x, y) be given by (14), the most general type for ^^{^^ y) is 

4>8(^iy) = 4>(aJ»y)l^i(«ry) + '4^2{x:y)\. (15) 

Let 4>i(a;»y) and ^%{xj y) be called **summands" of ^ {x,y)j the word 
"summand" corresponding to the word ** factor" in relation to products. 

We have thus seen that any function ^{x, y) can be factorized, or expiessed 
as a sum, in an indefinite number of ways. It remains to consider the special 
conditions which factors or summands can be made to obey. 

It is evident from (12) that a factor of 4>(x, y) cannot have supplemental 
deficiency of higher order than the supplemental deficiency of 4>(x, y). For 

{A+p,){B + q,) = Q, 
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implies AB = ; 

and {A + Pi){B + (?i)( G+r^)-Q, 

implies ABC = ; 

and so on. 

Again, from (12), it follows that a factor of 4>(a;, y) must have deficiency of 
at least equal order to that of 4) (x, y), and may have deficiency of a higher order. 

For if 25 = 0, 

it follows that 

—{A + p,) —{B + q,) = ABf,q\ = 0; 

and if ABC=0, 

it follows that 



—{A+p,)-{B + q,)—{G+r,) = ABCp,q,r, = 0', 
and so on. 

Reciprocally, a summand of ^(x, y) cannot have deficiency of higher order 
than the deficiency of <^ (x, y), and it must have supplemental deficiency of at 
least equal order to that of 4> (a;, y). 

For example, no function can have an evanescible factor unless it be itself 
evanescible ; and every factor of a function capable of the value i is itself capable 
of the value i. Reciprocally, no function can have a summand capable of the 
value i unless it be itself capable of the value i; and every summand of an 
evanescible function is itself evanescible. 

If 4)(x, y) be evanescible, then an evanescible companion factor to any pos- 
sible factor can always be found. For any possible factor can be written in the 

form _ 

{A+p^)xy + (J? + qi)xy + {G + r^)xy + {D + 8^)xy. 

The most general type of its companion factor is 

{A +~piP2) xy + {B +^12^2) xy + ((7 + rjrg) xy + {D +V2) ^1/. 

This is evanescible if 

{A +'~PiP2){B + qiq2){G + r,'i',){D + m,) = 0. 
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But this is always a possible equation for p^, q%, r^y 8^, since, by hypothesis, one 
set of roots is 2>» = 5^2 = ^2 = ^3 = 0- 

§5. — Properties of Primes. 

A linear prime has no evanescible factor other than itself. And conversely, 
if an evanescible function has no evanescible factor other than itself, it is a linear 
prime. First consider the primary prime p{a, x). Any factor must be of the 
form {a + p)x + {a + q) x. This factor is evanescible if 

(a+i>)(a + 9) = 0, 
that is, if op + ^i? + 2^ = 0- 

But op = implies p'=.u(x^ and ag^ = implies q = va. Thus 

(a + i>) X + (a + i?) a; = (a + vd) a; + (« + 'oa) a = ox + aa;. 

Hence, the evanescible factor is merely the original primary prime. 

Again, consider the secondary linear prime p{ayX\ ^1 v)* ^^y factor of it 
must be of the form 

(a + b '\' p) xy '\- (a + b + q)xy + {a + b + r) xy + {a -^^ b + s) xy . 

This factor is evanescible if 

(a + 6 + p)(a + 6 + q){a + 6 + r){a + 6 + «) = . 

Hence, i> (« + &)(« + h){a + J) = ^ 

that is, pab = . 

Hence, ^^ = w (a + 5) . 

Similarly, g = "w, (a + 6), ^ = t^ (a + 6), « = w^ (a + 5). 

Thus the evanescible factor reduces to the original secondary linear prime. A 
similar proof holds for any n-ary linear prime. 

Conversely, let 4> (a, y) be an evanescible function which has no evanescible 
factor other than itself. Then, by hypothesis, 

ABGD = 0. (a) 

Also any factor is of the form 

{A +p) xy + {B + q)^ ^ {G + r)xy + {D + s) xy. 
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And by hypothesis, if this factor is evanescible, it must reduce to the function 
4> (x, y). Hence, assuming evanescibility, 

p=zt^A, q=:v^B, r^='V^G^ 8:=u^Di 

• ^^ ^^ _^^ 

that is, pA = 0, qB = 0, rC= 0, sD = 0. (b) 

But the condition for evanescibility is 

{A + p){B + q){G + r){D + «) = 0. 

Eliminating q, r, «, we find 

{A + p) BCD = ; 

hence, p = ABGD + v(B-\- (7"+ D) = v {B + (7+ D), 

by the use of equation (a). 

But the first of equations (b) is to hold for every value of p which is con- 
sistent with the evanescibility of the factor. Hence, 

for every value oft?. 

Hence, 25 + ATI + Z5 = . 

• 

Similarly for g^, r, «. Thus we find 

By combining with equation (a), we deduce 

^,+^3 = 0. 

This is the condition that 4> (x, y) may be a secondary linear prime. A similar 
proof of this converse part of the theorem holds for a function of any number of 
variables. Reciprocally, a separable prime has no summand capable of the 
value i other than itself. And conversely, if a function, capable of the value i 
has no summand capable of the value i, other than itself, it is a separable prime. 

A linear prime cannot be expressed as the product of two factors, of which 
one is constant and other than i. 

For assume 

p (a, X] b,y) — d {A^xy + B^pi^y + G^xy + D^xy). 
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Then d-4i = a + J, dB^zzTa + b, dCi = a + 6', dZ)i = a+6» 

Thus d {A^ + 5i + Oi + A) = *. 

Hence, c2 = i . 

Reciprocally, a separable prime cannot be expressed as the sum of two sum- 
mands, of which one is constant and other than . 

The sum of two distinct linear primes, functions of the same variables, is not 
evanescible. 

For lip (a^, a) + i> (a,, x) is evanescible, then 

that is, ttiOa + aio^ = 0. 

Hence, a^:zz a^. 

Again, consider 2> («!> a ; ij, y) + ^^ (og, a ; 6,, y). It is evident that this is only 
evanescible if 

P K, «) + P («i, ») and p{buy) +p (h, y) 

are both evanescible. But this requires 

a^ = a^ and bi = &2* 

Reciprocally, the product of two distinct separable primes, functions of the 
same variables, is not capable of the value t. 

The properties of primes proved in this section are the reason for the name 
''prime'' here assigned to them : and they are also the foundation of the impor- 
tance of primes, linear and separable, in the theory of factorization and summa- 
tion respectively (cf. §§6, 7). For factorization into linear primes is ultimate in 
the sense that the factors cannot be further decomposed into evanescible factors ; 
and linear primes are the only factors with this property. Similarly, for sum- 
mation into separable primes, mtUaiis mviandis. 

§6. — Fdctorization into Linear Primes. 

Any evanescible function of n variables can, in general, be factorized into 

a product of a minimum number of 2^ n-ary linear primes ; and the exceptional 

cases arise when S,. = 0, aS^+i =#= 0, and then the function can be factorized into 

a minimum number of (2** — r) n-ary linear primes. This proposition, which we 
21 
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will proceed to prove, gives the reason of the term "of deficiency r" which has 

been applied to 4> (a, y , .... t) when 'Sr = 0, For if 4> (a, y, t) be evanes- 

cible, the minimum number of n-arj linear prime factors has been reduced by r 
from that of the general case. Also, a very analogous meaning can be found 
(cf. §8) when the function is not evanescible. 

It will be suflScient to write out the proof for a function of two variables: 
the method is evidently general. 

First, to prove that any evanescible function of two variables can be 

expressed as a product of four factors, each of which is a secondary linear prime. 

Assume JL 

^{x,y)=llp{ar, x; br, y). 

Then, by comparison of coefficients, we have 

^=n(o,+^,), 5=nK+M. c=n(a,+i;), i>=n(a,+j,). 

r-l r«l r-1 r=l 

Hence, 

__4 4 __4_ _4_ 

-4. = 2a,.6,, 5=2a,.6,., (7=2^*r, D—^cLrbr. 

r=-l r=l rc=l r«l 

These equations for the coefficients are equivalent to the single equation 
Xn(a, + 6,) + ^2 arK +:B JI(a,+ 6,) + 5]^ a, 6, 

r=sl r=l r— 1 r=l 

Consider this as an equation to find a^, &i, a,, b^, a^, b^, a^, 5^; and put for its 

left-hand side 

;i(ai, 61; ag, 6,; as, 63; ^^4, b^. 

Now.sinoe R ("T + W = -2 «- »" 

with other analogous equations, we see that in each of the component factors of 



^•^ \0, 0, 0, 0, 0/ 

either Aor A, and either 5 or B, and either C or ^, and either 2) or ~S, must 
appear ; but not both of any pair. 
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Again, any one of the four Bets of values for a^ and &i given in 

makes one of the four 

4 4_ 4_ 4 

^arbr, ^arbr, ^a^^rj ^^IrK 
r»l r-1 rs=l r=l 

take the value i. Hence, in each of the before-mentioned component factors/ at 
least one out of il, B, G^ D must appear as a summand. 

Also, it is easy to see that sets of valuei; for o^, &i, Oi, &{, a,, 63, 04, \ can 
be chosen out of 

Oj, 61, Oi, J,, a,, b^,a^, b^= A, 
which respectively make three, two, one, none out of V a,. 6^, ^ a,. 6,., ^ a,. J 



r=l r-l rs-1 



2 a^ J,, vanish. 



r-l 



Hence, the resultant of equation (m) is 

(^ + £+ (7+ D){A + 5 + C+ Z))(-4 + 5"+ C^+Z))(-4 + 5 + ^+2)) 
X (-4 +5 +C7+ 5)(Z+5 + (7+ Z))(Z+B+a+ Z))(Z+jB +C + 5) 

X (I"+5^+ a + Z)p + J5 +cr+ 5)(Z +5+0^+5") = 0. (n) 

This reduces to ABGD = . 

But this is merely the condition for evanescibility. Hence, equation (m) can 

always be satisfied when ^{x, y) is evanescible. 

Secondly, to prove that the evanescible function ^ («, y) can only be 

expressed as the product of three secondary linear primes when its coefficients 

satisfy 

S[+S, = 0; (16) 

that is, when the function, in addition to being evanescible, is of deficiency one 
at least. 

4>(«f y) = IIjp(«r» «; ir, y)- 



i 
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Then, by comparison of coefiScients, we have just as in the previous proposition 

« __ 8 8 8 

r-1 r=-l r=l r=l 

The discussion of the form of the resultant of this equation is in all respects 
similar to that of the form of the resultant of equation (m), except that now it is 
not possible to choose a set of values out of 

«1, *1» ttg. *2> <*8» *s= o[> 

which makes none out of V a^ftrj 2 «r i^r» ^.(^tKj 2 <^r K to vanish. Thus 

r-l r-1 r«l r-1 

the resultant of equation (p) is equation (n) with the first factor, namely, 
{A + B+G + D), omitted. This resultant reduces to equation (16) given 
above. 

Thus we have found the condition that the general minimum number of 
four secondary linear prime factors may be reduced to three. This condition 
may be stated: a function of which the field is not restricted,'*' necessarily has 
both deficiency and supplemental deficiency. 

It is easily proved, by solving for A in equation (16), that a general expres- 
sion for an evanescible deficient function of two variables is 

{BGI) + q{B+lj + l))\xy + Bx'y+ Cxy + Dxy. 

The evanescible function ^(x, y) can only be expressed as*a product of two 
secondary linear primes when its coefficients satisfy 

^,+ S, = 0; (17) 

that is, when, in addition to being evanescible, it is of deficiency two at least. 

For, assume / x tV / t x 

4>(aJ»y)= lli>(«r, oc]br, y). 

r=l 

*Cf. my '' IJni venal Algebra," §83. 
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Then, by comparison of coeflScients, we have 

r=-l r = l r = l r=l 

r=sl r = l r-1 r-1 

The discussion of the form of the resultant of this equation is in all respects 
similar to that of equations (m) and (p), except that now it is not possible to 
choose a set of values out of 

«ii 61, «2» *»— of' 

« ^ — ^ _ * 

which makes none, or only one, of ^a^ J^, ^^a^br^ ^^arbr^ ^\<^rKy to vanish. 

r=l r=l r«l r-1 

Hence, the resultant of equation (q) is 

X{A^'B-^G +D){A + B +U^D){A ^B+G+1))(A +B +'G -[^D) 

This reduces to equation (17). 

It has already been proved (cf. equation (4)) that the condition that the 
function ^ (x, y) may be a secondary linear prime is 

It is easily proved from equation (17) that a general expression for an evan- 
escible function of deficiency, two at least is 

ii^ + (P + q)(p+D) +GD\ ary + (p+ GD)xy + Gxy + Dxy. 

It must be carefully noticed that, to take the general case, ^{x^y) can be 
expressed as the product of four secondary linear primes in an indefinite number 
of ways : also, that it can be expressed as the product of more than four such 
primes. 

§7. — Expression of Functions as Sums of Separable Primes. 

This article is devoted to the enunciation of the theorems reciprocal to those 
of the previous paragraph. 
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Any function of n variables, capable of the value i, can, in general, be 
expressed as a sum of a minimum number of 2* n-ary separable primes; and the 
exceptional cases arise when /^.r+i=0 and /^^..r^^O, and then the function can 
be expressed as a sum of a minimum number of (2** — r) n-ary separable primes. 

This proposition gives the reason for the term '' of supplemental deficiency 
r" which has been applied to 4) (a, y, .... t) when /S2«_^+i = 0. For if 

^i^j t/f ^^ capable of the value i, the general minimum number of n-ary 

separable prime summands has been reduced by r from that of the general case. 

The term has also an analogous meaning (cf. §8) when ^{x, y, t) is not 

capable of the value i. 

The special enunciations for functions of two variables are as follows : 

Any function capable of the value % can be expressed as a sum of four secon- 
dary separable primes. 

The conditions that a function can be expressed as a sum of three, or two, 
secondary separable primes are respectively 

S, + S, = 0, (18) 

or S, + S^ = o. (19) 

The condition that a function may be a secondary separable prime has already 
(cf. equation (6)) been found to be 

By a comparison of equations (16) and (18), we deduce the proposition that 
any function of w variables which can be expressed as a product of (2** — 1) n-ary 
linear primes, can also be expressed as a sum of (2* — 1) w-ary separable primes, 
and conversely. 

§8. — Non-Evanescible and Non-Deficieni Functions. 

A non-evanescible function can be expressed as the sum of a constant sum- 
mand and of an evanescible summand. The constant summand is definiteljr 
determined, but the general form of the evanescible summand has an ambiguity 
(that is, an arbitrary element) in its expression. 

For, put 4> (a;, y) = H+ ^^ (a:, y), 

where fi'is constant, and the coefficients (-4i, jBi, Ci, D^ of ^i(x, y) satisfy 

A^i^iA = 0. (a) 



(d) 
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Then, by comparison of coefficients, 

A = A^ + H, B = B^ + H, C=G^ + H, D = D^ + H. (b) 

Hence, by multiplication, 

H+A,B,GiD, = ABCD, 

and thence, from (a), 5"= ABGD. (c) 

l^i Also, from (b), _ _ 

A,= {H+u,)A = {S, + u,)A, 

where we find, by substitution in (a), 

UiV^u^u^ /Si = 0. 

Thus, finally, the general expression in the required form is 

, +{S, + u,)Gxy^i^, + u,)Dxy = 0,\ (20) 

Let these two parts of 4^ (x, ^) be called its constant summand and the general 
form of its evanescible summand. 

It has already been proved in §5 that the evanescible summand of <^ (x, y) 
cannot have a deficiency of higher order than that of 4>(x, y). It is easily seen 
that the conditions that the evanescible summand may have the same deficiency 
as^fx, y) are respectively as follows, where Z7i, U^, U^, U^ are the sym^netric 
functions (cf. §2) of the four terms Ui, t^^, tij, u^: 

If ^ = 0, then 8^{U^^ Ui)—0. 

If "^ = 0, then 8^{U^+ U^ = 0. 

If ^=0, then /Si(Z74+ ^) = 0. 

These conditions can always be satisfied by Vi, u^, u^, u^ in an indefinite number 
of ways. It may be noted that if ^(x, y) is of deficiency three, .its evanescible 
summand of the same deficiency is a secondary linear prime. 

The corresponding theorem for n variables is as follows : It is always pos- 



/ 
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sible to express a fuDction ^{x^ yy . - - - t) o(n variables in the form 

q>{xry, t) = Ssr+Yip{ar, x^b^.y] ; h, t), (21) 

where (i has the minimum value of 2** if Si^O, and of (2* — r), if aS^. = and 
S^j^i =#=0. It is from this theorem that the term ** deficiency " arises. 

Reciprocally, it is always possible to express a function 4) (a, y, ... t) of 
n variables in the form 

4>(x, y, t) = Si^p{ar, x] K,y] i K^t), (22) 



r-l 



where fi has the minimum value of 2"" if S^^O] and of (2" — r), if S^»^^^i=0 
and /^_^:#: 0. This theorem exhibits the meaning of the ** supplemental defi- 
ciency." 

Also, in the case of two variables, let t?i, v%, Vg, v^ be any arbitrary terms, 
and Fi, F,, Fj, V^ their symmetric functions. Then the reciprocal theorem to 
equation (20) is that 4> (x, y) can be expressed in the form 

4^(x, y) = /Si \{S^vi + A)xy + (S,v, + B)xy ^ ^^ J 

+ {Av^ + C^) xy + (E,v, + D)xy^o\ (23) 
SiFx=0; 3 

so that the first factor is constant and the second is capable of the value i. Also 
the second factor has the same supplemental deficiency as <^(x, y), if t^i, Vg, t?,, v^ 
are chosen to satisfy the following conditions, which are always possible : 

If /Si=0, then ^i(Ti+F,) = 0. 

If /S; = 0, then ^i(T^+ F,)=:0. 

If S^— 0, then ^ (Fi + F^) = 0. 

By comparison of the first equations of (20) and (23), the following general theo- 
rem is deduced: Let tii, ti^, t^, u^ be any set of four arbitraries, and let 
^11 ^5» ^8» ^4 ^® their symmetric functions; and let v^, v^, Vg, v^ be another 
set of four arbitraries, and let Fj, F,, Fg, F^ be their symmetric functions, then 
the following equation is an identity : 

4> (^, y)=S,+ S;{S, + fTi) 4>' (x, y); (24)"^ 



(26) 
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where A', B, O, U are the coeflScients of ^'(a, y), S'^ S^, Si, S^ its inva- 
riants, and 

A'= {Wi + S,U^)v, + (S^+u,)A, 

B = q, + S, Uj) V, + (^+ u,) B, 

Dz^{S,-\-S,U,)v^ + {S, + u,)D, 

and, after some algebraic reduction, 

S[ = S^K-^S,U^+V,, 
Si=S,S, + S,U, + S,V, + S,U,V„ 
Si= StSi+SsUs + S,Vs_+ S^UiVg, 
Si=S,U,+^,V,-\-S,U,V^. 

Thus it is always possible to choose the arbitraries so that aSJ = i and aSJ = 
simultaneously. But it is not possible to make S2 have the. value i unless 

Si+ /^ = i; that is (cf. §2, equation (l)), unless /Si = /% ; and it is not possible to 
make S^ vanish unless S^S^^^ 0; that is (cf. loc. cit.), unless S^ = S^. 
For instance, by choosing the arbitraries so that 

we find 

si = i, s;,=s, + s;, si = s,^,, si=o. (27) 

§9. — Linear and Separable Functions. 

A function of n variables cc, y, 2, . . . . , which can be expressed in the form 

ax + bx + cy + dy + ez + /z+ . . . . , (28) 

will be called •* linear," and this form will be called its "linear expression." 

A function of n variables x,y, z, .... , which can be expressed in the form 

{ax + bx){cy + dy){ez +/z) , (29) 

will be called ** separable," and this form will be called its ** separable expres- 
sion." 

The condition that 4> (x, y) may be linear is found by comparing it with the 
form (28). Hence, 

A = a + c, B=a + dj 0=b + c, D=zb + d. 
22 
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Then, by eliminating a, b, c, d, we find 

Si{lD+^U) = 0. (30) 

It will be observed from the form of this condition that linearity is not an 
invariant property. 

Reciprocally, the condition which the coeflScients of 4>(a:, y) must satisfy in 
order that the function may be separable is 

S,{AD + BC)=0. (31) 

Thus separability is not an invariant property. 

By solving equation (30) for A , it can be proved that a general expression 
for a linear function is 

{p + q){B+ G)xy + Bxy+Gxy + Di^y. (32) 

Also, from equation (31), a general expression for a separable function is 

{pq + BC) xy + Bxy + Gxy + Diy. (33) 

It is easy to verify that a factor of a linear function is not necessarily itself 
linear, and that a factor of a separable function is not necessarily itself separable. 
Reciprocally, a summand of a linear or separable function is not necessarily 
itself linear or separable. 

It can be proved that it is always possible to factorize any function ^ (a; , y) 
into a pair of linear factors ; and, reciprocally, that it is always possible to 
express any function ^{x^y) as the sum of a pair of separable summands. 

Also, the condition that every possible factor of 4^ (x, y) may be linear, is 

BG+AD = 0. (34) 

Reciprocally, the condition that every possible factor of 4)(a:,y) may be 

separable, is 

BG + AD — 0. (35) 

If a linear function is deficient, every possible factor is linear. For the 

conditions are 

^1 = 0, S^{AD+BG) = Q. 

Hence, AD + BG = 0. 

Reciprocally, if a separable function has supplemental deficiency, every possible 
summand is separable. 
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If the function ^{x^y) is linear, then 8i^=^ S^. For, by equation (30), 

we have 

8y = u—{AD+ EG) = u{A + D){B + G). " 

But {A + D){B + C)^8^. 
Hence, iSi=4=/Ss8. 

But by §2, ^^2=^^!. 

Hence, /Si = ii^. 

It follows as a corollary that, if a linear function is deficient, it is of deficiency 
two at least. 

Reciprocally, if the function 4> (ar, y) is separable, then S^^= S^. Also, if a 
separable function has supplemental deficiency, it has supplemental deficiency 
two at least. 

Iq general, there are an indefinite number of linear expressions of a linear 
function. For, let ^{x, y) be a linear function, and let ax + bx + cy + dy be 
one linear expression of 4> (x, y). Then it can be proved that the general form 
of linear expression of ^ {x, y) is 

{(a +b + ui)a +p{ab + cd)\ x + \{a +1) + u^) b +jp {ab + cd)\x 

+ \{^+d+v,)c+{p+q){ahi^cd)\ y + {(c+di'V,)d+{p+q){ab+cd)\y. (36) 

But if 4> (x , y) is e vanescible, then evidently 

aJ =: , cd := • 

Hence, each of the coefBcients in (36) reduces to the corresponding coefficient of 
the given linear expression. Thus, when a linear function is evanescible, it has 
only one linear expression. 



[To he confinvedL} 
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On a Special Form of Annular Surfaces. 



By Virgil Snyder. 



The equation of a scroll which contains an m-fold linear directrix and 
another n-fold linear directrix, skew to the first one, is of the form 



wherein 



/(^, |tz) = 0, 



(1) 



OjX + ^2y + Cg^j + d»^xo ' a^x + h^y + c^z + d^w ' 

the two directrices being X = 0, ^ = oo; ju = 0, ju = oo. 

The annular surface obtained from this scroll by Lie's equations is of the 

form 

Wo Z — (X+tF) 

W —{X—i7) — ^ 

ai — Jla2 ^1 — '^^1 Ci — JlCja c?i — JUilj 

«3 — y«4 *s — y*4 ^8 — yc4 dj — yd^ 



= 0, 



(2) 



which develops into the form 



iSiV -^ 8^ + SiH -\- 8i=. , 



(3) 



/S'^ = being the equation of a sphere. 

The required surface is the envelope of the sphere (3), whose equation con- 
tains the variables ^, /u, connected by the relation (1). It is the tact-invariant 
of (l), (3) in the ;i, ii plane, and contains the variables X, F, Z, TT to the 
degree 4n(w+n — 1), w<m. Thus the spherical image of the quadric is a 
quartic (Dupin's cyclide), and that of the cylindroid is an annular surface of 
order 8, though for special values of the coefficients a,.6,., c^d^^ it may be made 
smaller. 
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By a linear transformation of the directrices, the form of the scrolls in (l) 
is not essentially changed. The number and reality of the pinch-points are not 
changed, and the asymptotic lines will be projective. The new forms substi- 
tuted in (2) will give very different forms in spherical space. If the directrices 

belong to the complex 

c = (xm/ — xfw) — (jfzf — y'z) = 0, 

their spherical images will be points, and the annular surface will be binodal. 
The locus of centers will be in the radical plane of these two point-spheres. If 
the directrices are conjugate polars with regard to c, the surface reduces to a 
curve traced on the surface of a sphere. If one directrix is the line 2 = , u? = , 
the annular surface becomes a cone or developable, according as the other direc- 
trix does or does not belong to c . Finally, if both directrices belong to c and 
cut {z, w), they become isotropic planes, and the surface becomes one of revolu- 
tion. The important characteristic of this transformation is that asymptotic 
lines on the scroll (l).beeome lines of curvature on the corresponding surface in 
sphere-space ; hence the same scroll, projectively considered, will suffice to define 
the lines of curvature of cones, a species of developables, surfaces of revolution 
and annular surfaces having two spherical directrices. The locus of centers in 
every case lies on a quadric of revolution, which may become a plane. 

When the scroll has two coincident directrices, the equation has the form 

5;4»w./«'=o, (4) 

wherein ^^ {X) is a polynomial in X of degree 8. In this equation 2. has the same 
value as before, but /i is now defined by 

(ojx +b^y + c^ + d^w) (i = (a,a; + b^ + c,2 + d^w) — a {a^pc + b^ + c^z + d^^). 

The spherical image of this scroll is 

WO Z —(X+tT) 

W —{X — iY) —Z 

Oi — /La2 61 — JI62 Cy — 7x^ di — Jld, 

a^ — Xa^ — jMOg 63 — JI64 — [ib^ c, — X% — ftCjj d^ — Jlc?4 — (id^^ 

which develops into 

^^ _ S,X' + S,X + S, .^. 



= 0, 
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The envelope of the sphere (5), when X , /a, are connected by (4), is of degree 
4n {m + 2n — [I), (n <m) in X, 7, Z, W. 

The spherical image of a scroll defined by an m, n (n < m) correspondence in 
a linear congruence is an annular surface of order 4n{m +n — 1), when the 
directrices are skew and of order 4n(m + 2n — 1), when they are coincident. 
, These forms still contain irrelevant factors ; by making the directrices satisfy cer- 
tain conditions, e. g., belong to a given complex, any particular «< can be elimi- 
nated, which reduces the order of the surface. The presence of double generators 
also reduces the order of the surface, in general, to the form 

4(mn — 5), 

wherein S is the number of double generators. 

Thus, the (2, 2) quartic scroll becomes an annular surface of order 16 ; it is 
the transformed surface of the binodal cyclide when the nodes are distinct. The 
lines of curvature are of order 16 from my article in vol. XXII, p. 96, of the Jour- 
nal. Similarly, the cyclide having three distinct conical points is transformed 
into a surface of order 1 2, having lines of curvature of order 8 and one double 
generator. 

Each of these surfaces has two lines of curvature of order half that of the 
general ones, the curve of contact with the two directrices. Special forms of 
these are obtained by restricting the pinch-points. 

The cyclides which have less than two nodes are not annular surfaces unless 
the node be biplanar or uniplanar, in which cases they can be readily trans- 
formed by the method of equation (5). 

An illustration of this method is afforded by Cayley's cubic scroll, which 

can be written in the form 

xy^={x + y){xz + yw) , 

or 7? = {1 + X)ii. (6) 

This is the degraded Kummer surface [(1 3) 2] ,* as singular surface of a quad- 
ratic complex. 

Equation (5) becomes 



*A. Weiler, XJeber die yerschiedenen Gattangen der Gompleze zweiten Grades. Mathematisohe 
Annalen, vol. 7. See pp. 206-6. 
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and the envelope of this sphere, subject to the condition (6), is 

(j:» + p + z'y + 2W{2Z- x%x^ + f» + z^) + w^x^ = o, 

which is a cyclide having a uniplanar point at the origin, and is the type [(13) 1] 
of Loria.f Three lines of the surface pass through the origin and lie in X= 0. 

The lines of curvature are defined by the intersection with the surface of a 
tangent pencil of spheres, whose point of contact is the origin (TT^^O), and the 
common tangent plane is F= 0. They are of order 4. By the transformation 
in question, this surface becomes an annular surface of order 12, and whose 
lines of curvature are defined by the intersection with the surface of a pencil of 
spheres having for circle of intersection (trajectory circle of a special spherical 
congruence) a line along which the double directrix touches the surface. The 
other lines of curvature are of order 8. 

The relation between the scroll and the annular surface may be made 
clearer by giving more of the details of the transformation. 

From every point of the double directrix (a, y) issues one real generator of 
the scroll ; there are no pinch-points, but for one point on the directrix the gen- 
erator which issues from that point coincides with the directrix itself. 

The director becomes a sphere S, its points become one generation of mini- 
mum lines upon it, and the planes through (x, y) projective with points upon it, 
go into the second generation of S, projective with the first. Passing through 
each point P of {x, y) on the scroll and lying in its associated plane n through 
the director, is a generator g. Through the point on S, determined by the min- 
imum lines nip and m,, is a sphere G^ containing both minimum lines (touching 
S) . The locus of the points of contact is the trajectory circle of S. Upon this 
circle are no points at which all the lines of curvature touch each other, but at 
one of them the generating sphere coincides with S. The generating sphere is 
real for every point of the trajectory circle. 

The locus of centers of the generating spheres (one mantle of the curve of 
centers) is a curve passing through the center of S and lying on the cone of revo- 
lution determined by this point and the trajectory circle. The axis of this cone 
is the curve of centers of the other system. The only plane line of curvature is 
the plane of the trajectory circle. 

to. Loria, Recherche intomo alia geometria della efera. . . . Memorie della Ace. Reale di Torino, 
▼ol. 86, ser. II, 1884. See p. 100. These types have been more minutely ^classified by B6cher in his 
Reihen entwickelung. . . . Leipzig, 1804. 
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There is no distinct eyelids whieh eorresponds to the (3, l) seroU. In the 
equation of the eyclide there are 13 constants, while the equation of the Kummer 
surface contains 18; hence, several distinct types of general annular surfaces are 
confounded when the points of space are chosen to represent one fundamental 
complex. 

When the cubic scroll is given in the form 

the corresponding cyclide is of the third order and has a uniplanar point. Its 
equation is 

4 (^ + F» + Z^){Z— X) = Z\ 

Besides the minimum lines X± iF=0, Z=0, the real line Jr= 0, Z= lies 
on the surface and passes through the uniplanar point. 

Although this is a contact transformation and transforms spheres into spheres 
such that lines of curvature are covariant, yet the pencil of tangent spheres which 
defines the lines of curvature on the cyclide does not transform into the pencil of 
spheres which defines the lines of curvature of the new surface ; in fact, the tan- 
gent pencil into which the old tangent pencil is transformed plays no part in the 
transformed surface.* 

On p. 253 of volume XXII of the Journal, I gave the equation of a [3, 1] 
scroll whose asymptotic lines .are of order three. The spherical image of this 
surface is of peculiar type. Let 

_ 1 — Z7} -i _ a _ z 

the line »= 0, y = belongs to c, hence, it will be a point; the line z = 0, 
ti? =: goes into the plane at* infinity, hence, all the generating spheres of the 
surface become planes which pass through a fixed point, i. e., the surface is a 
cone. The equation of this cone is found to be 

(4x» + y^ + 4^y — 27»y = 0. 

Its lines of curvature are cut from the surface by the pencil of spheres concentric 

with its vertex, 

a* + y* + 2* = J^v^. 



*The remark made by Casey, Phil. TraDB., vol. 161, p. 627, that all the lines of curvature of a 
trinodal cyclide are circles is incorrect. This is only true of a limiting case of Dupin's cyclide, in which 
two nodes coincide. It is type [(21)(11)] of Loria. In my classification of Dupin cydides I called this 
a ^^ pinch " cyclide. 
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By eliminating z (e. g.) between these two equations, the projection of the lines 
of curvature on the x, y plane becomes 

[kw {iT^ — 9/) ± Wlxy^ [kw {iT^ — 9/) — Wlxf] = 0. 

Both surfaces are symmetric about all the axes, hence each curve is of order 6. 

By transforming the cone by the above method, keeping the directrices in 
the point-complex, a binodal annular surface is obtained whose order is 12, and 
all of its lines of curvature are still of order 6. 

If, instead of x, y and 2, w, any two lines which cut the latter and which do 
not belong to c had been chosen for directrices, the spherical image would be an 
annular surface of order 12 with two plane directors; hence, all of its lines of 
curvature are of order 6 , and are plane curves. The surface is not a surface of 
revolution. The two sextics which are cut from the surface by these planes have 
36 points of intersection ; of these, 18 lie in the circle-points of the cutting plane 
and six lie on the axis of the planes ; the other points are either nodes on the 
surface or points of tangency of the cutting plane. The latter alternative is 
excluded because it contains a line of curvature and consequently cuts the sur- 
face everywhere at the same angle (Joachimstal's theorem). Hence, the surface 
has a nodal line of order 1 2. This surface is thus seen to have a remarkable 
analogy to Dupin's cyclide. The latter is an annular surface of order 4, and all 
of its lines of curvature of the second system are plane curves, which factor into 
conies through the circle-points (circles) and cut each other in points on the axis 
of the two planes. These curves have only four points in common, two at the 
circle-points and two on the axis; hence Dupin's cyclide has no other nodal line. 
This transformation is more general than that by reciprocal radii, which it 
includes as a particular case. It is not, in general, a point transformation, but, 
as was shown by Lie, it can be expressed in terms of motion, reciprocation and 
Bonnet's dilatation, the last transforming a point into a sphere. Analytically, it 
is expressed as the most general linear transformation of the hexaspherical 
coordinates which leaves the quadratic form 11 = invariant.* 

By means of it a whole class of surfaces can be derived which have the same 
property as that just cited. Let/(a;, y) = be the equation of any plane curve. 

* Cf . A. Loewy, '^ Ueber die Transformationen einer quadratisohen Form in sich selbet mii Anwen- 
dung auf Linien- und Kugelgeometrie." Nova Acta, Leopoldina, vol. 65, pp. 1-66. It is unfortunate 
that the word dilatation is used in so different senses. Loewy caUs this " eine von Ossian Bonnet 
angegebene reciproke Umformung." 

23 
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If it be revolved about any line in the plane, it will generate a surface of revo- 
lution whose order is, in general, twice that of the curve, and all of whose lines 
of curvature are plane curves. If, now, this surface be transformed into line 
space, it will become a scroll contained in a linear congruence having asymptotic 
lines of order just half that of the general surface of this type. If the direc- 
trices of this congruence be transformed into any lines which cut 2= 0, tr= 
but do not belong to c, the characteristic property of the surface remains 
unchanged. Now let this new surface be transformed back into spherical space. 
It will be an annular surface of order higher than that of the surface of revolu- 
tion, unless the curve /= has each circle point of its plane for a multiple point 
of order half that of/. The new annular surface will not be a surface of revo- 
lution, but all of its lines of curvature will be plane, and the curve of each section 
by these planes will break up into two curves. The nodal line is not the trans- 
formed curve of the circles, loci of nodes in /. The planes belong to the same 
axial pencil, the axis being always a finite line. The planes of the circles of the 
other system of curvature all touch a cylinder whose generators are perpendic- 
ular to this line. 

COBNBLL UNnrEBSITY, Mcty 29, 1900. 



^ 



On the Transitive Substitution Groups whose Order is 

a Power of a Prime Number. 

By G. a. Miller. 



In a transitive group G of degree n, the subgroup Gi, which contains all 
the substitutions of G that do not involve a given letter, is of degree n — a (a > 1), 
and Gi is one of n/a conjugate substitutions of G.* Each of these subgroups is, 
therefore, transformed into itself by agi substitutions of G^, gi being the order of 
Gi. These substitutions constitute a group G^ of order agi. When a> 1> (?« 
contains a constituent of degree a.. Since each of the substitutions of G2 that 
is not contained in O^ contains the a letters which Gi omits, and since the 
order of G^ is agi , it follows that the said constituent of G^ is a regular group of 
order a . In what follows we shall assume that the order 6r is a power of a 
prime p^. As the order of a subgroup G must be a power of the same prime 
^9i =i>*' ; hence, a=]of'. This result may be stated as follows : 

Theorem I. — If the order of a transitive group is a power of a prime p^^ the 
subgroup formed by all its substitutions which omit a given letter omits p* (A; > 1) let- 
ters of the group. 

Any set of conjugate subgroups or substitutions of G is transformed by all 
the substitutions of G according to a transitive substitution group of order jp^. 
Hence, Theorem I includes the theorem that all the substitutions of G which 
transform one of these subgroups or substitutions into itself, must also transform 
jp* (A; > 1) of its conjugates into themselves. In other words, the substitutions of 
Q which transform one of a set of conjugate subgroups or substitutions into itself 
constitute a group in which p^ of these conjugates are invariantf This includes 
the theorems. Every non-invariant subgroup or substitution of a group of order 

*Cf. Netto, ^'Theory of Substitutions," 1893, p. 84. Also Cauchy, Comptes Rendus, vol. 21, 1840, 
p. 669. 

t Burnaide, *' Theory of Groups," 1897, p. 65. 
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jP* is transformed into itself by p*(Jfc>l)of its conjugates. A group of order 
jj"»-^ that is contained in a group of order p^ is invariant. A group of order jp" 
cannot be generated by one set of its conjugate subgroups. 

Let jBT represent the group formed by all the substitutions in the holomorph* 
of Q which transform the substitutions of Q according to its group of cogredient 
isomorphisms. The order of K is some power of p , and its subgroup formed 
by all the substitutions that omit a given letter is the group of cogredient 
isomorphisms of G^. From the facts that each letter of this subgroup corres- 
ponds to a substitution of (?,t and that this subgroup omits jp* {h > 1) letters of 
6r , it follows that Q contains p^ invariant substitutions. Hence, the given theo- 
rem includes the important theorem, due to Sylow, that every group of order p"^ 
contains invariant operators besides identity. 

When Oi is transitive, it must be holomorphic to the regular constituent of 
Gi mentioned above, since G% contains at least one other subgroup which is con- 
jugate with Oi under G. As all of these conjugates are transitive, there can be 

only two of them. This is only possible when j? = 2 and k = — - — . Hence, 

the 

Theorem II. — 1/ the subgroup formed by all the substitutions which omit one 

letter of a transitive group of order p^ is transitive, the order of the group is 2^*+\ n 

being any integer. 

When the condition of this theorem is satisfied, O2 is clearly the direct 
product of Gi and its other conjugate. Hence, it follows from a known theorem J 
that the number of transitive substitution groups of order 2**+\ whose largest 
subgroups of degree lower than the degree of the group are transitive, is equal 
to the number of regular groups of degree 2*. 

Since each of these groups may be constructed by writing a regular group 
of order 2" in two distinct sets of letters and adding to their direct product a 
substitution of order two which permutes the corresponding letters of its systems 
of intransitivity, the number of invariant operators of such a group must be the 
same as the number of such operators in the mentioned regular group of order 2*^. 
The largest Abelian subgroup that is contained in such a group is clearly the 

* BuHetin of the American Mathematical Society, yoh VI, 1900, p. 806. 
tn)id.,vol. V, 1899, p. 245. 

t Quarterly Journal of MathematicB, toI. 28, 1896, p. 207. American Journal of Mathematics, vol. 
XXI, 1899, p. 806. 
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direct product of the Abelian subgroups of these regular groups of order 2". 
Hence, the transitive groups of order j?* in which the subgroup formed by all 
the substitutions which omit a given letter is transitive, constitute an infinite 
system of groups of order 2^"^^ which are completely determined by the groups 
of order 2". 

Suppose that G-^ contains h systems of intransitivity. The number of sys- 
tems of intransitivity of G^ is then < Aj +1 . We shall first show that p^k + l. 
The largest subgroup of G which transforms G^ into itself must transform Gi 
into^^ (^>1) of its conjugates, and hence it must contain k-^-l — h {p — 1)(^>1) 
systems of intransitivity. This proves that p<k+ 1 . When Oi is transitive, 
A; = 1 and ^ = 2 as was observed above. 

When p = Jc + 1 , the largest subgroup of G that transforms G^ into itself 
is transitive. Since this transitive subgroup is of the same degree as G and con- 
tains the same subgroup that omits one letter, it must be G itself. In this case 
G2 contains p similar regular constituents of order a. These results may be 
stated as follows : 

Theorem III. — // the subgroup formed by all the substitutions which omit one 
letter of a transitive group of order p^ contains k systems of intransitivity^ then 
p < A; + 1 . When jp = Aj + 1 , the transitive constituents of this subgroup are 
similar and regular. 

Cauchy proved that the symmetric group of .degree n contains subgroups of 

order jp"*, where m = f ( — J + e (—t) + ^ \~zj "^ • • • • ; e (-^ J being the 
largest integer which does iiot exceed -j- .* We proceed to determine when 

such a group (G) is transitive and to study some of the properties of these 
groups. Since the symmetric group of degree n contains all the possible substi- 
tutions in n letters, G is of degree n whenever n = mod p. The degree of 
each of the transitive constituents of G must be a power of j? , as it is a divisor 
of jp*. If G were intransitive when n = p^^ we would have 

p^\p^^,pP\ . . • . being the degrees of the transitive constituents of G. Hence, 
the number of constituents of lowest degree would be a multiple of jp. As these 
constituents would all be similar, we could combine p of them and thus form a 

* Cauchy, Ck>mpte8 Rendus, vol. 21, 1845, p. 844. 
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transitive coDBtituent of a larger order in the same letters. This is impossible, 
as n ! is -not divisible by p^^^. G must, therefore, be transitive when n =p^. 

It is clear that all the symmetric groups of degrees 2>^+ a, a<li> contain the 
same G, and that the G^'s of all the symmetric groups of degrees jpP + a', 
a' ^p^"*"^ — Jp^ are the direct products of this G and the G of the symmetric 
group of degree a'. That is, when a! is Jp^{p > 2), the corresponding G is the 
direct product of the G of the symmetric group of degree ^ and its conjugate 
written in a distinct set of letters ; when a' = 2p^ (2> >• 3) > the corresponding 
G is the direct product of three such groups ; when a = Ip^ +j{py>^+ 1 > /<! P^) 
the corresponding G is the direct product of Z + 1 such groups and the largest 
group whose order is a power of p that is contained in the symmetric group of 
degree/. Hence, the 

Theorem IV. — The largest group G of order p^ thai is contained in the sym- 
metric group of degree n is transitive whenever n =: j?"*' + a , a <C ^ , and only then. 
When this condition is satisfied^ G contains a svhgraap of order ^"*""^, which is the 

m — 1 

direct product of p conjugate transitive groups of order p p . These transitive 

groups in turn contain subgroups of order p ~^, which are the direct products of p 

conjugate transitive groups of order p J"' , etc. 

Corollary I. — In a group of order p^, every subgroup whose order exceeds 
^M-%^1 ^^ ^^n-i ^^n-2 ^ . . . . + 1) is invariant or contains an invariant 
subgroup of order > p , 

Corollary IT. — The largest subgroup of order p"^ that is contained in any sym- 
metric group contains just p^ invariant operators, y being the number of its transitive 
constituents. 

This theorem was proved above. To see that it involves Corollary I it is only 
necessary to observe that a group of order g which contains a subgroup of order 
gi , which is not invariant nor contains an invariant subgroup of the entire group, 
can be represented as a transitive substitution group of degree g'^giJ^ Corol- 
lary II follows from the fact that each of the transitive constituents of the men- 

tioned subgroups of order p ^ contains just j? invariant operators. 

We proceed to give a method by means of which it is possible to construct 
a transitive group of order ^"* (m being any number greater than 2) which con- 

*Djrck, Mathematische Annalen, voL XXII (1888), p. 102. 
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tains only J? invariant operators. Let H represent a regular group of order ^* 
which contains only p invariant operators and whose quotient group with 
respect to these invariant operators contains no operator whose order exceeds 
jp, and let H^ be the conjugate of iT which is formed by all the substitutions (in 
the same letters as are contained in H) which are commutative with every sub- 
stitution of E.* Since the quotient group of Hi with respect to its p invariant 
operators contains no operator whose order exceeds^, Hi contains a non-Abelian 
subgroup of order p^ which includes its p invariant operators. This subgroup 
and JjT generate a group of order ^*+^ which contains only p invariant operators 
with respect to which its quotient group contains no operator whose order 
exceeds p . Since it is well known that groups of the given type exist when 
a =: 3 or 4,f it follows that they exist for every value of a >► 2. 

It follows from the preceding paragraph that the only value of m for which 
a group of order J?"* must contain more than p invariant operators is two. It is 
easily seen that this is also the only value of m for which every subgroup of 
order jp*""* is invariant; for if a group of order j?* contains a non-invariant sub- 
group of order p*~^ any direct product of which this group is a factor must have 
the same property. Since groups of order p^ contain non-invariant subgroups of 
order p , there must be groups of order p^ {m being any integer > 2) which con- 
tain non-invariant subgroups of order jp*"*. 

The following method may be employed to determine all the groups of order 
p", provided all the groups of order j?*"^ are known. Suppose that a group {B) 
of order j?* is represented as a regular group. Any one of its subgroups {H) of 
order j?"""^ contains p systems of intransitivity which are permuted according to 
the group of order p by the remaining substitutions of R . Hence, H may be 
constructed by writing after each substitution of a regular group of order p"^"^ 
the same substitution mp — 1 distinct sets of letters. J All of the other substi- 
tutions of ^ are of the form st^ where t merely interchanges the corresponding 
letters of the p systems of H and s transforms each one of these systems into 
itself.§ 

Since t is completely determined by H, it is only necessary to consider 
how s may be selected. When the substitutions of H are transformed by R 

* Jordan, *' Traits des substitutionB," 1870, p. 60. 

t Holder, Mathematische Annalen, vol. XLIII, 1808, p. 410. 

X Quarterly Journal of Mathematics, vol. XXVIII, 1806, p. 286. 

fibid. 



178 Miller: On the Transitive SuhetUvium Groups^ etc. 

according to a substitution in its group of cogredient isomorphisms, we may 
assume that a is commutative with each substitution of H. In this case it may 
evidently be assumed that s involves only the letters of the first system of 
in transitivity of JT, for, if it were otherwise, we could transform st by a substi- 
tution which would transform 5^ into itself and also reduce the number of letters 
in 8. Hence, there cannot be more such groups than the number of sets of sub- 
stitutions in E which are conjugate under its holomorph. This number may 
sometimes be reduced by the following considerations : 

Let «!, «2, «3, .... , «p represent the constituents of a substitution of JS", each 
constituent involving all the letters of one of the transitive constituents of H. 
From the equations 

\€\ S^8^8^ . , n » 8p ) t8\ 8^ 8^8^ .... 8p 

^^ \8\ 6o . . • • Op ) t8^ og .... Op t t — 8^ 8^ og 8a .... 8p Z , 

it follows that 8 may be so selected that it is not the jp*^ power of any substitu- 
tion in the first transitive constituent of H. Since 8 must clearly be commuta- 
tive with every substitution of ff, none of the powers of a non-commutative 
substitution in the first transitive constituent of ^ is a suitable value o£ 8. In 
particular, we observe that 8 can have only one value when H is cyclical or 
when it is Abelian and of type (1, 1, 1, . . . .). It has been assumed throughout 
that ^ is not identity, and that R transforms iT according to a substitution in its 
group of cogredient isomorphisms. 

When some substitutions of jB transform 5" according to a substitution which 
is not in its group of cogredient isomorphisms, we may write these substitutions 
in the form stit, where ti and t are commutative, while 8 is commutative with 
every substitution of iT. As in the preceding case, we may assume that 8 
involves only the letters of the first transitive constituent of ff, and hence it is 
also commutative with <i . It is evident that ti may be restricted to at most 
one out of each conjugate set of operators of order p^ in the group of isomorph- 
isms of 1^. 

Cornell University, Dec, 1900. 



Geometry on the Cubic Scroll of the Second Kind. 

By Frederick C, Ferry. 



It is the object of the present paper to give a detailed treatment of several 
of the more interesting questions of the geometry on the cubic scroll of the 
second kind, and especially to consider the surfaces which can be passed through 
any curve on this scroll, so far as the orders of those surfaces and the natures of 
the residual intersections are concerned. Among published articles, those bear- 
ing most directly on the subject proposed are perhaps the following: 

Clebsch, **Die Geometric auf den Flachen dritter Ordnung." Kronecker 
J., LXV., 359-380. 

Chasles, **Ueber die Steiner'sche Flache." Kronecker J,, LXVIL, 1-22. 

Chasles, **Bemerkung iiber die Geometric auf den windschiefen Flachen 
dritter Ordnung." Math. Ann,, I., 634-636. 

Voss, **Zur Theorie der windschiefen Flachen." Math. Ann., VIII., 54-135. 

Halphen, ** Sur la classification des Courbes alg^briques." J. de I'Ec. Pol., 
LII. 

Noether, '* Zur Grundlegung der Theorie algebraischen Raumcurven." Ber- 
lin, 1883. 

Sturm, " Ueber die Ourven auf der allgemeinen Flache dritter Ordnung," 
Klein, Math. Ann., XXI., 457-515. 

Rohn, " Die Raumcurven auf den Flachen dritter Ordnung." Leipz. Ber., 
XL VI., 84-119. 

And, in general, the methods employed and the results obtained in the fol- 
lowing pages will be found to be analogous to those presented in a paper by the 
present writer on the ** Geometry on the Cubic Scroll of the First Kind," pub- 
lished in the Archiv for Mathematik og Naturvidenskab, B. XXL, Nr. 3. 
24 
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I. — The GvMc Scroll of the Second Kind. 

The equation in homogeneous coordinates of the cubic scroll of the second 
kind is 

y^ — ® {y^ + arz) = . 

Let this equation, or the surface itself, as the case may demand, be denoted by 
2. The double line on 2 is given by a = 0, y = ; the plane x = touches 2 
along the entire length of the double line, and hence contains that line three 
times ; every other plane through the double line contains that line twice, and 
every plane through the double line cuts out a generator from 2 , the generator 
cut out by the plane «= being coincident with the double line. The plane 
y = is not a determinate plane, for the substitution of y + Ox for y, with a 
corresponding change in the coordinates z and 8, leaves 2 unchanged in form. 
The planes z= and 5=0 change with the plane y = and are not determined 
when the plane y = is determined, for the substitution of z-^-Xx and s +Xy 
for z and s respectively leaves 2 unchanged in form. The tangent planes to 2 
at any point of the double line are a; = and the tangent plane to the hyperbo- 
loid ys + xz=^ at that point ; these two tangent planes coincide at the point 
aj=0,2/ = 0,5=0, hence, this point is a pinch-point on 2 . 

Any generator on 2 is given by equations of the form y = aa, z = a^x — as ; 
the generator given by y = UiX, 2= ajx — ai« meets the double line at its point 
of intersection with the plane 2 + ai^ = , hence, the points 2 = — as on the 
double line correspond to the planes y=: ax through the double line, and in par- 
ticular the point 5 = on the double line corresponds to the plane » =: through 
the double line; i. e., the pinch-point corresponds to the plane which is tangent 
to 2 all along the double line ; thus, to each point of the double line corresponds 
a generator through that point, while to the point « = of the double line cor- 
responds a generator coincident with the double line itself. Therefore, it may 
be said that two generators on 2*meet the double line at every point, of which 
one coincides with the double line itself, while at the pinch-point both generators 
coincide with the double line. 

To distinguish the two sheets of 2 in the neighborhood of the double line 
that will be called the first sheet in which the generators at successive points of 
the double line are distinct, and the other, in which the generator at every point 
of the double line coincides with the double line, will be called the second sheet. 
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II. — Godrdinatea on 2. 
AssumiDg «/y = ^//[^ and y/z=^X/v and inserting these values in 2, there 
results s/y = ^^— — ^ , whence the coordinates ^y (i, v on 2 are connected with 

AtLL 

the coordinates «, y, 2, « on 2 by the relations 

x:y iz\8 =^7? :%fi\ iLv'.ii^ — Xv. 

Along the double line in the first sheet, r/yl and vf^i take infinite values, while 
^Ifi is finite, and any generator is given by an equation of the form aX -f i/i = ; 
hence, any homogeneous equation in X and ^i of degree n represents n generators 
lying in the first sheet in the neighborhood of the double line ; and, in particular, 
;i = gives the generator at the pinch-point, and /^ = the generator which is 
cut from 2 by the plane y = 0. Given, then, a homogeneous equation in X, /[a, v 
representing a curve on 2, to determine the points where this curve or branches 
of this curve lying in the first sheet in the neighborhood of the double line meet 
the double line, it is necessary only to put vjX = v/ii=:co or X/v = (jl/v = in 
the given equation, whence there will result a homogeneous equation in X and [i 
giving the generators at the points desired. 

The double line in the second sheet is given by ^ = , and to its points 
correspond finite values of the ratio (i/v ; thus, a(jL + bv=^0 gives a point on the 
double line in the second sheet ; and, given a homogeneous equation in X, [i, v 
representing a curve on 2, to determine the points where this curve or branches 
of this curve lying in the second sheet in the neighborhood of the double line 
meet the double line, it is necessary only to put ^ = in the given equation and 
to solve the resulting equation in fi and v. 

Any plane ax + by + cz-^ d8= cuts from 2 a cubic curve whose equa- 
tion in X J [I, V 18 found by direct substitution to be 

aX* + bXfi + ciiv + d {fi^ — Xv) = 0. 

This curve is found by the methods given above to meet the double line in the 
first sheet where that line is met by the generator c(i — dX = and to meet the 
double line in the second sheet at the point determined by the equation 
cj/ -f- d/Lt = ; now these two points, one lying in the first sheet and the other in 
the second sheet, are known to be coincident since they are both cut from the 
double line by the same plane ; hence, to the point dfc +cv = on the double 
line in the second sheet corresponds by coincidence that point on the double line 
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in the first sheet which lies on the generator dX — c^ = 0. So, in general, the 
change of ^ to Jl and of j/ to — ^i in the equation determining a point or points 
on the double line in the second sheet gives the equation of the generator or 
generators passing through the same point or points on the double line regarded 
as lying in the first sheet. Thus the point on the double line in the second sheet 
given by /ci = lies at the pinch-point in the first sheet, and the point on the 
double line in the second sheet given by v = lies at the point where the gene- 
rator /[^= meets the double line in the first sheet. In general, a point on the 
double line will be said to lie in the first sheet or the second sheet according 
as the equation by which it is determined is of the form aJl + 6/^4 = or 
a/[£ 4" ^^ = J thus, a homogeneous equation in X and ^ of degree n determines n 
points on the double line in the first sheet of S, and, similarly, a homogeneous 
equation of degree n in /Lt and v determines n points on the double line in the 
second sheet of 2 . 

IIL — Gurves on 2. 

It is evident that, in general, proper curves on 2 are given by irreducible 
homogeneous equations in Xj[i,v. Let such an equation, or the curve repre- 
sented thereby, as the case may demand, be denoted by ^] let the degree of^ in 
all three variables be denoted by jp and its degree in the variable v hj q, whence 
it follows that p^q. If the terms of ^ be arranged according to the powers 
of V , thus : 

^=U^ + vU^^^ + v'U^^,+ ...... +v^U^^^+ +i;^?7,.,= 0, 

where C^_, denotes a homogeneous polynomial in X and fi of degree p — x, 
then, as has been shown, C^_g = must give at once the p — q generators meet- 
ing the double line in the points where that line is met by the curve ^ in the 
first sheet; hence, the curve ^ has p — q points of intersection with tlie double 
line in the first sheet of 2 . 

To find the points of intersection of the curve ^ with any generator 
aX + b(i= Oy it is necessary to substitute — b/a . (i for X in 4) ; having performed 
this substitution, the equation is divisible by a factor /t^^"*; this factor having 
been rejected, there is left an equation of degree q in (jl and v, which determines 
q points where the curve ^ meets the generator in question. Hence, ^ has q 
points of intersection with any generator ; thus, ^ has q points of intersection 
with the double line in the second sheet, which points are found by equating X 
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to zero in ^ and solving the resulting equation in ^i and v^ after rejecting the 
factor /ti**""*. If ^ be arranged according to powers of ^, thus : 

where T^_, denotes a homogeneous polynomial in ^i and v of degree jp — 0, then 
will V^—ii^~'^. Fj and F^ = gives the q points where the double line is met by 
the curve ^ in the second sheet. Since, then, the curve ^ meets the double line 
in jp — q points in the first sheet and in q points in the second sheet, it has in all 
p — ? + fi' = i^ points of intersection with the double line regarded as lying in 
both sheets. Any plane through the double line of S contains, in addition to 
that line, a generator of S; such a plane meets the curve ^ vol p points on the 
double line and in q points on the generator in question, and hence contains 
p + q points of intersection with the curve ; hence, the order of the curve ^ is 
P '^ 2^ which will be denoted by m, so that always m^-p '\-q. The curve ^ 
will often be designated as a (^, ^), where p and q have the meanings assigned 
above. Thus any generator is a (1, 0), the double line regarded as lying in the 
first sheet is a (0, l) and regarded as lying in the second sheet is a (1, 0) like any 
other generator, while, considered as lying in both sheets, it may be said to be 
a (1, 1), a conic. These results agree entirely with those given in the considera- 
tion of the geometry on the cubic scroll of the first kind, if 2 be regarded as 
obtained from that scroll by allowing the linear director to tend to coincide with 
the double line in the one sheet, while a generator tends to coincide with the 
double line in the other sheet, the former coincidence determining the first sheet 
of 2 and the latter the second sheet of S ; thus, on the cubic scroll of the first 
kind, each generator is a (1, O), the linear director is a (0, 1), and the double 
director a (1, 1). 

Two curves, {p, q) and (^y, g^), are said to belong to the same species when 
pziz pf and q^^. The number of distinct species of curves of any order m is 
evidently the greatest integer in wi/2, the species (p, 0), consisting in each case 
of only a certain number of generators, being omitted. 

A curve ^ will be said to have o^pair of branches at any point of the double 
line when two of its branches lying, one in the one sheet and the other in the 
other sheet in the neighborhood of the point, intersect at that point of the double 
line. With reference to the arrangements of the terms of ^, according to powers 
of r and of Jl respectively, as given above, the condition that ^ have a pair of 
branches at the point where any generator a^l + 6/[£ = meets the double line is 
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that Vp = {aii — bv).Vp^i when Uj,^q = {aX + b(i). ?7J_j_i, and that ^ have a 
pair of branches wherever it meets the double line, it is necessary and sufficient 
that 

V^ = Ci {a^ — b^vy\ {a^ — V)** .... (a^ — b^vy-. n'^'^ 

when D^_g = (7, {ai^ + b^fK {a^ + b^fif^ (a^ + KnY^ 

where a^ > 1, /?r ^ 1» ^i + ag + ... + a^ = j? and /?! + jSg + .... /^r = i> — ? • 
Here can occur several pairs of branches at any point where ^ meets the double 
line, and superfluous branches in addition to the number sufficient to make up 
the pair or pairs of branches at any point can occur. If j? = 2q, just as many of 
these superfluous branches will occur in the one sheet as in the other ; and if, 
further, a^ = ^r while j? = 2y, then will only pairs of branches be found without 
superfluous branches ; while in this case, if a^ = jS,. = 1 , these pairs will all occur 
singly. It is geometrically evident that j9 = 2j when only pairs without super- 
fluous branches occur, or when as many superfluous branches occur in the one 
sheet as in the other, since in either case just as many points of the curve 
must lie on the double line in the one sheet as in the oth^r, demanding that 
p — q = q. 

If Uj,^^=i{<iX + biif. C^_5_,, then will two branches of 4), both lying in 
the first sheet in the neighborhood of the double line, intersect the double line at 
the same point, but without forming thereby a pair of branches as that term has 
been defined. Similarly, if 

then will a branches, all lying in the first sheet in the neighborhood of the 
double line, intersect that line at the same point. Likewise, if 

then will /? branches of ^, all lying in the second sheet in the neighborhood of 
the double line, intersect that line at the same point. 

That every point where ^ meets the double line be a multiple point of ^, 
resulting from the intersection on that line of branches lying either in the same 
or in different sheets of 2 in the neighborhoods in question, it is necessary and 
sufficient that 
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where Pr^2 and Vp is what T^ becomes when ^i and v have been changed to 3L 
and — ^ respectively wherever they occur in it. If ^^ = 2, each point where ^ 
meets the double line will be a double point of ^, in which case p is evidently 
even. 

If ?7^-.g = >l*. ?7p-,-.«, then will ^ pass through the pinch-point a times, 
while each of the a branches lies in the first sheet in the neighborhood of the 
pinch-point. Similarly, if V^^yP""^^^ . T^-^, then will ^ pass through the 
pinch-point ^ times, while each of the ^ branches lies in the second sheet in the 
neighborhood of the pinch-point. And, in general, the curve ^ has the pinch- 
point for a point of multiplicity y when, and only when, C^.,. T^ = ;i'~' + ^. Z7jJ_y 
and the point where any generator aJl -f- i;ti = meets the double line is a point 
of multiplicity y on the curve ^ when, and only when. 

Unless otherwise stated, it will be supposed henceforth that every equation 
^ employed is homogeneous and irreducible. 

IV. — The Curve ^ as the Intersectiorij Total or Partial, of 2 with a Surface S, 

To find the equation of a surface S which shall cut the curve ^ from 2 , it is 
necessary to substitute x, y, z and e for ^*, X[i, (jlv and (i^ — Xv respectively in 
the equation ^ , or in g)^ , where o is such a factor as shall render this substitu- 
tion possible. Evidently, this factor o must be homogeneous in X, fij v, and let 
its degree be denoted by n', while m' shall denote the degree of the equation o^ 
in x^y^z^e after the required substitution has taken place; hence, wl will 
denote the order of the surface S. If n[ denote the degree of o in the variable 
1/, then will a residual intersection of order at least as great as rJ -i-n'i result 
from the intersection of S and 2, and, therefore, that the curve ^ be the com- 
plete intersection of S and 2, it is necessary that n' -f- n{= 0; i. e., it must be 
true at once that 

so that the required substitution may be immediately possible. Since in this 
case V enters into ^ only in one or both of the combinations ^iv and /^^ — Xv, and 
since one or both of these combinations must make up a term C(jivy.{[i^ — XvY 
of ^ where a + ^=l/2.p (else would ^ be reducible by the factor X), it is 
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clear that in every case of complete intersection j? =: ^. Again, when 

the intersections of ^ with the double line in the first sheet are given by an 

equation which is obtained directly from the above and may be called 

z 
f {(iv — Xv)/v^ = 0; similarly, the intersections of ^ with the double line in the 

second sheet are given by an equation /"(^v, (i^)/(i^ = ; if the divisions by v 
and (I be performed, these become respectively /'(//, — ^) = and /" (v , |^) = j 
but, since these two equations are made up of the same terms, it is clear that 
f=f^'j it has been shown that two equations /{(ij — Jl) = and /(v, f/) = 
give the same points of the double line ; hence, when ^ is capable of immediate 
substitution, not only must p=2qj but also every point where ^ meets the 
double line must be a multiple point of ^ resulting from the occurrence there 
of a pair or pairs of branches without superfluous branches; the same is 
geometrically evident whenever the intersection is complete. In general, 
m' = l/2,(p +n'), since the required substitution changes a quadratic to a 
linear factor in every case; hence, when n' = 0, it follows that m'=l/2.jp; 
and, since 

iP =P + \P=P + ? = w , 

no residual intersection can appear, and the curve ^ is the total intersection of a 
surface /S^ of order ^p with 2 when, and only when, 

Thus no curve (p, q), where p is odd, can be the complete intersection of any 
surface S with S. This also is at once evident geometrically. 

If ♦ ^/(;l^ V> i^^» iu* — Xr) = 0, 

it will be necessary to multiply ^ by such a factor o of degree n' in X^ (i, v and 
nj in V, where n'>l, as shall render the required substitution possible. The 
curve ^ in this case will not be the complete intersection of any surface S with 
S, but there will result a residual intersection of order at least as great as 
n' +ni. The order of S being m' = i{p + n') , m! will be a minimum when n' is 
a minimum ; and those surfaces S of the lowest possible orders, cutting the 
curves ^ from 2, are of special interest, and will be given particular attention. 
Since, as has been noticed, the required substitution replaces a quadratic by a 
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linear factor in every case, it is clear that n/ must be even when p is even and 
odd when p is odd. 

Since v can be replaced in o^) only in the combinations [iv and Xv (the latter 
occurring in the form (jl^ — Xv), it is clear that no term of ci^ can contain v to a 
power greater than the sum of the powers of X and (i in that term, and this will 
be true especially of those terms of o^) coming from terms in ^ which contain 
the greatest, i. e., the 5*** power of v ; hence, if p<i2q, it will be necessary that 
d) contain in each of its terms Jl or (z, or both, to a power or sum of powers at 
least as much greater than the degree of o in 1/ as is the excess of q over p — q; 
i. e., it must always be true that p + n'>2{q + nl) ; since m' = ^ {p + n'), it is 
now seen that rn^^q + n[, and hence the lowest possible order of S is at least as 
great as q in every case ; it has already been found to be q in the case where 
{pi q) is the total intersection of S and 2. 

If G) involves v, then will o) contribute to the residual intersection of S and 
2 an irreducible curve of order at least as great as two ; while, if o does not 
involve v, it can bring into the residual intersection only generators, n' in num- 
ber. Therefore, unless otherwise stated, it will be supposed that o) is a homo- 
geneous function involving only Jl and (i, and consequently representing n' 
generators. 

Having chosen, then, co^ for any given curve ^ in such a way that j? + t> 2g^ 
and even^ every term of co^^) = can be at once resolved into a constant times a 
product of powers of ^r , (iVf Xii, Jl* and (i^-j and, further, since 

{xvy. {(lY = ifivy^ (;i7/)— 2^ {t^y if a > 2/? 

= {(ivy. (Vr— . (X«)— '^ if 2/3 > a > i3 
= {fiv)\{X(iy.(yr-^ ifi3>a, 

it follows that this factoring of the terms o^^ = can always be done in such a 
way that no term contains both ^v and (i^ as factors. When o^^ = has been 
thus factored in each term, the substitution of a:, y, z for ^*, X/^, (iv respectively, 
as many times in each term ap each of the factors in question occurs there, is at 
once possible ; and thus the equation co^^ ^= is made to involve the variables 
X, fi, V only in the combinations Xv and [i^. Since 8 is to be inserted in place of 
[i^ — Xv by the required substitution, it is permissible, as a step toward that end, 
to replace ^v wherever it occurs in the factored form of o^^ = by (i^ — 5, so 

25 
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that any factor {Xvy now becomes 

+ G, iii'y-'. 8'+ .... + (7,^»»»-» + »>, 

containing only e and powers of (^. Thus is o^^ = made to involve only 
X, y, z, 8 and /u', and in this form, arranged according to powers of /^^ it may be 
written thus : 

where ^^^ represents a homogeneous polynomial in a, y, 2, s of degree x. 

Let Qi and % denote the number of times that X and ^i respectively occur as 
factors of all the terms of o)^, so that 6>^ = V».|it*».o^_^,__^, ; and let it be assumed 
for the present that di = 0. Since the variables x and y can occur in the above 
equation only from the substitution of the same for the combinations Jl* and %u 
respectively, it is clear that that equation can contain neither of those variables as 
a factor unless the equation (0^(^ = contain /I as a factor; that case has now 
been excluded, for by supposition ^ is irreducible and ^i== 0. Similarly, since 
the variables z and s enter above only from the substitution of z and (i^ — a 
respectively for [iv and Xr, it follows that the above equation o^^) = can have 
neither z nor ^ as a factor ; for v is not a factor of all the terms of ^ and does not 
occur at all in co^ . If [i^ occur p times as a factor of the equation in question, it may 
be removed by dividing by fi^ and making a corresponding reduction in 6^. But 
such a limit can be found for $2 as shall make the occurrence of (i^ thus as a 
factor of this equation impossible, and in the following manner: Among the 
terms of ^ is one at least without ^, and consequently of the form (7. Jl''~*.v* 
where 0<a<g'; such a term, when multiplied by the term of o^, which is of 
the lowest degree in (i and may be expressed as C'.V'~\(i^% will lead to one of 
the terms of lowest degree in ^* in the derived equation ; and, if the factoring 
and substitution be performed thus : 

if ^, > i (jP + t) ; or thus : 

= (7".o*r)'.(V)''-".(^')*"'-^^'-*'=4'i(,+.,. 

if a < 6g < i (p + t) ; or thus : 
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if ^t^a; and only in the first case does the term in question give rise to a term 
or group of terms containing ^^ as a factor ; therefore, a term which shall not 

contain the factor /^* will always be found in o]!^= if ^,< i(jpH-T); and, in 
general, if dj = i(i> + t) + y, then will i^)^ be a factor of every term of the 
equation o,^ = . Unless otherwise stated, it will be supposed henceforth that 

%<\{p + r) + l. 

Among the terms of ^ is one, at least, without X and, consequently, of the 
form Cii^^^v^ where 0<a<g'. Such a term, when multiplied by that term 
of G)^ which is of the highest degree in [i and may be written G^^fi^, when the 
required substitution is performed, gives 

One or more such terms must always occur in the equation 0^4^ = 0. All the 
terms in ^ which are free from %, together determine, as has been seen, the 
points where the curve ^ meets the double line in the second sheet ; evidently, 
the lowest value which a takes in these terms is the same as the order of the 
multiplicity on the curve ^ of the point ^ = 0, (1 = 0, if that multiplicity have 
reference here only to the order of intersection at the given point of the branches 
of ^ lying in the second sheet in the neighborhood of that point : i. e., if the 
smallest value which a, as here defined, takes in the equation of the given curve 
^ be denoted by ai, then will ai give the number of times the curve ^ passes 
through the point where the generator /t^ = meets the double line, that point 
being here regarded as lying in the second sheet. Hence, the equation o^^ = 
may always be written thus : 

where the first term and one, at least, of the last two terms must occur. Since 
^ involves the variable v in some term or terms to the power q, but no higher 
power of that variable, and since o^ does not involve v at all, it follows that 
cj,^ = has likewise in some term or terms the variable v to the power q, but 
contains no higher power of that variable. Those terms in o^^ = involving 
the q^^ power of v have as factors, when that equation has been put in the fac- 
tored form for substitution, the expression or expressions of the form {^vy. {jpiy 
where p + a = g' ; these give rise to terms in o^^) = involving ^z^, and, con- 
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sequently, the equation o^^) = is of degree q in the variables 2, 8 in some term 
or terms, but of no higher degree in those variables in any term. Therefore, 
-^Kp + r)-* is of degree at least as great as i(/> + T) — q — x in the variables 
X, y in every one of its terms. 

The equation 2=^ — x {ys + xz) = may be written 'i^'=-xjt if 7t = y«+xz . 
Since the substitution of ]^ for xn or of xn for y^ in any or all the terms of the 
equation of any surface S which cuts the curve ^ from 2, is equivalent to 
replacing S by another surface S^ whose equation S' = S+ '>^«'-8* 2, where S^ 
contains the entire intersection of S and 2 and is of the same order as S, it is 
clear that such interchange of y^ and xn in any of the equations now under con- 
sideration is allowable ; and this means of effecting a change in the equations in 
question will frequently be employed without further explanation. 

Under the conditions of the required substitution, any even power o{ (i^ as, 
e.g., {(i^f^t can be expressed thus: 

(ji^fi = {(i^y. {8 + XvY = {[1^8 + Xy^vyi = iiih + yzy 

= {ii^y. 8"^ + ri. {fi^y''\ 8''-'^. yz+ +yi'H^s . 2/''- V"^ + 2/V, 

which, if >7>3, can be expressed otherwise as 
{fi^^ = (^«)v + yj . (//«)^- V-^ yz+ .... 

+ ^^^^^=^^ . ifi'y^.y-'-h^-' + ^,- xy'-V~^ {yjy8 + xz). 
Similarly, any odd power of (i^ as, e. g., (^*)^"*■^ can be expressed thus : 

(^8)2,+i _ (^8)n+ V + yj . (|^2)V-\ yz + . . . . + Yi.{i^f8.y^'h^-^ + /t£*.yV, 
which, if »7 > 2, can be put thus : 

By the application of this method of reduction the necessary number of times, 
any power of ^u^, as, e. g., (/^^y. where 0> 3, can be brought into the form 

where yi has the value 3 or 4 according as 0=:2*4"Pi or 2*4"p«> while 
pi= 1, 2, 3, 2'-^ and p,= 0, 2*-^ + 1, 2*-^ +2, , 2*^ — 1 ; i^i«^ de- 
notes a homogeneous polynomial in x , y , z, 8 of degree 6 — r in all four variables 
together and of degree at least as great as unity in x, y. 
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Applying this method of reduction to cj^ =0, it is evident that, whenever 
i(/> + T) — ai>3, the term (/t^*)*^^"*" ^^""^'z'* .-^o g'ves rise to a term or series 
of terms which, arranged according to descending powers of ju*, begin thus : 

and may be written in the form 

and the entire equation thus finally takes the form 

The terras making up any one of the groups designated by i//i(p+^)_r may be of 
two kinds : first, those obtained by the reduction of terms of w,^ = which 
involve (;ti*)*, where ^ > 5 ; from the formulas above it is clear that all terms 
entering thus in '^[\p^^)^i must be of degree at least as great as two in cc, y, and 
all terms entering thus in 4i'(P+T)-2 niust be of degree at least as great as unity 
in », y; and, secondly, in any group '^i(p + r)-r» where r^l, there will be 
included the terms of i//|(p+^,_y without change therein; terms in '4^/(p+^)_2 com- 
ing from i//|(p^^)__2 are known to be of degree as great as i (p + t) — q — 2 in 
X, y ; and this will be as great as unity whenever \{p '\- 1) — g' > 3 . The first 

group of terms and one, at least, of the last two groups of terms in co^^ = , as 
written above, will in every case actually occur, and yi can have one or both 
the values 3 and 4 but no other ; in case yi takes both the values 3 and 4, the 
first group may be broken up, according to the third and fourth powers of i»? 
then occurring, into two groups of terms. 

From the equations of substitution, y^:=zxn, X* = ar, Jl|u = y, etc., it is 
easily found that 

XY = X^ {li^8+yz) = yh + xyz = y7t, 

X^ = %Y ((1^8 + yz) = ysTt + yh = {jys + xz)n= ti?, 

X^ = X^ {fi^s + yz) = yti^n + xzan + j^zn ={8n + y*z) 7t- . 



1 
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« 

Consequently, the multiplication of w^ z= by ;i^ will make it possible at once to 
complete the desired substitution and, therefore, leads to the equation of the 
surface S in the form 

The order of the surface S is m' = i (p + r) + 1 • The first group of terms in 
the equation as written is of degree two in a:,y; the second group is of 
degree as great as three in a: , y if i (p + t) — q>S and as great as two if 
i{p + r) — g' < 3 ; the last two groups are of at least the li{p + t) — q + 1]*** 
degree in a, y; and neither the first nor both the last two groups of terms can 
be wanting in the equation; while, if i(2? + 't) — 8^= 0, the occurrence in 
Q^=zO of a term or terms of the form (X, (lY'^'^'^.v^ leads to the occurrence in 
the equation of /S of a term or terms of the form x . (z, 8y^^'^^\ and, consequently, 
the last group of terms must occur whenever i(jp + T) — q=^0. Hence, if 
i(jp4-T) — g'^lf the surface S contains the double line of 2 twice and has con- 
tact of order i(i> + t) — q — 1 with the first sheet of 2 all along that line, 
while the two sheets of S form a cuspidal edge of contact with the first sheet of 2 
all along that line when i (i> + r) — g' > 3 . If i (i> + t) — g = 0, the surface S 
-contains the double line of 2 once and has contact of the first order with the 
second sheet of 2 all along that line. In either case, the double line of 2 occurs 
as a component of the residual intersection i (jp + t) — q+1 times in the first 
sheet of 2 and twice in the second sheet of 2, making a total order of 
i{p + r) — g + 3 for its contribution to the order of the residual intersection, 
o^ introduces r generators of 2 into the residual intersection, and thus there are 
already found, as belonging to the residual intersection, straight lines together 
making up an order of i (jp + 3t) — j + 3 in that intersection ; and, since 

3 [i(i> + *r) + 1] — [i(p + Sr)—q+3]=p + q = m, 

these lines constitute the entire residual intersection. 

The results given above apply to those cases where i{p + t) — ai has a 
value not less than 3 ; ai has been seen to denote the order of the multiplicity of 
the curve ^ at that point in the second sheet of 2 where the generator ft = 
meets the double line, i. e., the number of points of the curve ^ which lie in the 
second sheet at that point. This is not a singular point of the surface 2 , and, by 
a change of coordinates, it is always possible to give such a form to the equation 
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of the curve ^ that aj shall take a lower value, which lower value may, in gene- 
ral, be made to be zero. For this purpose, it is only necessary to choose for the 
plane y = a plane containing no point of the given curve on the double line in 
the second sheet. In this way all cases where i{p + t) — ai<2 can be referred 
to those already considered. But {qv the sake of obtainiug some conditions 
regarding the nature of the surface S, the cases where ai<^{p + r) — 2 will 
now be somewhat further investigated. 

Given, then, ai>i (jp -|- r) — 2, it is possible, by the methods employed in 
the general case, to reduce o^^ = to the form 

+ W-'4'i(, + T)-8 + -j^ • '4'i(p + r)-l +ft*.4'Hi. + r)-l + ^HP + r) = 0, 

where •4', :^ 0, and hence may be removed by division. There now arise three 
cases, in each of which the equation of the surface S is readily obtained on the 
multiplication of the above equation by 7i? and completing the substitution 
throughout. These three cases are 

1. Ifaa=i(2> + T) — 2, 

2. Ifai=i(;) + T)— 1, 

in both these cases the first term and one at least of the last two groups of terms will 
occur, and the surface S contains the double line of 2 twice if \{p -)- r) — q> 1 . 

3. Ifaa=i(i> + T), 

where the first group of terms is never wanting, and the surface S contains the 
double line of 2 once. In all three cases '>^i(p^-T)-l is of degree as great as unity 
in a; , y ; hence, if i (p + t) — §'> 1 , the surface S contains the double line of 2 
twice and has contact of order h{p + t) — q — 1 with the first sheet of 2 all 
along that line; and, if h{p + t) — q = 0, the surface S contains the double 
line of 2 once and has contact of the first order with the second sheet of 2 all 
along that line. Therefore, here, just as in the general case, the residual inter- 
section is entirely made up of the double line of 2 occurring i (/> + r) — ^^ -f- 1 
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times in the first sheet and twice in the second sheet of S, and of generators of S 
to the total order r introduced by o^. 

Since the surface S contains the curve ^ but once in general, the equation 
of that surface will not contain 2, nor the equation of any other second surface 
through the given curve, as a factor of all its terms ; and, since ^ is by supposi- 
tion a proper curve and the entire intersection of S with 2 has been found to 
consist of the curve ^ and straight lines, it appears that the only cases in which 
S is an improper surface occur when S is made up of a surface containing the 
given curve and another surface or surfaces cutting from 2 only straight lines, 
the double line and generators of 2. Such supplementary surfaces are made up 
of planes through the double line of 2, and, consequently, are represented by 
equations of the form aa; + % = 6 . Thus S will be, in general, an improper 
surface only when its equation contains one or more polynomials of the form 
ax + 5y as a factor or factors of all its terms. Since these polynomials are each 
homogeneous in the variables x, y, if the terms of the equation of S be arranged 
in groups according to the degrees of those terms in a, y, every such group must 
by itself contain each such polynomial ax + iy as a factor ; and, since the equa- 
tion of the surface S\q in no case of greater degree than two in x, y, not more 
than two factors of the required form can ever occur. 

If, then, ox + iy be a factor of all the terms of the equation of S, the plane 
ax 4- 6y= cuts from 2 a generator introduced into the residual intersection by 
o^, unless i = ; and if any other of the single infinity of generators of 2 be sub- 
stituted in o, for the generator cut out by the plane in question, the existence of 
a corresponding factor will, in general, be impossible in the equation of S^ and 
the surface will become in that case a proper surface. To determine in what 
cases h can have the value zero, let it be supposed that x is a factor of every term 
in the equation of S] the plane x = contains the double line in the second 
sheet of 2 twice; the residual intersection of S with 2 contains that line 
in that sheet also twice ; if, now, the factor x be removed from the equation of 
S^ leaving the equation of a surface S* of order i (jp + t), the residual intersec- 
tion of S' with 2 cannot contain the double line in the second sheet of 2 at all ; 
but, if i (p + t) — i? > 1 , the equation of S being of the second degree in x , y , 
the equation of /S' must be of the first degree in those variables, and hence 
the double line of 2 must still occur at least once in the residual intersection of 
S with 2; and, if ^{p + t) — 3^ = 0, the equation of S^ will be of zero 
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degree in x^ y^ and, consequently, the residual intersection cannot contain the 
double line of 2 ; on the double line in the first sheet of 2 are p — q points 
of the given curve and r points where the r generators in o^ meet that line, while 
on that line in the second sheet of 2 are q points of the curve only ; since the 
curve and the r generators must make up the entire intersection of S^ with 2 , 
it is evident that either r = or else the r generators are so chosen and the 
nature of the curve is such that the combined locus of the curve and the r 
generators have a pair or pairs of branches wherever it meets the double line ; 
since this latter condition is not, in general, fulfilled (and may always be 
avoided by appropriate choice of o^ if r :^ 0) , it follows that r must here have 
the value zero. But in that case ^ = 23^, m' = ^ (2? + r) = 4/> , and the case is 
that of complete intersection which has been excluded from the cases now under 
consideration. From another point of view, since the equation of the curve con- 
tains a term /i^'"**. r*s there must occur in o^^ = a term of the form /li*"*"^"*'. r*» 
and X can be a factor of all the terms of the equation of S only if here 
p + t — ai < tti; but this condition can be satisfied only when jp + r = 2ai = 2g' 
(since ai = ^), and hence, as explained on page 189, the curve ^ must have all its 
branches in the second sheet in the neighborhood of the double line meet that 
line at the point where the generator /i^ = meets it ; in other words, the point 
in the second sheet where the generator ^i^ = meets the double line is a g'-tuple 
point of the curve ^ in that sheet; and not only must every branch of the curve 
^ in the first sheet of 2 in the neighborhood of the double line pass through this 
same point, making it {p — g')-tuple in the first sheet, and hence a^-tuple point 
on the curve ^ as a whole, but also must o, have been made up entirely of the 
generator /la = occurring t times, which, in general, will not be the case. 
Hence, the cases of complete intersection being excepted, the equation of the sur- 
face S will contain the factor x only when q^ hab been chosen in a very special 
form, i, e., when o^ = /la' or (7. ^C. 

It has been seen that, when \{p + 't) — ai > 3 , the equation of S has the 
form 

If i (2? + 'J') — ? ^ 3 , the only terms occurring here in the second degree in a? , y 

are contained in the first group and involve those variables in the form {xa + yzf ; 

hence, no factor of the form ox + 6y can occur in this case and /S' is a proper 

surface. If^^p+r) — 5= 2, terms of the second degree in a, y occur only in 
26 
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the first two groups of terms and all have the factor n ; therefore, at most, a 
single factor ax + by can here be found ; if such a factor does occur, the plane 
dx -^ by =0 cuts from S a generator contained in o^ , and the substitution of any 
other generator in that expression in place of the one there occurring will, in 
general, lead to a proper surface S. If i (jp + t) — y = 1 , terms of the second 
degree in x, y can occur in every group above, and if one or, at most, two fac- 
tors of the given form occur, other generators may be selected for replacing in 
(d^ the one or two cut out by the plane or planes in question and a proper surface 
S will, in general, be thus obtained. If, finally, i (p + 't) — 5? = , the terms of 
the first degree in x, y all occur in the last group and have x as the only possible 
factor of the required form ; but it has been already seen that a proper surface S 
can in this case always be found. 

There still remain the cases where i(2>+T) — ai<2, but these can be 
referred, by a change of coordinates, to those already considered. It is clear, 
however, from the forms of the equations of S^ as given on page 193, that 
the results obtained above find immediate application here; and, since o^< 9, 
only those cases where i (/> + '*') — ? ^ 2 demand consideration. The equations 
of Sj as well as the fact that the point cut from the double line in the second 
sheet of 2 by the plane y = is a point of multiplicity of order ai > g^ — 2 on 
the curve ^ in that sheet, suggest that in the cases in question the methods fol- 
lowed, without change of coordinates, may lead to the occurrence of the plane 
2^ = as a component of the surface S. An upper limit for 62J which shall 
render this impossible, is readily obtained thus : The term of the equation of ^, 
iu which X is wanting and v appears to the power ai, when multiplied by that 
term of o^^ which is of the lowest degree in fi, will take the following form for 
substitution : 

if 02< 2ai — p; and this condition for 6^ is, then, a sufficient one to insure that 
the equation of the surface S be not reducible by the factor y. This condition, 
in the three most unfavorable cases, takes the forms 

!• % S '^f when i (jP + 't) = j. 

2. 6i<r — 2, when i{p + t) = q + l. 

3. 6, < T — 4, when ^{p + r) = q + 2. 
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Since the generator /la = is in no way singular on 2 , whatever is true for it 
Daay» l>y a change of coordinates, be made to apply, in general, to any other 
generator in the first sheet of 2 . And it has been seen that iS' is a proper sur- 
face at once, save only in those cases where o^ contains a certain generator or 
generators, having a particular relation to the curve in question, more than a 
certain easily ascertainable number of times. From the single infinity of gene- 
rators on 2 it will always be possible to make up o^ in such a way that these 
exceptional cases may, from the outset, be avoided. 

It is now clear that in every case, in general, where r is so taken that 
p + 'J' > 25, and even, while in addition 61 = and %^\{p + 1:), then can the 
method given be made to determine the equation of a proper surface S of any 
desired order »n' = i(^ + T) + l>i^+ 1. Since a surface S of order 
i (/> + 'f) + 1 cannot contain a line of greater multiplicity than i (/> + t) with- 
out breaking up into surfaces of lower orders, it is evident that S must have 
contact with 2 of order at least as great a^i one all along the generator /t^ = 
whenever %^= \{p + r) + I. Since the generators together make up a total 
order r in the residual intersection, there will be contact between S and 2 all 
along one or more of the generators of 2 in question whenever less than r dif- 
ferent generators enter in o^, unless the occurrence of one or more of the gene- 
rators in question as multiple lines of S accounts for the entire number of lines 
of intersection by which r exceeds the number of different generators involved 
in 6),. In general, then, subject to the conditions already given, cd, may be chosen 
to contain any r generators whatever lying in the first sheet of 2 , or any lesser 
number of generators in that sheet to become, in part at least, multiple lines of 
S^ or lines of contact between the two surfaces S and 2 ; but, in every case, the 
total order in the intersection must be r, no generator can be of multiplicity of 
order greater than i (i> + 't) on S, and any generator occurring more than 
i (jp + t) times in the intersection is a line of contact of S with 2 . 

If it be desired so to choose o^ that a reduction by one or two degrees in 
the order of the surface S be obtained, it is evident that r must be so chosen as 
to make \{p -{-t) — j = or 2 for a reduction by unity, ov \{p -{- <t) — 9^ = 1 
for a reduction by unity or two. And, further, it must be possible to choose o^ 
in such a way that at every point where a branch of the curve ^ meets the 
double line, shall occur a pair or pairs of branches of the locus o^^ = 0, if the 
reduction is to be by two degrees, 0T\i\{p^r) — y = and the reduction is 
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to be by unity. Sufficient conditions for the reduction of the order of the sur- 
face S in the special cases, where alone such reduction is possible, will not be 
considered further here. 

The cases where X occurs as a factor of all the terms of w^, and where, con- 
sequently, 6i>0, can all be solved in a manner entirely similar to that 
already given for the cases where 6i = 0. The term of highest degree in (i 
arising in o^^ = from any term (7.;i'""*"^./[^*.r^ of ^ = is of the form 
C. V*~^'^*'./[A*+^"'*M^, which, when factored in the manner prescribed for 
substitution, becomes 

Since a must take the value a>p — q in some term of 4) = , a sufficient con- 
dition that some term of o^^ = in this case contain {(i^y, where s>2, is that 
^iSiiP + '^) — ? — 1 ; and, if 01 = i (t — p) -fa, — 1 , where ag is the largest 
value assumed by a in the equation of ^, then will fi^ occur in o^ = while fi"^ 
will not occur in that equation. Hence, the condition di>^{p + T) causes 
ci^^ = to be at once the equation of the surface S, which may be a proper sur- 
face if (Xj = ^, but will contain as a component the plane x = if a^ < p — 1 . It 
will now be supposed that $1 is allowed to have any value consistent with the 
newly obtained condition, viz., that 

This condition involves that p + t — di>2qy and hence the equation w^T^ = 
can, when p + r — ^i is even, like the equation o,^ = on page 188, be written 
in the partially substituted form thus : 



If ^ + r — ^1 be odd, the equation Or-^,^ = will take the same form, with the 
exception that an odd instead of an even power of /t^ is a factor of every group of 
terms save the last, and that the last group of terms has the form X.^^^p^r-0,^1) 

+f**^(p + T-*,-i) ; but in either case multiplication by /l*> + *, after the method 
used when ^^ = , leads to the equation of S in the form 



/ 



f 
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if i(i> +t) — ^1 — ai>3; but in the form 

if i (jP + '*') — ^1 — «! = 2 ; and in the form 

if i (2> + t) — Qi — ttj = 1 ; and, finally, in the form 

ifi(^ + T) — ^1 — ai=0. 

Just as in the case where ^i = 0, so here it can be shown that neither the first 
nor the last group of terms can fail to occur in the equation of the surface S; 
and, when i (i> + t) — i? > 1 , the surface^^iS' contains the double line of 2 ^i + 2 
times, and has contact of order i(p + T) — q — B^ — 1 with the first sheet of 
2 all along that line ; similarly, if i (i? + t) — i? = 0, the surface S contains the 
double line of 2 ©i + 1 times and has contact of the first order with the second 
sheet of 2 all along that line. Consequently, the residual intersection is here 
entirely made up in every case, in general, of the double line of 2 occurring 
\{P'\''t) — y + 1 times in the first sheet and 6i + 2 times in the second sheet 
of 2, and of generators of 2 to the total order r — ^i introduced by o^.^^. 
Hence, the generator of 2 lying coincident with the double line in the second 
sheet enters like any other generator into the residual intersection, so long, at 
least, as Q^ has any value within the limits assigned ; and thus this case can be 
included in the general one and the results of the considerations of the nature of 
the surface S^ and of the resultant residual intersection in particular, may be 
extended so as to include all cases, without making any distinction between the 
generator in the second sheet of 2 and any other generator of that surface, pro- 
vided only that Q^ and B^ do not exceed the limits i (2> + 't) — q — 1 and 
i Cp + '^) + 1 respectively. Therefore, there may be stated the following 

Theorem : A proper surface S, having for its partial intersection with 2 
any given proper curve of order m on 2, can he found of any desired order 
m' = i (/) + t) + 1 , tchere t > , and p + r>2q and even^ whose residual inter- 
section with 2 shall consist entirely of the double line of^ occurring \ (jp+T") — y+l 
times in the first sheet of 2 and twice in the second sheet of 2 , togetlier with arbitrary 
generators of 2 occurring in such manner as to give a total order of r in the intersec- 
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tion, while no particular generator occurs more than i (i> + t) — ,q — 1 times among 
such arbitrary generatcrs. 

In general, ©^ must have ^i < i (i> + t) — g^ — 1 , and, for values of Bi which 
are greater than zero, the generator in the second sheet of S must be regarded 
as occurring 0^ times in the residual intersection, in addition to the two times 
given in the theorem. That this line always occurs twice in the residual inter- 
section is the natural result of the multiplication of o^<^ = in every case by ^. 
Also must Or have dg ^ i (2> + '^) — 1 > and, if ©^ introduce only generators in the 
first sheet of S which do not meet the given curve on the double line of S, the 
particular method of substitution given will lead at once to a proper surface S. 
Clearly, by varying the form of tt^, an infinite number of such surfaces S oi any 
order w*' = i (jp + t) + 1 can be found for any given curve ^ . 

Williams Gollbqe, F^vary 1, 1900. 

(To he continued. ) 
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If/ denote the total order of intersection of the sheet or sheets oi S with 
the two sheets of 2 all along the double line of the latter surface,/ denote the 
component of that total order arising in the first sheet and / likewise the com- 
ponent of that total order found in the second sheet, / (9 = 1 or 2) denote that 
component of/ due to simple or multiple intersection alone (with regard to the 
sheet indicated by «, or both sheets, ii a is not written), regardless of contact of 
sheets, and /' likewise the component due to such contact between sheets of S 
and 2, while gi and grg ^^ like manner denote the total orders, in the residual 
intersection, of the generators brought in by o^ in the first and the second sheets 
of 2 respectively, then will 

/=/+/=/[ +^+/"+/['=/+/'and/[=/^ 
while, in general, 
f=\{p + t)-q + Z, / = i(p + T)-y + l, /8=ei + 2, ^1 = ^-^1, 

and g^ = Q^ (which last, gr,, is included in/ and will henceforth be omitted save 
as it appears there). The general case may, then, be written thus : 

^' = i(i> + '^) + l» /i = i(p + r)-y + l, /, = ei + 2, j/, = T-ei, 

where 6) = A,^ o^, ^ + t > 23^ and even, and ©1 < i (jp + t) — q — 1 . And here 
will 

/i=/« = l, /[' = 0, /^'=1, 

if ^ + T = 25 ; while 

yi=/2=«i + 2, /' = i(p + T)-<?-e,-l, y5' = o, 

if jp + r > 2g'. 

The cases where S is the surface of lowest order which can be passed through 
the given curve on 2, can now be solved readily. 

If ^ = F{7i?, Xiij fiv^ii^— Xv), the case is that of complete intersection 
already considered, pages 185 and 186, and may be expressed thus: 

r. ^ = F{:i^,Xii,fiv,(i^ — Xv), p=2q, m' = ip, /=g^ = 0, tt=l. 

If ^ ^ -^(^^ ^(i, [iv, (i^ — Xv) and p>2q and even, the results above show 
that r can be given the value zero, leading to the general case 

I. <^ ^ F{??, ^(1, (IV, n^ — Xv)j p>^yp even, m^ = ^p + 1, 

/i = ^p — q + l, /3=2, gi = 0, tt = ;i», 
27 



V 
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while 

but /i=/,= 2, f^z=z\p — q — l, yj' = 0, ifi>>2^. 

If ^ > 2q and odd^ an important special case arises when 

^ = 7^.F^ {X\ 2.11, iiv, (i^ — Xv) + (i. F^ (;i^ V» l^v.ii^ — Xv)] 

for multiplication by X allows the substitution to be entirely performed at once, 
giving S=. X . Fi (x, y, z, s) + y . -Fj(a:, y, «, «) = 0, where m' = i (jp + 1) and 
S contains the line x, y once, so that this line occurs twice in the residual inter- 
section of the two surfaces. In order that ^ may not be reducible by the factor 
X, it is necessary that some term in F^ contain v to the degree ^{p — 1) ; hence, 
this case can arise only when g' = i (jP — 1), and may be described as 

ir. ip = XF^ + (iF,, p = 2q + l, m' = i(p + l), 

/i =/«=!, ^1=0, o = X und f{f = fi'=o. 

Geometrically, this case includes only those curves which have q pairs of branches 
along the double line of S ; i. e., at each of the q points where the curve ^ meets 
the double line in the second sheet, a branch of the curve meets that line at the 
same point in the first sheet ; but, since p — 5^ = 3^ + 1 , there is one more 
branch in the first sheet in the neighborhood of the double line than there 
are branches in the second sheet in the same neighborhood, and, consequently, 
the introduction of the double line in the second sheet completes the intersec- 
tion by forming a pair of branches with the single or superfluous branch in the 
first sheet. This case forms the nearest analogy, when p is odd, to the case of 
complete intersection, where p is even. 

When ^ = 0, with p>2q and odd, does not have the special form just con- 
sidered, it is evident that the surface S of lowest order is obtained by giving to 
r the value unity, leading to the case 

II. q>^XFi + iiF^, p>2q,podd, m' = JQ) + 3), /i = i (i> + 3) — <?, 

and /i=/i = l, /i' = 0, fj=hi{p + l=2q, 

but /,=/, = ex+2, /['=J(i>-l)-2-ei, /i! = 0,ifp+1^2q. 

If jp< 2g, T must have a value greater than zero in the general case, since 
the condition p + r>2q must be satisfied. The surface S will be of the lowest 
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possible order when r is given its lowest possible value r = 2q — p, leading to 
the case 

III. p<2q, m'=(7+l, /, = 1, /2 = 2, gi = 2q—p, 6) = X^o„ 

and ©1 = 0, since the condition ^i ^ i (jp + 'J') — q — 1 here becomes impossible 
of satisfaction by any positive integer. But special cases, in which a surface S 
of order lower than ^ + 1 can be passed through the curve ^, may occur here. 
l{^ = X.Fy {X\ X(iy iiv, (i^ — Xv) + v. F^ (;i^ Xii, [iv, (i^ — Xv) , multiplication by 
(i allows the equation of aS^ to be obtained at once in the form S^y. Fi{xj y, Zjs) 
+ zFfi {xj y, z, «) = 0, where m' = J (jp + 1) and the generator ^ = is known 
to belong to the residual intersection. In order that the equation as given may 
not be reducible by /I , it is necessary that some term of F^ involve the variable 
V to the degree i (jp — 1); consequently, the given curve must here have 
q — i{p+l). Therefore, in' = J {p+l) = q\ and, since i{p+l)—l = J(^+i) 
= i^ + J(^ + l)=^ + ?=^'f the single generator (i=^0 constitutes the entire 
residual intersection. This case may be classified thus : 

IIP. ip=:\.F^ + vF^, p = 2q — l, ffl-q, /i=/8 = 0, ^=1, «=/[4, 

if ^1 refer to the particular generator /[/ = 0. Geometrically, this case includes 
only those curves which have q — 1 pairs of branches along the double line of 2 
and an extra branch in the second sheet which meets the double line at the 
point /ii = 0; hence, any curve ^, which has pairs of branches without super- 
fluous branches wherever it meets the double line, save that at one point of the 
double line occurs a superfluous or single branch lying in the second sheet in that 
neighborhood, can be cut from 2 by a surface S of order q, which surface is 
found by the method given, after first making such a change of coordinates, if 
necessary, as shall bring the equation of the generator at the point in question 
into the form ^ = 0. Clearly, this point cannot lie at the pinch-point. 
Still another special case can occur here. If ^ be written in the form 

4>=Fp + ;i. Fp-i + J^^ Fp-s + .••• +X\Fp.,+ .... +^''~^>^i + V. Fo=0, 

it has been already seen that T^ = /ii^"*.^, where ^ =0 gives the points where 
the curve ^ meets the double line in the second sheet of 2 . Hence, the equa- 
tion "^ = 0, where "Fj denotes what Y^ becomes when ^ and v have been 
replaced by X and — ^ respectively therein, gives the q generators meeting the 
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double line in the first sheet in the points where the (/), q) meets that line in the 

second sheet. Here will V^.Tq = F{7iii, (iv, ii^ — Jlr), so that oS^*""'."^ gives, 
by the usual method of substitution, 6>. T^ = y''""'. jP(y, z, «); if p>g' + 1, the 
required substitution can be performed throughout every other group of terms of 
the equation o^ = and the equation of the surface Sia at once obtained. In this 
case m! :=z p, and the residual intersection is entirely made up of the double line 
of 2 occurring^ — q times in the first sheet and p — q-^- B[ times in the second 
sheet of 2, together with the q — B^ generators in the first sheet of 2 introduced 

by T^= ; here Oj denotes the number of times Jl occurs as a factor in all the 

terms of T^= 0, and is, geometrically, the order of multiplicity on the curve ^ 
of the pinch-point regarded as lying in the second sheet. But the substitu- 
tion can readily be performed by the usual method in the general case if 

6) = X^ l^g-^p when p + q — B[ is even, or if o = >?. (a^l + h^i) . F,.^. , when 
p + 5 — ^1 is odd, provided in both cases that 0i ^ p — J ; here 

7n' = i (^ + 5^ — 00 + 1 and i (i? + ^ — ei + 1) + 1 

respectively ; that these values be lower than those given in the general case 
for m\ it is necessary that either B\^ q ov B'l^ p — j, neither of which condi- 
tions is possible of fulfillment. However, lipz^q^ a surface S of lower order 
than that given in the general case III. is found, provided that either T^_i = 

or that A, Fp. i"l^ = F (A,^ X/i^, ^tv, (j^ — Xv) ; for multiplying by co = Fp in such 
case makes the substitution possible in every group of terms and gives the 
resulting surface S, characterized by m'=p, /i=:/2 = 0, g^=p, g^=:0; 
that ©1 = 0, and that, accordingly, the double line cannot occur in the residual 
intersection is clear, since the condition that p=^q demands that v^ (= v^) occur 
in some term of ^ = 0, and such a term can be found only in the first group 
Vp of that equation; this means that no curve (p, ?), where p^=^q% can 
pass through the pinch-point of 2, for the presence of a term containing v^ 
in the equation of the curve forbids that the curve pass through the pinch- 
point in the second sheet, and the fact that p — g' = shows that the 
curve has no points at all on the double line in the first sheet. Geometrically, the 

multiplication of ^ = by"TJ introduces into the locus w^ = the generator at 
every point in the first sheet where the curve ^ = meets that line in the 
second sheet ; consequently, the complete intersection of S and 2 has a pair of 
of branches on the double line wherever that line is met by the curve ^ = in 
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the second sheet; and, if j:) = 9, that intersection meets the double line only 
in the q points, each one of which is a point of multiplicity 2p (p being a positive 
integer) on the complete intersection in question. The vanishing of T^»i means 
that the conic, whose equation is obtained by equating any one of the p factors 
an + hv of 7p to zero, meets the curve ^ in two consecutive points on the double 
line of 2 ; or, in other words, the curve ^ has in this case the direction of the 
conic a/[£ + 61^ = at every point Jl = , ^Iv = — 6/a, where the curve meets 
the double line. Since h can never take the value zero here, this condition 
demands that the curve shall not have the direction of the double line at any 
point where it meets that line. The alternative condition for T^-i, viz., that 

Jl. T^_i. Vp=F{7?, X/LA, iiv, [i^ — Xv)j since T^_i does not involve Jl, and since 

Yp does not contain /I as a factor, requires T^«i to contain p — 1 of the ^; factors 
which make up Vp. Therefore, at p — 1 of the p points where the curve ^ 
meets the double line in the second sheet must it be tangent to a conic whose 
equation is of the form a^u + Jv = , where J :^ ; and it is not difficult to see 
that* the tangent at the remaining point cannot be the double line itself There- 
fore, in this case also, the curve ^ cannot have the direction of the double line at 
any of the points where it meets that line. This very special case may be char- 
acterized thus : 

III". q>=Vp + X.Vp^, + XKWp^2, >^.Vp_^.Tp F={^^yi(i,(iv,(i'-^v), 

where gi refers to the particular generators in the first sheet given by the equa- 
tion T^ = .* 

Collecting the results thus far obtained for the order of the surface S and 
the nature and composition of the residual intersection — 

1). When S is a proper surface of any order whatever not less than i p + 1 , 
cutting tlie curve {p , q) from 2 , 

m' = J(^ + T) + l, fi=i{P'\'r) — q + l, A = e, + 2, gi=r — e,. 

2). When S is the surface, or one of the surfaces, of tJie lowest possible order 
cutting the curve {p , q) from X , 

*The case where ^ = Fi(X', X/i, fiv,fi^ — ?.v)+X^.Wp-t=-0, eince X cannot be a factor of aU the 
terms, can be written = i^i (/^v, /it* — 7.v) + A*. Tf>_i=.0, and presents no new result. For, in order 
that the required substitution be at once possible, the last group of terms must have g ^ip — 1, or else 
the case must reduce itself to that of complete intersection ; but the first group demands that 9 = ip ; 
consequently, this case offers nothing new. 
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I- p>^,pev€n, m' = i^ + 1, fi = ^p — q + l, /a= 2, 

g^ z= 0, from o = X* ; 
II. p>2qypoM, m' = i(^ + 3), /i = i (i> + 3) — y, f^—2 + Bu 

g^i = 1 — di, from <o = 7?. Oi; 
III. i><2^, wi'=^+ 1, /i=l,/, = 2, yi=2gr— p, fromo = X».03,_p; 

unless a surface /S^ of still lower order can be found, from the occurrence of one of 
the following special cases : 

r. p=2q, ^ = F{^^,Xii,iiv,(i^ — Xv),m' = ip,/=g=0,o=l. 
IV. p=2q + l, <p = X.F,{X^Xll,flv,ll' — Xv) + ll.F^{id.), 

mf = i{p+ 1), /i=/2=: 1, gi=0, 7i = 0> fromtt = A,. 
IIP. p=2q — l, ^ = ^.Fi{^^, (IV, (i^ — Xv) + V .F^{id.), m' = q, 

/i=/s = 0» 9i = 0, ^= l,fromo = ju. 
IIP. p =^, ^ = 7p + ;i . Fp^i + X\ TTp-a, 

X. T^»i.Tp=i^(X*, V, fiv, (i^—Xv), m' = ^, /i=/a=0,'^i=p, from o=1^- 

^1 here refers to generators which may be chosen, in general, at will, and 
can be wholly or in part taken over into ^ as ^^ ; while gi refers to generators 

which are determined by the given curve and can none of them be transferred 
to /^ or otherwise changed in any way without raising the order of S. This dis- 
tinction between gi and g^ will be heeded in the farther use of the terms. 

Under 1) are included cases I., II., and III., but not the special cases I.^ II.', 
III.', and III.". 

It is easy to find, in any of the above cases, the relation, as regards contact, 
of the surfaces S and J, along the double line in either sheet of the latter. Thus 
it is clear that three cases arise, viz. : 

a). If/i=/,.then/[=>;=/i=/„ andy;'=yj' = 0. 
b). If/i >/„ thenyi =/, =/„ //' =/x -/„ and fjf = 0. 
c). If/i</s,then/,=/2=/i, /('=/,-/a, and/{' = 0. 

The only curves on 2 which do not meet the generators at all and, conse- 
quently, are of the species (^, 0) are the generators themselves. Since these are 
not proper curves for any value of p greater than unity, all curves (p, g)y having 
5 = and i> > 1 , will be omitted in the subsequent treatment of the curves 

on S. 

The following Table 1 gives, in accordance with the preceding considerations, 
the possible cases of surfaces S of the lowest possible orders for curves of orders 
1-12 on 2. It will be noticed that each general case, where p=2q, may be 
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in the table. 
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Since it is only in the cases I'., III'., and III", that a surface S is found which 
does not have the double line of S for a part of its intersection with that surface, 
it is clear that only in those three cases are restricted systems of equations for 
the curves in question given by the methods here followed. In the case 1'., the 
intersection is complete ; consequently, S=^ and 2 = form the simplest pos- 
sible restricted system of equations for the representation of the curve. In the 
case of a curve coming under IIP., a restricted system is formed by aS'i = 0, 
aSJj = and 2 = 0, where /Si is the surface defined by III', and S^ is any one of 
those defined by the general case with the value i {p + l) inserted for q and the 
condition imposed that gi shall not contain the generator given by /li = ; thus 
the surface Si will be characterized by having 

rri—p, /i=/, = 0, and 71=1; 
while S^ will have 

w' = i(p+T) + l, and/i=i(r + 1), /2 = di + 2, g^ — t — %i and 0,= O. 

In the simplest case, where t = 2^ — p and ©j = , the surface S^ is defined like 
the S of Case III. If the curve fall under Case III"., a restricted system is given 
by aSi = , /^3 = and 2 = 0, where S^ is defined by Case III", and S^ is any 
one of those defined by the general case by putting p^=^q therein and insuring, 
by choice of o^ , that g^ contain none of the generators given by T^ = and rep- 
resented by 7i in III". ; thus Si will have 

'm! = p, /i=/a = 0, gi=p] 
and S^ will be characterized by 

m' = i(2> + '^) + l» /i=i('^ — P)+l> /2 = ^i + 2, gi-r—Qi, 
which, for the lowest value, p, that t can take, gives an S^ having 

w/=i> + l, /i=l, /j=2, gi — r. 



It is now possible to determine how many species of proper curves (^, q) 
may result from the intersection of surfaces S of any given order m' with 2, 
when it is required that aS' be a surface of the lowest possible order thus contain- 
ing the curve, and hence having its residual intersection made up entirely of the 
double line and generators of 2 . If the intersection be of such nature as to 
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give any one of the eight cases, 

!)• /i=A = 9i = 9i=2^i 

2). /i=/, = flfi = 0, ^1 = 1, whenm'>2; 

3)- /l=/2 = fl^i = 0, ^=w'; 

4). /i = /i = l, 9i = 9i = 0;^ 

6). /i = l,/3 = 2, gri = p, flfi = 0, where 2<p<m'— 1 

6). /iz=p, /3=2, sri=7i = 0, where l<p<m' — l 

7). /i = p, /g = 2, flfi = 1, "Fi = 0. where 1 < p < w' — 1 

8). /i = p, /,= 3, ^1 = ^=0, where 3<p<tn' — l 

and if the residual of the intersection is a proper curve, then is S, in general, a 
surface of the lowest possible order that can be passed through the residual curve, 
2 being excepted when m'>4. The lower limit of the order of the curves 
(jp, q) here occurring is evidently m = 2{m' — 1), and the species of the curve is 
given by the following formulas, which are arranged and numbered to agree 
with the cases of page 206 : 

I- /i = 9f /» = 2, flfi = ^=0, p= 2(m' — 1), q=m' —p, 

l<p<m' — 1, p>2q, and even ; from 6) above. 

11- /i = p, /s = 2, flfi = l, s7=0, i>= 2m' — 3, q = mf — p, 

2<p<m'— 1, p>2q and odd^ ©^ = ; from 7) above. 

/i = p, /» = 3, flfi=7i = 0, ^=2m' — 3, q=m' — p, 

3<p<iii' — 1, p>2q and odd, di = 1 ; from 8) above. 
III. /i-l, /, = 2, gi = p, Ti = 0, p=z2{m' — l) — p, 

q=:m! — 1, l<pS^' — ^9 pS^i fro™ S) above, 
r. /i = /, = grj ="^= 0, ^ = 2m', q = m', P=^; from 1) above, 
ir. /i=l, /, = 1, ^1 = ^=0, i>=2m' — 1, j = m'— 1, 

/> = 2g + 1 ; from 4) above. 
Iir. /i=/2 = 0, flri = 0, ^=1, i>=2m'— 1, j=m', p=2q—l] 

from 2) above. 
Ill", /i =/, = 0, g^i = , g^i = m', ^ = m', q:=im^^ P = S' 5 from 3) above. 

Oases IIF. and IIP. become identical when m' = 1, but for no other values of m' 
will any repetitions occur from these formulas. 

The determination of the number of distinct species of curves, as well as 
28 



210 Fbrby : Gwmetry on the Cubic SeroU of the Second Kind. 

the number of their different orders, which can be cut from X by BurfaceB of any 
order m' under the given conditions, can now be made. Arranged according to 
the above cases, the number of distinct species of curve for any value of m' 
comes out thus : 

I. ^ = 2m! — 2, q^m! — 1, m' — 2, ....,1, making m' — 1 species. 

II» p=2m' — 3, J = m' — 2, wi' — 3, ,1, making m' — 2 species. 

III. p=2m' — 3, 2m' — 4, ,wi' — 1, g' = m' — 1, 

making m' — 1 species, 

r. p = 2m', q:= m\ a single species, 

ir. p = 2m' — 1, q:=zm! — l,a single species. 

IIP. p = 2m' — 1 , jjT = m', a single species. 

III''. pz=:m'^ 9 = m', a single species. 

Consequently, all together, curves {p, q) of 

m' — 1 + m' — 2+m' — 14-4=3m' 

distinct species are found. Of different orders, all from 2m' — 2 to 3m' occur, 
making a total of m' + 3 , so long as m' > 2 ; when m' = 1 , this result must be 
diminished by unity, since no curve of the lowest order, 2m' — 2, then exists. 
Hence, the following 

Theorem : Surfaces S o/miy given order ml > 2, can c\d from 2 curves (p, q) 
of 3m' distinct species and of m' + Z different orders^ where S is a surface of the 
lowest possible order containing the curve {except 2 , i/ m' > 4) and, therefore, has its 
residual intersection toith X made up entirely of generators of the latter surfaoe. 

If the curve {p , q) have ^ = 1 , a plane through the double line of X will 
contain only one point of the curve not lying on that line. Such a curve is uni- 
cursal ; the surfaces S, of order m' > 2, can then, under the given conditions, cut 
from X two unicursal curves for each value of m' ; these two curves will be of 
the species (2m' — 2, 1) and (2m' — 3, 1) and of the orders 2m' — 1 and 2m' — 2 
respectively. When m' = 1 , the unicursal curves found in the same way are of 
the species (1, 0) and (1, 1) and of the orders 1 and 2 respectively 

Results for the lower values of m', in accordance with the formulas stated, 
are given in Table 2. In this table, as in eome of the preceding formulas, curves 
(p, q), where j> = 2^, which might be given under both Case I. and Case III., are 
inserted as occurring only in Case I. 
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V. — Smgularities of the Curves (p, q) on X in Terms of p and q. 

It is now possible to find the singularities of any given curve on S by mak- 
ing use of the knowledge of the nature of the residual intersection of S with the 
surface S^ as that surface has been defined in the preceding pages. 

Let the characteristics of the developable surface, having the curve in ques- 
tion for its edge of regression, and of the cone standing upon that curve be 
denoted, in accordance with the usage of Cayley and Salmon,'*' by the letters 
m, n, r, a, j3, x, y, flf, A and ff. 

As already seen, m =p + 5. It is, in general, possible that the curve of 
intersection of S and S shall contain no cusps arising from the occurrence of 
stationary contact between these two surfaces ; hence, for one such curve, at 
least, it may be assumed that ^ has its lowest value, zero. For the third singu- 
larity of the given curve, the rank, r, can be found in the following manner: 

Given two surfaces, whose equations are S=zO and S = , the condition 
that a tangent to their curve of intersection meet the arbitrary line represented 
by the equations 

«i» + ^ly + c^a 4" <^« = and a^x -{- b^ + c^z -{- dgB:=0 ib that 
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= 0, 



which may be denoted by A = , where the surface A represents the locus of 
points, the intersections of whose polar planes with respect to S and 2 meet the 
arbitrary line. If the curve in question be the complete intersection of /S' and 
2, the rank desired will be the number of points common to Sy X and A; i. e., 
the product of the orders of those three surfaces, subject to a reduction for the 
multiple points of the curve. But, if the curve be taken as the partial intersec- 
tion of S and S , a further reduction of that product is necessary in order to 
obtain r.f 

The surface S has been defined, in the general case, when so determined as 



* Salmon, ''Geometry of Three Dimensions,'' pp. 291-298. 
t Salmon, '' Geometry of Three Dimensions," p. 808. 
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to contain the curve {p, q) and have the residual of its intersection with S made 
up entirely of straight lines, by the formulas (cf. p. 206), 

m' = i(/> + r) + l, /i = J(p + r) — g + 1, A = 2, flfi = r, when $^ = 0. 

The surface S is known to be of order three and to have a double line. There- 
fore, if Jf, Fly F2 and Gi represent, in regard to A and 2, what tw',/i,/|, and gi 
respectively, denote with reference to S and S , it is clear that the surface A will 

have 

Jf=i(p + r) + 2, Fi = i{p + r)-q + l, F^=2 

in all cases. As for 6^1, it is evident that its value depends on the choice of q^ ; 
thus, if Or he so chosen as to represent r different generators in the first sheet of 
2, it follows that (tj = 0, while if o^ include any such generator more than once, 
then will that generator occur on A, so that in such case 6^1 ]> 0. In general, if 
all generators entering more than once in q^ be p in number and contribute a 
total order of y as their component of </i, where 2p < y < r , then will A contain 
p generators of 2 and have 6ri = y — p ; for any generator in the first sheet of S, 
which occurs e times in the intersection of S and 2, will occur e — 1 times in 
the intersection of A and S . 

The curve (j>, q) meets the surface A, in general, in 

m.M' = {p + q)[i {p + r) + 2] 

points, which number must be subjected to reductions in two ways in order to 
obtain r. First, since the lines common to A and S are multiple to an order at 
least as great as two on one or both the surfaces S and X , it follows that the 
polar plane or planes with respect to S and S for all points on these lines are 
one or both indefinite ; consequently, the points of intersection of the curve 
(p, q) with such multiple lines of A should be rejected from the above number ; 
this demands a reduction, since (j>, q) hasp — q points on the double line in the 
first sheet of S, 9 points on that line in the second sh^et of S, and q points on 
every generator in the first sheet of S , amounting to 

{p-q).F, + qF, + qG, = {p^^q)[i{p + r)-q + l] + 2q + q.{y-p). 

Secondly, wherever the curve {p, q) meets a line common to xS^and 2, these two 
surfaces have contact, since an element of the curve and an element of the 
common line determine there a plane tangent to a sheet of either surface. Every 
such plane meets the arbitrary line in question, but such points must be rejected 
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from the above number, since, in general, the tangent to the curve' there will not 
mtersect the arbitrary line. This demands a reduction by p for the points 
where the curve meets the double line, by pq for the points on the p generators 
occurring on A, and by (r — y) • ? for the points on the r — y generators occur- 
ring singly in the residual intersection of S and 2. Therefore, the second 
reduction amounts to 

Hence, if no further condition of contact between S and X be imposed, it is 
obtained that 

r=m.M' — {p — q)'Fi — q.Fi — q. Gi—p — (p + t — y).q 
= p.{M'-F,— l) + q.{M' + F,-F,-r) 
= q.{2p-q + l). 

And if it be further required that S and X have ordinary contact at H points 
and stationary contact at ^ points, the formula for the rank of the given curve 

{pf q) is' 

r=q.{2p — q + 1)— 25^— 3/3. 

Double points resulting from the intersection on the double line of S of a 
pair of branches of the curve (p, q), the branches lying one in either sheet in 
that neighborhood, are among the singularities included in h and not in H] for, 
while they are actual double points of the curve, regarded by itself, they are 
only apparent double points, regarded from the point of view of the geometry 
on the surface S. If such apparent-actual double points have their number 
denoted by A^, where A = Ai + /i^, it is evident that h^<p/2] hi will then refer 
to points which are, from the consideration of the geometry on the surface S as 
well as from the point of view of the curve itself, apparent double points ; and 
5" will refer only to those multiple points arising from imposed contact of i^ with 
S, i. e., actual double points from both points of view. Similarly, a cusp, from 
the point of view of the curve, arises when two branches, lying one in either 
sheet in that neighborhood, intersect at the pinch-point ; but, regarded from the 
standpoint of the geometry on the surface S, such a singularity is not a cusp and 
consequently will not be included in fi , which represents the number of cusps 
resulting from imposed stationary contact between S and X , i. e., singularities 
which are cusps from both points of view ; such apparent-actual cusps will be 
included in h^. 
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The ordinary Pluckerian equationa connect the singularities here considered 
bj the formulas 

%=i[m(in — 1) — r], x=J[r(r — 1) — Sin — n], 

n^3(r — »n) + j3, y = « — (« — »»), 

a = 2(n — ot) + /3, gr=i [n(n — 1) — r— 3a]. 

These equations, with the help of the values of m and r already found, give the 
following complete set of formulas for the singularities of the curve {p , q) in 
terms oip, g. H, and ^ : 

h=i\p{p-\) + q{q — i), 

n =3(2pg' — 2»— J))— 2(35^+4/3), 

a = 4p (3g — 2) — 2^ (3^ + 1) — 3 {4H+ 5^), 

r =q{2p — q + l)—2H—Zp, 

X =: 2pq{pq — ^ + q— 2) i- i q{f — 2^ + 5q— 4) 

-i{4pq-2^+2q^ 1){2H+ S^) + J {2H+ 3/3)» +ZH+4fi, 

y =2pq{pq — ^ -\- q— b) ■\- \ q{^ — 2^ + llq— 2) 

-I- 4p _ J (4pg— 2g« + 2g — l)(2ir+ 3j3) + i (2F+ 3/3)» + 3 (3F+ 4/3), 

gr = J (2pg — 5» — p)« — 1 Igr (2p - g) + i (27i) + 5^) 

— [« (2pg - 2* — i») — 7](3fl'+ 4/?) + 2 (3JT+ 4/?)» + H. 

If the deficiency of the curve (^, j') be denoted by Z), it will be shown later (cf. 
page 220) that 

The number of varieties of curve of each species (jpi 9), according to the possible 
conditions of ordinary and stationary contact between the surfaces S andS, 

is evidently i (^ + 1)(^ + 2). 

It was seen on page 210 that the curves {p, q) having g = 1 , are unicursal ; 
the equation for D above shows that such curves have the deficiency zero, and 
gives as the condition for zero deficiency when ^ = j3 = that q have the value 
unity. 

The singularities of several curves of the lower orders, as computed by the 
help of the formulas found above, are presented in Table 3. 
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40 


76 











2 


1 


11 


13 


13 


38 


32 


53 











1 


2 


10 


11 


10 


29 


36 


35 














3 


9 


9 


7 


21 


19 


31 




(4.3) 


12 


3 








18 


33 


62 


126 


100 


441 








2 


1 


0, 


etc., re 


peating 


the above cases in 


order 


8 


(7,1) 


21 











14 


18 


20 


70 


60 


116 




(6.2) 


17 


4 








22 


42 


68 


198 


164 


748 








3 


1 





20 


36 


56 


160 


132 


536 








3 





1 


19 


34 


63 


142 


116 


472 








2 


2 





18 


30 


44 


126 


104 


860 
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in Speoiee. 



(5, 3) 16 



(4, 4) 18 



D 


H 


P 


r 


n 


a 


m 


V 


g 


2 


1 


1 


17 


28 


41 


110 


90 


308 


2 





2 


16 


26 


88 


95 


77 


260 


1 


8 





16 


24 


32. 


96 


80 


220 


1 


2 


1 


15 


22 


29 


82 


68 


180 


1 


1 


2 


14 


20 


26 


69 


57 


144 


1 





3 


13 


18 


23 


57 


47 


112 





4 





14 


18 


20 


70 


60 


116 





3 


1 


13 


16 


17 


58 


50 


88 





2 


2 


12 


14 


14 


47 


41 


64 





1 


3 


11 


12 


11 


37 


33 


44 








4 


10 


10 


8 


28 


26 


28 


5 








24 


48 


80 


240 


236 


1128 


4 


1 





22 


42 


68 


198 


164 


748 


4 





1 


21 


40 


65 


178 


146 


672 


8 


2 





20 


86 


56 


160 


132 


586 


3 


1 


1 


19 


84 


53 


142 


116 


472 


3 





2 


18 


" 32 


50 


125 


101 


412 


2 


3 





18 


30 


44 


126 


104 


360 


2 


2 


1 


17 


28 


41 


110 


90 


308 


2 


1 


2 


16 


26 


38 


95 


77 


260 







3 


15 


24 


85 


81 


65 


216 




4 





16 


24 


32 


96 


80 


220 




8 


1 


15 


22 


29 


82 


68 


180 




2 


2 


14 


20 


26 


69 


67 


144 




1 


3 


13 


18 


23 


57 


47 


112 







4 


12 


16 


20 


46 


38 


84 





6 





14 


18 


20 


70 


60 


116 





4 


1 


13 


16 


17 


58 


50 


88 





3 


2 


12 


14 


14 


47 


41 


64 





2 


3 


11 


12 


11 


87 


33 


44 





1 


4 


10 


10 


8 


28 


26 


28 








5 


9 


8 


5 


20 


20 


16 


3 








20 


36 


56 


160 


132 


536 


2 


1 





18 


80 


44 


126 


102 


310 


2 





1 


17 


28 


41 


110 


90 


303 



29 
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VI. — Geometry on 2 from the Point of View of Plane Curves. 

Any curve {p, q) in the geometry on S has as its analogue in plane geom- 
etry an entirely definite curve ; the equation of the former being ^ (% , (i, r) = 0, 
the equation of the corresponding plane curve is ^{x, y, z)= 0. The order of 
(/>, 9) as a curve in space \8p+q, but the order of the corresponding curve in the 
plane, and also of the given curve from the point of view of the geometry on X, isp* 
To the^ — q points of (i>, j), which lie on the double line in the first sheet of 
S corresponds on the plane curve a multiple point, the order of whose multi- 
plicity is^ — q-j the line on 2 is given by X/i^ = fi/v = 0, and the point in the 
plane by «= 0, y = 0. To this fact that to the p— q points on a line on S 
corresponds a (/) — g)-tuple point in the plane are due the chief differences 
between the geometry on X and plane geometry. 

1. Intersections of Two Gurves {p^q) and {jpf^ ^). 

Two plane curves of orders p and pi intersect in ppf points. But since the 
two curves {p, q) and (p^, q^) will, in general, have no common points on the 
double line in the first sheet of S to correspond to the points of intersection of 
the two analogous plane curves at the multiple point a; = 0, y = 0, the number 
of intersections of the curves {p , q) and (//, ^) will be less than pp^ by the num- 
ber of points of intersection of the two corresponding plane curves at their mul- 
tiple point in question, i. e , pp must be diminished by {p — q){pl — ^). Hence, 
if {p , q) and {pi, ^) have no points of intersection on the double line in the first 
sheet of 2, they will intersect in pp^ — (jp — q){pl — ^) points. If, however, the 
two curves (p, q) and {pi, q') have a common point or points on the double line 
in the first sheet of X , further consideration is necessary. If the equations of the 
two curves are 

^{^y (ij v)= Up+ V. Up^i + +y*-^-« + 

+ v«-M7p^,+i + v«.irp_^ = and 
^'{^^[i,v)=: U'p^+v.Ui.^^+ .... +i;-'.Z7J._.,+ .... 

+ I'^'-^DJ'-a^+i + r«'.D^^^ = 0, 

the condition that 6 points of the line in question be common to the two curves, 
or that the order of intersection of the two curves on that line be 0, is that Up_q 
and TTp'-q' have 6 linear factors common. If the equations of the two corres- 
ponding plane curves be now obtained by replacing ^ , (i, and v hy x, y, and z 
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respectively in the equations of {p, q) and (p', g^), giving ^{x, y,z)=: and 
^' {x, y, z)=^Of the condition for intersections on the double line in the first 
sheet of S in the former case becomes in the latter case the condition that $ 
branches of the one curve be tangent to 6 branches of the other curve 
at the point x = , y = . Hence, the two plane curves will have 
pp' — {p — q){p^ — ^) — intersections apart from the multiple point 
in question. Similarly, the given curves {p, q) and (^Z, qf) will have 
ppf — {p — q){pf — qf) — 6 intersections apart from the double line in the first 
sheet of S . This number, together with the $ intersections lying on the double 
line in the first sheet of 2 , gives a total of pp^ — {p — q){p' — qf) intersections 
in this case also. Therefore, from the point of view of the geometry on X is 
established for all cases the 

Theorem. — The ttoo curves (Pfq) and {p^^qf) on 2 have pq^+qip^ — qf) 
intersections.* d of these intersections will lie on the double line in the first sheet 
of 2 when, and only when, the two corresponding plane curves have 6 branches 
of the one tangent to d branches of the other at the multiple point x = , y = . 
If either ^ = 5 or y 2= 5', then will not only have the value zero, but, further- 
more, the number of intersections of (jp, q) and (/}', qf) will be the same as the 
number of intersections of the two corresponding plane curves. 

The above formula includes only those intersections which occur as such in 
the geometry on the surface 2 and does not take account of cases where a branch 
or branches of each curve meets the double line of S at the same point, the 
branch or branches of the one curve lying in the one sheet and the branch or 
branches of the other curve lying in the other sheet of 2 in that neighborhood ; 
but the intersections thus occasioned, although to be regarded as only apparent 
from the standpoint of the geometry on 2 , are actual from the point of view of 
the curves {p, q) and (^, qf) as curves in space. If the number of such inter- 
sections be denoted by Oq, it is evident that 0<$Q<{p — q)qf + (jp' — S') ?> 
and that pqf + p^q — qqf + Oq is the number of intersections possible to any two 
curves {p, q) and {p\ q[) regarded as curves in space ; evidently this number can 
be greater than, equal to, or less than the number of intersections of the corres- 
ponding curves in the plane ; it will necessarily be the same as in the case of the 
analogous plane curves when both p = 9 and p' = ^. 

*Thi8 agrees with the formula ( Oa , b^ ) = a/?-|-&a — 8a/? giTen hy Professor Story, " On the Num- 
ber of iDtersections of Curves Traced on a Scroll of any Order," Johns Hopkins University Circulars, 
August, 1888. 
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2. Double Points on {p, q). 

A plane curve of order p can have at most i(p — l)(i> — 2) double 
points. A point of the {p — g)*** order of multiplicity counts as equivalent to 
i[p — q){p — q — 1) double points; hence, the plane curve, which is the 
analogue of the curve (jp, g) on S, can have a maximum of 

i{p—l){p—2)—i{p-q){p—q—l)=p{q—l)-iq{q + l) + l 

double points apart from the {p — 5)-tuple point a?= 0, y= 0. Consequently, 
from the point of view of the geometry on 2, the curve (/), q) can have at most 
P{Q~ 1) — ^9(9 "^ 1) + 1 double points ; hence, B:=:p{q — I) — iq{q + I) 
+ 1 — H — /? , as stated on page 21 5. If a multiple point or multiple points, whose 
total order of multiplicity is /, lie on the double line in the first sheet of S, then 
must the branches of the corresponding plane curve have contact of the total 
order y at the multiple point a = , y = ; evidently, y must have the value 
zero when i> = g'; and, furthermore, any curve (jp, 5), where p^^q^ has the 
same maximum number of double points as the corresponding plane curve. 

The results obtained thus far in this section have to do only with actual 
double points ; i. e., points whose order of multiplicity comes entirely from the 
intersection of branches lying in the same sheet in the neighborhood of the 
point in question in each case. But it has been already noticed that apparent- 
actual multiple points — at most, only apparent from the standpoint of the geom- 
etry on 2, but actual from the point of view of (^, g) as a curve in space — may 
occur from the intersection on the double line of branches of the curve, some of 
which branches lie in the one sheet of 2 and another or others lie in the other 
sheet of 2 in the neighborhood of the point of intersection in question. If no 
actual multiple points occur on the double line of S , there can be at most q such 
apparent-actual double points on the curve {p, q)j if p>^, and at most p — q 
such double points on that curve, ifp< 2q. In general, if /?i branches intersect 
at a point of the double line, and all lie in the first sheet of X in that neighbor- 
hood, and also ^2 branches, all lying in the second sheet of X in the neighbor- 
hood of the double line, intersect at the same point of that line, the point in ques- 
tion counts as a i {^i + (i%){(3i + ^2 — l)-tuple point of the curve to which those 
branches belong, if that curve (pi 9) be regarded as a curve in space. The same 
point has for its order of multiplicity on {p, 9), regarded from the standpoint of 
the geometry on X and the corresponding plane curve, only the sum ^ /3i(^i — 1) 
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+ i P% {^2 — 1) ; hence, the increase in the order of multiplicity of the point, 
due to the introduction of the apparent-actual multiple points, is 

i iPi + ^*m + ^,- 1) - Ml (/»!- 1)- M.(^.- 1) = P^,> 

which may be as great as q{p — q). Therefore, the maximum sum of the 
orders of multiplicity of all the multiple points of {p, q)y regarded as a curve in 
space, is 

p{q-l)- iq{q'hl) + l + q{p-q)=p{2q-l) — iq{Sq+l)^l. 

So the curve (/>, q) can have the sum of the orders of multiplicity of all its mul- 
tiple points .less than, equal to, or greater than the corresponding sum in 
the case of the analogous plane curve. The above number p{2q — 1) 
— i g^ {iq + 1) + 1 reduces to i {p — l){p — 2) , when p=^ q, as is evident 
geometrically, since no point of the curve (/>, g), when jp =^, lies on the double 
line in the first sheet of 2. Any curve (p, q), which has g^= 1 and, conse- 
quently, is unicursal, and, frdm the point of view of the geometry on 2 , of 
deficiency zero, can still have an order of multiplicity of all its multiple points 
together of at most p — I , according as the p — 1 points on the double line in 
the first sheet of 2 lie, in part or even wholly, at the point where that line is 
met by the curve in question in the second sheet of 2; thus the quantity 
p {2q — 1) — hq (Sq + 1) + 1 reduces to ^ — 1 when q has the value unity. 

3. Determination of the Curve (p, q). 
The equation of the curve (p, q)y when written in the form 
^=Up+v. Up^i+ .... + V*. Up^,+ .... +v^'\Up^q^i+v^.U^^q=0, 

is seen to contain, in the general case, 

P + i +P + P—^ + +p — q'^2+p — q+l 

= pq+p — iq{q— 1) + 1 

terms ; consequently, the curve (p, g') is determined by/>(5 + l) — i q{q — 1) 
points. 

The same can be seen also in this way : The general p-thic in the plane is 
determined by ijp(i> + 3) points. The equation above, representing (jp,g^), 
has all the terms of the general p-thic save those in the powers of v beyond v^, 
which are 
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The number of these terms is 



p — q+p 



1+ .... +2 + l = ii{p-q){p-q + l). 



This number of conditions must be subtracted from hp{p + 3), giving 

as the number of conditions or points necessary to determine a curve on S. 

Unicursal curves, having always ^ = 1 , are each determined by 2jp points, 
as the formula shows ; and any ( j> , 9) > where j> = 9 . is seen, from the point of 
view of its analogue in the plane, as well as from the formula given, to be 
determined by i ^ (jp + 3) points. 

Table 4 gives the number of points necessary to determine a curve {p, q) 
of the species indicated, for all curves having jp < 10 . 











TABLE 4. 










Curve 


Points 


Carre 


Points 


Carve 


Points 


CarTe 


Points 


Carve Points 


(1,0) 


1 


(5,2) 


14 


(7,3) 


25 


(8.8) 


44 


(10, 3) 


37 


(1.1) 


2 


(6,3) 


17 


(7,4) 


29 


(9,1) 


18 


(10, 4) 


44 


(2,1) 


4 


(5,*) 


19 


(7,5) 


32 


(9,2) 


26 


(10, 5) 


60 


(2,2) 


6 


(5,5) 


20 


(7,6) 


34 


(9,3) 


33 


(10, 6) 


66 


(3,1) 


6 


(6,1) 


12 


(7,7) 


35 


(9,4) 


89 


(10,7) 


69 


(3,2) 


8 


(6,2) 


17 


(8,1) 


16 


(9,5) 


44 


(10, 8) 


62 


(3,3) 


9 


(6,3) 


21 


(8,2) 


23 


(9,6) 


48 


(10, 9) 


64 


(4,1) 


8 


(6,4) 


24 


(8,3) 


29 


(9,7) 


61 


(10, 10) 


66 


(*,2) 


11 


(6,5) 


26 


(8,4) 


34 


(9,8) 


53 






(*,3) 


13 


(6,6) 


27 


(8,5) 


38 


(9,9) 


64 






(4,*) 


14 


(7,1) 


14 


(8,6) 


41 


(10, 1) 


20 


■ 




(5,1) 


10 


(7,2) 


20 


(8,7) 


43 


(10, 2) 


29 







It is evident that here, as in the case of the determination of plane curves 
by points, the resultant curve will be improper when any one of certain relations 
exists between the given points. Thus, if more than p — q o{ the points chosen 
for the determination of a (p, q) lie on the double line in the first sheet of S , the 
curve must contain that line ; and, similarly, if more than q of the p{q + 1) 
— ^ ? (? — 1) points lie on any generator of 2 , the curve determined must con- 
tain that generator ; hence, if, in either of these cases, the curve be of order 
greater than unity, it will be an improper curve containing as a component a 
straight line. So, in general, when p{q + 1) — ^ q{q — 1) points for the deter- 
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mination of a (p, ?) are given, since a {p — p', g^ — g') is determined by 

{P — P){9. — fi' + l) — M? — fi^)(? — ^ — 1) points, it follows that when as 
many as 

i>(g+l)-i2(9-l)-(p-y)(g-^ + l) + i(^ — 2')(5-^-l) 

= _p' (gr -5/ + 1) + g'(p_gr) + J^(j' + 1) 

of the given points lie on a (y, g^), then the {p,g[) is made up of the two curves 
(^, g') and {p — p', q — g[)\ but it is necessary here that pf ^p and g' > g' , and, 
consequently, p — ^ > g — g'. Under these conditions it may be stated that, if, 
of thep (? + 1) — ^9. {9. — 1) points given for the determination of a (^, g) , as 
many as^ (g — g' + 1) + ^ {p — q) + ig^(g' + 1) lie on a (p', g^), the (^, g) 
will consist of this {ply g') , together with the ( jp — pl,q — g') determined by the 

{p — P^)i9 — fi^ + 1) — M? — ^)i!i — ^ — 1) remaining points. 

Thus, if two of the 2p points given for the determination of a unicursal curve 
(p, g)g=i lie on a generator, the curve consists of that generator, together with 
the unicursal curve {p — 1, 1) determined by the 2{p — 1) remaining points; 
and, in general, if 2p — a of the 2p points given for the determination of a uni- 
cursal curve (/>, g)g=i lie on a unicursal curve {p — a, 1), the a remaining points 
determine a generators, which, together with the {p — a, 1), constitute the 
{p, g)g=i in question. As a particular case, let there be given 50 points for the 
determination of a (10, 5) ; if 46 of those 60 points lie on a (6, 5), the 4 remain- 
ing points determine a (4, 0) , 4 generators, which, with the (6, 6) , constitute the 
(10, 6) ; or, if 42 of those 60 points lie on a (6, 4), the (10, 6) consists of that 
(6, 4), together with the (4, 1) determined by the 8 remaining points; or, again, 
if 39 of those 60 points lie on a (6, 3) , the (10, 6) consists of that (6, 3) , 
together with the (4, 2) determined by the 1 1 remaining points ; or, similarly, if 
37 of those 60 points lie on a (6, 2), the (10, 6) consists of that (6, 2), together 
with the (4, 3) determined by the 13 remaining points; if 36 of those 60 points 
He on a (6, 1), the (10, 6) consists of that (6, 1), together with the (4, 4) deter- 
mined by the 14 remaining points; if 48 of those 60 points lie on a (9, 4), the 
(10, 5) consists of that (9, 4), together with the (1, 1) determined by the 2 
remaining points, etc., etc. 

A case not in accord with what has been stated in this section occurs when 
the number of points prescribed by the formula for the determination of the curve 
is the same as the number of points in which two curves of the species of the 
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given curve intersect ; i. e., when p{q + 1) — i ? (? — 1) = Spy — g^ ; this 
demands that j) = I H\^ "^ ) and is satisfied by jp = 3 and 9 = 2 or 3 , but by 

no other values of p and q. Thus, a (3, 2) is determined by 8 points and two 
(3, 2)'s intersect in 8 points ; if ^1 = and ^9 = are the equations of two 
(3, 2)'s which both pass through 7 given points, ^1 + h^ = is the equation of a 
(3, 2) passing through all the 8 intersections of the two given (3, 2)'s; conse- 
quently, all (3, 2)'s having 7 points common have in addition an 8th common 
point ; and if the 8 points given for the determination of a (3, 2) are the points 
of intersection of two (3, 2)'s, the desired curve is not completely determined ! 
for a single infinity of (3, 2)'s can be passed through the 8 given points, and one 
(3, 2) can be passed through the 8 given points and any 9th point. Similarly, 
and just as in the case of plane curves of the third order, a single infinity of 
(3, 3)'8 can be passed through the 9 points of intersection of any two (3, 3)'s ; and 
a 10th point is necessary to define a (3, 3) whenever the 9 given points are the 
points of intersection of two (3, 3)*s. Thus, if 32 of the 60 points given for the 
determination of a (10, 5) lie on a (7, 3), the (10, 6) consists of that (7, 3) and the 
(3, 2) determined by the 8 remaining points, if those 8 points are not the points of 
intersection of two (3, 2)'s; and, similarly, if 41 of the 50 points given for the 
determination of a (10, 5) lie on a (7, 2), the (10, 5) consists of that (7, 2) and 
the (3, 3) determined by the 9 remaining points, if those 9 points are not the 
points of intersection of two (3, 3)*s. 

From the corresponding theorems in plane geometry are derived the follow- 
ing for the geometry on S : 

a). If the two curves (y, g') and (p" , g") have no multiple points of inter- 
section, 

1). Any (^, q)q^p^^ which passes through all the points of intersection of 
(/)', 3')^=p' and (jp", g'09"<p" » whose equations are ^' = and ^" = , can have 

its equation put in the form ^ = -4^' + JB^" = , where j1 = and -8 = repre- 
sent curves of the species {p — pl^ q — ^ — x) and ( jp — p^'^ q — 5" — x) respec- 
tively. Here must clearly x>q — ^' — {p — ^") . 

2). Any (p, g^)g=|,_(p'-g')-(p"-g'o + i> which passes through all the points of 
intersection oi(p'y q')q'<:p' and (y, 3")q"<p"» whose equations are ^'=0 and ^' = 0, 
can have its equation expressed in the form ^ = A^'+B^*' = , where J. = and 
5 = represent curves of the species ( jp — p^, p — p' — (^ — s'O + ^^^ 
iP — P'l P — P' — (y — ^) + 1) respectively. 
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b). If the two curves (^, g') and (y, q^') have an r-tuple point P of the 
former coincident with an 6-tuple point P of the latter, 

3). Any (jp, q)q=p^Ki which passes through all the points of intersection of 
(y , ^)(f^p' and (y, 2")q"<p'/, whose equations are ^' = and ^" = 0, will have 
an (r + « — l)-tuple point at P, and can have its equation expressed in the 
form ^ = -4^' + jB^" = 0, where -4 = represents a curve of the species 
(jP — y> 9. — ^ — *) having an {s — l)-tuple point at P, and JB = represents a 
curve of the species (jp — pl\ q — j'' — x) having an (r — l)-tuple point at P. 
Here evidently x>q — g" — {p — y) • 

4). Any (j9, 5)q_p_(p,_q.)_(p,._q//)^i, which passes through all the points of 
intersection of (p'. fi^V<p- and (i>"i 5"V'<p''i whose equations are ^' = and 
^" = , will have an (r + « — l)-tuple point at P, and can have its equation 
expressed in the form ^ = A^' + B^*' = 0, where -4 = represents a curve of 
the species ( p — pl^p — p^ — ( jp" — S") + 1 ) having an {a — l)-tuple point at P , 
and j1 = represents a curve of the species ( jp — J^', jp — i>" — (^ — s') + 1) 
having an (r — l)-tuple point at P. 

Many interesting applications of these four theorems are possible. It fol- 
lows from 1) that, if p^^ + p/'q — q^' of the p^ + pfq — q^ intersections of a 
(p, q)q^p^^ and a (y, j') lie on a {pl\ j")g''<p''> *^he remaining points of intersec- 
tion lie on a (jp — p'^q — 3" — ^); or, ii pp/^ of the ipq — g* intersections 
of two (i>, g')'s lie on a ( y , g^')q// .p./ , the remaining points of intersection lie 
on a {p — p!\q — g^')- ^^is means that, if 8 of the 16 points of intersec- 
tion of two (4, 4)'s lie on a (2, 2), the remaining 8 points also lie on a (2, 2); 
if 6 of the 9 points of intersection of two (3, 3ys lie on a (2, 2), the 3 remaining 
points lie on a (1, 1) ; and, again, if 17 of the 30 points of intersection of a (6, 5), 
with a (5, 6) lie on a (3, 2), the 13 remaining points lie also on a (3, 2) . 

Prom 2) it follows that, if p(]f* + pi'q — q^* of the p^ + p^q — q^ points 
of intersection of a (jp, g)g<p and a(y, 2'V<p- lie on a {pl\ s"V'=i''-(i>-«)+(p'-«'h-i» 
the remaining points of intersection lie on a (jj — p", p — i>" — {p' — ff') + l)» 
where evidently p' — ^ ^{p — q) + 1 ; and if ^' + pl^q — q^^ of the 2pq — j* 
points of intersection of two (jp, g)g<j,'s lie on a {pl\ g")«"-i»"-i» *^® remaining 
points of intersection lie on a (jp — p\ q — jp" + 1). Thus, if 6 of the 8 points 
of intersection of two (3, 2)'s lie on a (2, 1), the 3 remaining points lie on a (1, 1) ; 
and if 21 of the 30 points of intersection of a (6, 4) and a (6, 3) lie on a (4, 3), the 
9 remaining points lie on a (2, 1). 

30 
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Similar applications of Theorems 3) and 4) are readily obtained. 

Theorem 1) shows also that any {p, g)q=py which passes through jP (? + 1) 
— iyte — ^) — 1 points of intersection of another (p, q)q^^ and a {p, {'V^p-jci 
contains also the i {p — l){p — 2) remaining points of intersection if these do not 
all lie on a (2> — 8,7—3). Thus any (4, 4), which passes through 13 points of 
intersection of another (4,4) and a (4, 2), contains also the 3 remaining points of 
intersection, unless^ those 3 points all lie on a (1 , 1) ; etc., etc. 

4, The Conic (1 , 1) on 2 . 

The most general linear equation in the three variables, /I , [i and 1; , is of the 
form a% + b[i + cv=: and represents a curve of the species (1 , 1) , which may be 
called a conic (1 , 1) on 2* This curve meets every generator of 2 in one point, 
has consequently one point on the double line in the second sheet, but has no 
points on the double line in the first sheet of 2 . If & = , this conic passes 
through the point a: = 0, y = 0, 2=0 in the second sheet of 2 , and, if a =6 := , 
it is the conic which, with the generator y = , 2=0, forms the intersection of 
the plane 2=0 with 2 . If a = and & =^ , this conic passes through the point 
y=:0,2 = 0,«=0, lfc = 0, the curve is no longer a conic but a generator 
( 1 , 0) ; but in this case it may be said that the conic consists of the generator in 
question and the double line in the first sheet of 2 > since the conic (1,1) tends to 
become that composite curve as a limiting case when c is made to approach zero ; 
thus the (1,0) and the (0,1) together still constitute a eonic (1,1) when = , 
although the curve is no longer a proper conic. 

A conic (1 , 1) is evidently determined by two points, neither of which lies on 
the double line in the first sheet of 2 ; nor can both lie on any generator, if the 
curve is to be proper. The equation of the conic (1,1) through the points (1) 
and (2) may be written in the determinant form thus : 

X fl V 

^i H'l '^1 = . 
X, m va 

The condition that this conic pass through the pinch-point in the second sheet of 
2 is obtained by putting Xi = j[/i = , which makes (1) become that point ; this 
substitution gives : 

X [I V 

i;^ =0 

^% Ih ^8 
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or ^X — Xjfc = , for the equation of the conic ; hut this equation gives only the 
generator ^/ (1=^^/(1% through the given point (2); or, the improper conic in this 
case may be regarded as made up of this generator and the double line in the first 
sheet of 2. This agrees with what was stated earlier, that no {p , q)q^p can pass 
through the pinch-point, and requires that point to be regarded aa lying in the first 
sheet rather than in both sheets of S. If both points, (1) and (2), lie on the same 
generator, Xjfii = ^/(it > the equation becomes uiX — ^ = ; and, if that gene- 
rator be the double line in the second sheet, Xi = >l, = , the equation becomes 
/l= 0; hence, whenever the two points lie on the same generator, the equation 
reduces to the equation of that generator, and the conic can be regarded as msule 
up of that generator and the double line in the first sheet of X . Similarly, if one 
of the two points, as, e. g., the point (1), be chosen on the double line in the first 
sheet of X , the equation becomes that, of the generator through the other point, 
viz., mX — Jljg/i = ; and, if both points be chosen on the double line in the first 

sheet of 2 , the equation becomes X — —J -?- . ^ = , giving a generator deter- 

^1 — Ih 

mined by the two points, but containing neither of them so long as those points 
are distinct ; hence the double line in the first sheet must always enter here to 
constitute, together with the generator found, the improper conic (1,1) through, 
and determined by, the two points. 

Evidently the coordinates of any point on the conic (1,1) can be expressed 
linearly in terms of the coordinates of any two of its points thus : 

(I = 8(li + tflsi , 
V =^8Vi + tv^f 

It has been seen already that two (1 , l)'s intersect in a single point. If the 
equations of the two conic (1 , l)'s on 2 be aiX + b^fi + Ci^ = and a^X + bi(i + 
Cj|i; = , the point of intersection of the two curves has the coordinates 

This point lies on the double line in the second sheet if 61/^2 = Ci/cg, and cannot 
lie on that line in the first sheet of 2 so long as either conic (1 , 1) is a proper 

curve. 

In a similar way can all theorems concerning descriptive properties of lines 
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in the plane be applied to the case of the curves of species (1 , 1) on S . And in 
like manner can theorems concerning descriptive properties of curves of any order 
in the plane be applied to the cases of the corresponding curves on S . 

6. Pclar and Tangent Curves on X . 

If the operator ;i-jj-y+/i4^-y +1/^-7 be denoted by A, then may the curve 

whose equation is A*^' = be called the {p — A?)**" polar of the point (V, fi', v') , 
or -P, with respect to the curve whose equation is 4) = • If A; < g^ , this {p — ky^ 
polar is a curve of the species {k,k), while, if Aj > 5^ , it is of the species {k,q); 
consequently, as a curve in space, the {p — k)^^ polar is a 2A5-thic or a (A; + qythic, 
according as A;<9orA;>^, and may be designated as the polar 2Avthic or polar 
(k + g')-thic, respectively, of the point P with respect to the curve {p , q). If the 
point P be taken on the curve {p t q), the polar 2A^thic and the polar (A; + g')-thic 
become the tangent 2A^thic and the tangent (k + qythic respectively ; these curves 
have A; + 1 points lying on the curve {p , q) at the point P and therefore give, in 
general, the direction of that curve at the point in question. 

Thus, if P' be a point of the first order of multiplicity on {p , q) and do not 
lie on the double line in the second sheet of X , the direction of{p,q)ia given 
most simply by the tangent conic, whose equation is A4>' = . And, if P' be a 
point whose order of multiplicity ink on {p, q) and do not lie on the double line 
in the second sheet of S , the directions of the k branches are, in general, given by 
the tangent 2A;-thic or ( jp + Aj)-thic, whose equation is A*^/ = ; but multiplicity 
must here be regarded as referring only to the intersections of branches all of 
which lie in the same sheet of X in the neighborhood in question. 

If the equation oi{p,q)is given in the form 

the tangent conic at any point P of the double line in the second sheet of S , that 
point being of the first order of multiplicity on (i> , g^) , is a definite curve whose 
equation is 

Jl. T|f-i + iM.|^ +r.^ = 0. If P is not the pinch-point, 4^^=#=0, 

and the tangent conic cannot reduce to a tangent line. But if P is the pinch- 
point, then must jp ^ 9 + 1 , and if T^ be written in the form : 
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it is necessary that aq = and ag_i=^0 to insure that the curve pass once 
through the pinch-point in the second sheet. The pinch-point here is given by 
;i' = , /m' = ; T^_i contains the quantity iJ p — q— 1 times as a ftictor, while 

3F' dV 

-g-f and -^ contain the factors /ii'^""^ and |u'^"^+^ respectively; hence the tan- 
gent curve at the pinch-point in the second sheet has for its equation >l = and 
consists of the generator in that sheet, the double line itself ; consequently any 
{p,q) passing once through the pinch-point in the second sheet must take the direc- 
tion of the double line at that point. That such contact with the double line can 
occur, without having the curve meet the double line in the second sheet in two con- 
secutive points, is evident, since the vanishing of a^ above shows that the terms con- 
taining v^ all contain % , and hence that the curve {p ,q) has a point coincident with 
the pinch-point in the first sheet also ; therefore a (p , 9) , passing once through the 
pinch-point in the second sheet, has contact with the double line at that point, the 
second point of intersection lying, not in the second, but in the first sheet there. 
Conversely, a (p , 9) passing once through the pinch-point in the first sheet passes 
through the pinch-point in the second sheet also, and has the direction of the 
double line there, the two points of intersection with that line lying consecutively, 
one in one sheet and the other in the other sheet. 

If the point P, determined on the double line in the second sheet of 2 by 
X=^Of afi' — bv' = 0, (5 =^ 0), is a double point of the curve {p, q), the equation 
of ( jp, q) can be written in the form 

<l> = (aii — bi;y. F^-8 + X (a/^ — bv) . F^^, + ;i*.-^-2 -f- . . . . + ^p-\ X, = 0. 

That P' be a double point demands that 9 > 2 ; hence, the tangent curve here is a 
tangent quartic (2, 2) whose equation is 

If Xp_,= {afi — bv). I^_8 , the equation of the tangent quartic becomes 

and one branch of the curve at P* has the direction of the conic (1, 1) whose 
equation is afi — 61; = 0, while the other branch is tangent to the conic (1> 1) 
given by Jl • TFJ-9 + (i . a TJ., — v . 6 PJ ..g = , the tangent quartic breaking up 
into two tangent conies of the species (1, 1). If Wp^% = {a[i — bv).Zp^^, the 
equation of the tangent quartic becomes X'.^.g + {afi — 6v)'. T^_, = 0, and the 
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two branches of (p, q) have at P the directions of the two conic (1, l)'s given by 

^J-^^ + cLii—hp = Q and % . J^^ — afi '\'hv = 0. 

And, if, again, it happen that not only Wp^^^=^{aii — 61/). Zp^,, but also 
Xp_2 = (a/M — 6v)-I^-3, the equation of the tangent quartic reduces to 
{afi — hvf. Vp_2 = , and the tangent curve consists of the conic (1, 1) given by 
a(i — 5v = occurring twice. So long as b^O, it is clear that the curve can- 
not have contact with the generator |u = , and hence cannot take the direction of 
the double line at any point of that line apart from the pinch-point. But if & = , 
and P^ consequently be the pinch-point in the second sheet, the equation of the 
tangent quartic takes the form 

in which the value zero is still to be introduced for fi'. It is clear that fi' occurs 
as a factor p — q — 2, ^ — q — 1 and p — q times respectively in -IJ-g , ^p-2, 
and T^.8 ; hence, the tangent curve consists of the double line itself in the second 
sheet as given twice by the equation ;i* = . Here must Vp , as expressed on 
page 228, have a^ = a^_i = , while a^.g ^ ; consequently, the terms of ^ = 
containing v^ all contain X as a fieictor, and the curve (p, q), which passes twice 
through the pinch-point in the second sheet of S , contains the pinch-point in the 
first sheet at least once. Similar results are readily obtainable when P' is a point 
of any higher order of multiplicity on {p, q); and, in general, it is true that any 
branch of (p, q) which meets the double line in the second sheet at the pinch- 
point takes the direction of that line there, but at no other point of that line in 
the second sheet is the same true for any branch of {p, q). 
If the equation of (p, q) be taken in the form 

the direction of the curve at any point P, of the first order of multiplicity on the 
curve and not lying on the double line in the first sheet of 2 , is given by the tan- 
gent conic (1, 1) at the point, the equation of that conic being 

This tangent conic becomes the generator at the point when ^ = and g?? ^ ^ 
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If P lies on the double line in the first sheet: It has been seen on page 182 
that the points where (jp, q) meets that line are given by C^-g = 0, and it is 
supposed that P lies at the point where one of the p — q generators given by that 
equation meets the double line, and that such an one of those points is chosen as 
shall be of the first order on (p, q) and shall not lie at the pinch-point. It is clear 
that the tangent curve to be found here is not a tangent conic (1, 1) nor a tangent 
quartic (2, 2) , since those curves do not contain any one of the points in question ; 
but the tangent must rather be a curve having p>q — 1. To obtain the equation 
of this tangent curve at the point P, the following method is available : Since 
v/Jl ^=^v/ 11 = 00 all along the line in question, if 1/Jl, l/(i and 1/r be substituted, 
for ;i , ^ and v respectively in the equation 4) = , the problem becomes that of 
finding the tangent curve to the curve represented by the new equation thus 
obtained, at a point on the line given by v/>l = y/ju = , which point, /^is of the, 
first order on the curve in question, and is itself given by v = , X//^ = p , 
where p is finite. This problem is analogous to that of finding the asymptotes of 
a plane curve. The new equation, obtained by the performance in 4) = of the 
change of variables proposed above and cleared of fractions by multiplying by 
X^ljfv^y may be designated by ^ = and has the form 

The tangent curve at P is evidently a tangent conic (1, 1), in general, whose 
equation is 



^'^^^^ + i^'^^^^ + v.m^,.,=o. 



Up^q has the form 



15jr^^' dfi' 



and, accordingly, 

Vp+q =J^Y. (a^ + 61:1) .{(hii + h^) .... i%^qfi + 6p-«;i) =;iv.^«g, 

where TT^-^q denotes what t^_g becomes if Jl and (i are substituted for fi and X 
respectively therein. Similarly, it is seen that 

u;^,^^=^'-y-'^p^q^i. 

where I?^ « 5 + 1 has the same relation to Up^q+i as T^_, to CTp-.,. Hence, the 
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equation of the tangent conic above can be expressed in the form 

If, now, W, fi', andr' be substituted for l/;i', 1//^', and 1/v' respectively here, and, 
likewise, X, [i, and v for 1/Jl, !//[£, and l/v respectively, the equation of the tan- 
gent conic (1, 1) to the curve given by ^= at the point P becomes the equation 
of the tangent cubic (2, 1) to the curve {p, q) at the point P^, that equation being 
of the form 

TV 

If ^7^^"^^ = at P', the tangent cubic becomes a tangent line, the generator at 

At U, 

O TT/ O JTf 

P, given by X . —^^ + f* • —^r^ = ; hence, if the group of terms D^, ^^ ^j be 

lacking in the equation ^ = , the curve {p , q) has the direction of the genera- 
tor at the point P. 

In a similar way, if P lies at the pinch-point in the first sheet, it is found 
that the tangent cubic is reduced to the generator at the point given by ;i = , 
i. e., the double line itself in the first sheet. As already seen, the curve (/>, q) in 
this case passes through the pinch-point in the second sheet also, and can be 
regarded as having its two consecutive points on the double line lying one in 
either sheet at this point. 

Similar results are obtained if the point P is multiple on ( j? , q^) . And, in 
general, it may be said that the curve {p^q) has the direction of the double line 
at no point of that line save the pinch-point, but at the pinch-point can have no 
other direction. 

6. PlucJcerian EquaUona in the Geometry on S. 

The equation of the tangent conic (1 , 1) of any curve {p, q) at the point P 
has been seen to be 

As a locus in X', fi', r', this equation represents a curve of the species {p — I , q — l) 
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or {p — 1 1 ?) > according as p = j' or p > 5 + 1 ; let the equation of this curve, 
i. e.,.the above equation regarded as an equation in X\ f/, 1/, be denoted by ij/^ 0. 
If the number of intersections of the two curves given by the equations 4) = and 
ij/ = be denoted by JV, then may N be defined as the class of the curve ( i> » 9) > 
since it gives the number of tangent conies which can be drawn from any point P 
on S to the curve (2>, ff) , each point of intersection of the two curves being the 
point of contact of a tangent conic from the point P to the curve (i? , 5) . If the 
point P lies on (i> ^ 9) , it is clear that the number in question must be diminished 
by two for that point. And if A and K represent the number of double points 
and of cusps, respectively, occurring on (jp, ?), resulting from the intersections of 
branches lying in the same sheet in the neighborhood in question in each case, 
then, as in the corresponding case of plane curves, JVmust be subjected to a reduc- 
tion by two for each double point and by three for each cusp, giving the formula 

N=q{2p — q— 1)— 2A— 3Zr 

for the class of any curve ( j:; , 9) on ]S . It is evident that A and jE* refer to the 
singularities designated on pages 214-217 by J? and /3. 

A point of the curve {p,g) ^t which the tangent conic (1 , l) meets that 
curve in three consecutive points may be called an inflexion on S • If the number 
of such points be denoted by /, a formula for / in terms of p and q can be found 
thus: 

If j? be defined by the determinant of the second derivatives of the poly- 
nomial ^ : 



H= 



d^<l> 3*4> 



dfidX 



"3^ 



dXdv 
dfidv 



d^^ 9^^ 3*^ 



dvdX dvdfi 3v* 






and the curve whose equation is JT= be called the Hessian of {p, q), then will 

every intersection of this Hessian with the curve {p , g') be, in general, for that 

curve, an inflexion on S, as that term has been defined. The Hessian of (p, q) is 

of the species (3jp — 6 , Sq— 2), if p >q + 2 , (3p — 6 , Zq — 3) , if p= q + 1 

and (3jp — 6,Sq — 6) , if p = gr, as the determinant above shows. Consequently 

the number of intersections of the curve {p 9 q) with its Hessian is found to be 

2p(3gr— 1) — gr(3gr + 4), when^> 2+ 2,sjid3p {2q — 1) — Sq {q + 1), when 
31 
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p ^q + 1 . But these numbers are subject, as in the analogous case in plane 
curves, to a reduction by 6A + 8^, where A and K have the meanings assigned 
them above. And, furthermore, while the formula for the intersections used 
above makes the necessary reductions, in general, for the double line of S , it is 
known that a plane curve and its Hessian have contact between both branches of 
the two curves at a double point ; accordingly, whenever p^q+ 2 , the curve 
(JP> ?) ^^^ ^^s Hessian havejp — q actual intersections on the double line in the 
first sheet of X ; but these intersections are no more to be regarded as inflexions 
on X for the curve ( i> , 9) than are the points of intersection of a plane curve with 
the infinite line, in general, to be regarded as inflexions in determining the 
number t for the curve in the plane ; therefore, a further reduction hy p — g' is 
necessary when p^q+ 2 . Thus is obtained the formula 

/= Zp (2(7 — 1) — 3j (gr + 1) — 6A — SK, 

which holds for all values of jp and q . 

The same results are obtained at once from the Pliickerian formulas for the 
class and the number of inflections of a plane curve if the curve is supposed to 
have 2L {p — 9)-tuple point, and n , t , 5 , x , and m are replaced by JV, /, A , ^, 
and p respectively in the formulas for n and t ; thus 

n=^m{m — 1) — 28 — 3x gives 
N=p{p-l)-{p-q){p-q-l)-2A-ZK 

= q (2p — q — 1) — 2A — SK; and, similarly, 
t = Sm (m — 2) — 65 — 8x becomes 
I=Sp{p— 2) — S{p — q){p — q — l) — 6A — SK 

= Sp{2g— 1)— Sq{q + 1)— 6A— SK^ 

WUiLiAMS OOLLBOB, February 1, 1900. 



Congrusnt Beductiona of Bilinear Forms. 



By T. J. Pa. Bbomwioh. 



The following paper contains an account and a slight extension of a method 
due to Kronecker,* which, in the first place, was employed for the reduction of 
two quadratic forms ; this method seems to have been used by no other writer, 
although in some ways it is the simplest that has been proposed. Here I have 
applied the method to four cases of reductions : (i) two symmetric forms (the 
same as Kronecker's case of two quadratics) ; (ii) a symmetric and an alternate 
form ; (iii) two alternate forms, and (iv) two Hermite's forms. In cases (i)-(iii) 
the substitutions are congruent, while in (iv) they are conjugate imaginaries. 

In §§1, 2, I have explained a methodf for the reduction of a single form 
(alternate or symmetric) ; in §3, I have explained Kronecker's procedure for 
reducing two quadratic forms, using the results obtained in §§1, 2; the method 
is here put into such a shape that it can be applied to cases (ii), (iii) as well as 
(i). This way of explaining the reduction of two quadratics is suggested by 
Kronecker in an addition (** Nachtrag," Ges. Werke, Bd. 1, p. 397) to the first 
paper quoted. I have added a supplementary method to fill up a gap which 
presents itself in applying Kronecker's method to case (ii). In §4 is given a list 
of the reduced forms obtained for cases (i)-(iii). In §6, I have considered case 
(iv) somewhat briefly, as it can be obtained from the other three cases. 

It may be convenient to indicate here the principal papers dealing with the 
problems to be considered. 

* Berliner Monatsberiohte, 1874, p. 69 = Ges. Werke, Bd. 1, p. 849. 

t This method for symmetric forms is the same as Kronecker's in the paper just quoted ; the method 
for alternate forms is essentially the same as Elronecker's in a second paper (Berichte, p. 897 = Ges. 
Werke, p. 421). 
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Case (i). Weierstrass, Berliner Monatsberichte, 1858, p. 207, and 1868, 

p. 310 = Ges. Werke, Bd. 1, p. 233 and Bd. 2, p. 19. 
Kronecker, Berliner Monatsberichte, 1868, p. 339 = Ges, Werke, 

Bd. 1. p. 163. 
Berliner Sitzungsberichte, 1890, pp. 1225, 1375; 1891, 
pp. 9, 33, and the first papers quoted above. 
Darboux, Liouville's Journal, t. 19 (s6r. 2), 1874, p. 347. 
Jordan, ibid., p. 397. 
Case (ii). Kronecker, in the second paper* quoted above (i. e., Ges. Werke, 

Bd. 1, p. 421). 
Frobenius, Berliner SitzungsbeHchte, 1896, p. 7. 
Case (iii). Frobenius, Crelle's Journal, Bd. 86, 1879, p. 140 (§§7, 13), and in the 

paper last quoted. 
E. V. Weber, Munchener Sitzungsberichte, 1898, p. 369. 
Case (iv). Alf. Loewy, Crelle's Journal, Bd. 122, 1900, p. 53. 

Frobenius's paper (Berl. Ber., 1896, p. 7) contains a general theorem that if 
any two substitutions are known to change two forms A, B into two others 
(7, Z>, then a congruent substitution can be deduced, which will make the same 
transformation, provided thatii, G are both symmetric or both alternate, and 
that -B, D have the same property. Thus (by virtue of Weierstrass's general 
theory), \i A, B are given, they can be transformed into G, D by a congruent 
substitution, provided that the invariant-factors of \\A — jB|, \\G — D\ are the 
same ; this condition is obviously necessary^ but Frobenius proves that it is also 
sufficient. In a paper recently published,f I have shown how to modify Weier- 
strass's process so as to obtain the congruent substitutions directly, thus giving 
an independent verification of Frobenius's results. 

Apart from the immediate algebraical interest of these problems, they have 
certain applications, some of which I have indicated elsewhere,^; and I hope that 
the solution given here may not be found superfluous. 

« 

* Kronecker 's object in this paper was to reduce a single bilinear form by congruent substitutions ; 
not a symmetric and an alternate form simultaneously. The two problems are, however, essentially 
the same. The origin of the problem was connected with Weierstrass's generalized theta-functions (cf. 
Kronecker, Berliner Monatsberichte, 1866, p. 597 = Crelle, Bd. 68. p. 278 = Werke. Bd. 1, p. 148). 

t Proc. Lond. Math. Soc., vol. XXXII, 1900, p. 821. This paper also contains a solution of Case (iv) 

and some applications to automorphic substitutions of bilinear forms. 

{See last reference; two pai>ers on dynamical applications will appear shortly in the same 
Proceedings. 
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1. Let A = Xa„Xrp, be a bilinear function of the 2n variables Xi, x,, . 
Pit Vtt • • • • ) Vn ^^^^ °o^ examine the form 

dA 



•^ni 



B = 



«ii 



On 



a*! 

dA 



• f 



^1* 



^ 'W^' 



dA 

A 



Differentiating with' respect to av > we see that (since x, appears only in the last 

row of B) , 

dA 
an ,...., an, 






«tt 



«rl 






^rfc 



• • • 

dA 

dxu 

dA 



which vanishes identically if r= 1, 2, .... ^k. Thus £ does not contain 

^if ^' . . • • , x^; and by a similar method B does not contain ^i, ^2, , yu^ 

In particular, if A; = n, we have 5=0, and we obtain a familiar form for A . 

Again, by examining ^ — ^c— , it is easy to prove that B vanishes identically 
if all the {k + l)-rowed determinants of the type 



an 



I ^hk9 ^u 



ajfei, . . . . , ajtkt ^he$ 

^rl> • • • • I ttrt> ^ 



(r,0*) 



are zero ; and, in this case, if the A?-rowed determinant 



Oil 



• • 



«ifc 



Ofci 



. . • • 



» ^kk 



is not zero, A is expressible in terms of the 2k quantities 

dA dA dA dA 

■5 > • • • • , "5 , 5 , . • • • , "x . 
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In particular, if the determinant | -4 1 of the form A is zero, it is possible to 
express A in terms of 2 (n — 1) variables, or fewer variables, in case all the first 
minors are zero too. 

We shall have occasion to apply the above theorem in various forms. Take 
in the first place A; = 1 , and then 

L dA dA 



A- 



+ ix-^, 



«n 3yi 9»i .«ii 



where B does not contain o^i or y^ . 

Supposing that the variables are not subject to the condition of undergoing 
congruent substitutions, we can always apply this method, provided that x^ does 
appear in A, for then x^ multiplies at least one y, and we may call this y, y\^ 
and so o^i^^O, which is the condition for the application of our result. Pass 
then to the case of congruent substitutions ; here A will be either symmetrical 
or alternate, and we proceed to examine these cases. 

First, take a symmetrical form, then, if o^ :^ 0, we can write 

1 dA dA 



A = 



«n dyi dxi 






where B is again symmetrical and does not contain x^ or yi. 

But if 011 = 0, we must proceed to the result given by A;= 2, and then we 
find (since a^^ = a^i) , 



A = ~f— lA +M M^ — ^ M ^ ^B 

^2 ^ 9^1 9^» ^y% dxi / 



«i8 dyi dxi 



aft 



Thus, if we write . 



x,= 



T,= 



dA 

dA 

dxi ' 






1 dA , o^ 8J. 

1 dA I ctgt 9-^ 



ai2 3x2 



«12 



we have 



^ = XjF, + X,7i- 






where £ is a symmetrical form, not containing Xi, yi, Xg, y^. The condition that 
this method should be applicable is that ay^^O, and when xi, yi have been fixed 
upon, it is always possible to find Xi,yi, so that a^^Q, provided that xi, y^ do 
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actually appear in J.. It will be observed that Xi^ Yi may contain all the 
variables, while X^y F| do not contain x^yi. 

In the alternate case an = 0, a^^-Oy and a^^ = — o^i ; thus taking A; = 2, 
we find 

^_ \ /dA dA _dA dA\ \^^ 

Now, if we write 

ir _ 1 3-4 ^ _ \ dA 

^x — zr~ "577- » ^1 — — 



34 yr _ dA 



T- — ^-^ V — 

-^2 — -5n • X« — — 



the substitutions are congruent and the result is 

A = -X,Y, + X,Y^ + ^B, 

where B is an alternate form not containing Xi, yi, x^, yz) here Xi contains Xi 
and may contain all the other x^s except x^, while X^ contains x^ and may contain 
all but Xi . 

Suppose, now, that the variables are divided in any way into two sets Gy E] 
owing to the congruent conditions, it will be necessary to suppose that y^ belongs 
to the same set as Xr • Let us now impose the condition that the variables in H 
can only be linearly combined amongst themselves, and that no variables from 
O may be added to the variables in H] on the other hand, variables from H 
may be added freely to those in O. Then, applying the methods just explained,* 
we get a series of reduced terms (in which each variable occurs once only) of the 
type {xry^ + x^y^ or (x,.y, — x^^y according as the form considered is symmetric 
or alternate ; in the process, the sets of variables 6r, H will be further subdi- 
vided into 6ri; (7|, Ely H^. The characteristic of 6r] is that its variables multi- 
ply each other only, while those of O^ multiply those of Hi ; the variables in H^ 
multiply each other. We may write the reduced form symbolically 

*The pair of variables represented above by o^i, y^ shoald be taken always from the variables in O, 
then JTi, Y^ will replace a?i, ^i in G ; and if we have the reduced form {X^Yi+X^Yi) or (JTiFa^XsFi), 
we have to examine JT,, F,, then if any variables from Q appear in X^y F2, the quantities X,, F, will 
be taken as new variables, replacing two of those in O, But it may happen that JT,, F2 contain only 
variables from H (as they do not contain a?i, 2^1), and then they form part of Hi ; in this case JTi, Fi are 
variables belonging to the substitution O^, 
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2. Again, returning to our original theorem, let us take k^n — 1, and 



B = 



<hA 



<h 



I »^ii » 



9ar« 



a. 



112 y 



a» 



» '*»» > 



•ay.' 






then B will contain onlj Xi and yj . To evaluate B, differentiate with respect to z^ 

and we see that 

ZB 



dxi 



= yiD, or B=:Dxii/i, 



where D is the determinant \a„\y (r, «= 1, 2 , n). Thus we have 



ADu = Dxofi 



<hsi 



• • • • 



dA 



• • • • 



a. 



dA 



dii 










where Z>n is ^^^ minor of an in J9 . 

But, if Da is not zero, it is possible to find X^, . . . . , X„ so as to satisfy 

dA 



O^gJil + .... + Q^nt^n ^ 



Wt' 



<'»»-^« "f* • • • • "I" "iin-^n — 






and then each of the (n — 1) differences (X, — a;,), , {X^ — «») is a multiple 

of a:i. Similarly, we can find (n — 1) y's to satisfy the equations 

dA 



On 1^ + .... + Ojg^ 1^ — 



a^B ' 



^«l -M "h . . • • + ^n -^n — 



dx. 
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Then we can clearly write 



A = 



D 



^11 



where G is derived from A by writing zero for xi, yi and -Z^., Yr for avi yr 
(r = 2, 3, , n). We see that the equations for X^, Tr may be put in the 

— ^ — . This method can, of course, be applied if 2?= , 






but cannot be applied if Ai = 0. As explained before, if there is no restriction 
as to congruent substitutions, we shall, in general, be able to arrange the y's 
corresponding to a given x, so that D^ :^ 0; an exceptional case may arise if all 
the first minors of D are zero ; but then it is possible to reduce A so as to depend 
only on (n — 2) pairs of variables (or fewer pairs). 

But, in symmetrical or alternate cases, it cannot always be arranged, that 
Dn ^ , and we proceed to examine these cases. Suppose that A is symmet- 
rical, then if Dn :^ , our result still holds and G is symmetrical ; but if D^ = 0, 
while Dzfz 0, consider the form (containing only Xi, yi, x^, y2)f 

dA 



B = 



<h8 



^^an 



^n8 » • 

dA 



, a 



fUl 9 



dA 



dA 

A 



We find on calculation that 

dB 



dB 



dxi 



= yi^»— yi^a. g^ = ~ Vi^^ + ytAn 



where D^^f ^m ^28 ^^e the minors of a^y Oji, a^ respectively in D. But D^ = 
and Di, = /),i from symmetry and so 

B = Xi^iDa — D^{x^2 + jciyi), 

for B contains none of the variables as, » ^m ysi » y»' When 5 is 

3-4 dA 
xpanded in terms of A and the products ^c — ^ — , the coeflBcient of J. is a 

second principal minor of D ; and the complementary minor of D is 



e 



32 
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Hence the minor multipljing A in the expression for B is equal to 



D 



Ai. A. 



= — I^/D; (since Du = 0). 



Thus 









a5iyi + 



2? 



fljj 



dA 



• • 



dA 

ftfi8 f • • • • , dun > A_ 

ex* 



ai aA 



, 



/>« ^ , DjB 



or, if we write X, = x, — ^ -^ jti, F, = yg — ^ -7^ yi , the first terms in A can 



D 



19 



jD 



18 



can be put in the shape 



D 



Tj-C^iFi + yi-STg) 



Now, if Diz^Oy the second minor of jD, 



(Hb 



(hn 



^fiS> 



• • • • 



J (hn 



will not vanish, for this has been proved to be — -DJa/^D; and so the (n 
quantities X3, , X^ can be found to satisfy the (n — 2) equations 

dA 



2) 



^88-^8 "1 • • • • "r dn8-^« ■" 



^' 



^S^Xs +....+ 0|in -^ ^ 



and each of the differences (Xg — Xt), . . • • , (X« — x„) will be a linear function 

of »!, a^. By symmetry, we have similar equations to determine Fj, I^, 

and then, on substitution in the expression for A, we find 



A = 



D 



•^12 



where C is found from A by writing zero for ajj, yi, a%, y, and X^, Yr in place of 

^n Vr (^= 3i 4, , w). Here again X,., I^ can be determined by the equa- 

ti^j^ SC^ -dA dG _ dA 
dYr dyr ' dXr 3Xr 
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It will, of course, be possible always to^ find one minor />» which does not 
vanish unless D is itself zero. But if 2) be zero, we shall be able to reduce A to 
depend only on 2(n — 1) variables instead of 2n. 

Now, consider the alternate case ; here if n be odd, the determinant D is 
zero ; and if w be even, 7>n, Djg, . . . . , which are skew-symmetrical determinants 
of odd order, vanish. 

If n be odd, we can apply our first method without any special modification 
to show that J. can be brought to a form containing only 2(n — 1) variables. 
Thus we consider only the case when n is even. Suppose that D^O (or we 
could reduce the number of variables to 2 (n — 2)), and then Dn = , D^ = 0, 
2?i2 = — Ai • So, for the form 

dA 



B = 



«88 



«8n 



dx 



8 



• • 



^n3 > 

dA 



I « 



nn f 



dA 

3y« 



dA 
9x7 

A 



we find the value B = {x^y^ — x^y^ D^- Just as before, we can find X,, . 
to satisfy the (n — 2) equations 

dA 



. . . , jr„ 



033^3 + .... + Ufi^JC^ — 



9ys ' 



» • 1 



^8»-^3 4" • • • • "h ^nn-^n — 



dA 



and, owing to the alternate property {a^^^^^ — a.^)? it follows that I^, • • . . , F,^ 
will satisfy 



^n8 -Ml" • • • • 4" ^fi Jfi — 



Then we have, on substitution, 



D 



'1% 



dA 



^— ^Ky, — a»yi) + <7, 
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where G is found by writing zero for Xi, yi, Xg, yg in -4, and JT^, Yr for Xr, yr 
(y = 3, 4, .... , w) • 

We can express this result in a slightly different form by using Pfaffians ; 
we know that D can be put in the shape 

where P is a rational function of the elements of the determinant; and the 
second principal minor, which is equal to +X^/^» is also the square of a Pfaffian, 
say of Pi . Hence, D<^ = ±l PP^ , and we can determine the sign of Pi so as to 
give the upper sign, thus we shall have 

p 

-^ = ^ {xiVt — a,yi) + C. 

Let the variables be divided in any way into two sets JJ, K (as before, a;,., y^ 
belong to the same set) ; here suppose that the variables in H may only be com- 
bined with each other, while those in K may be combined with each other and 
with those in j? as well. We apply the process given above : The sets then each 
subdivide into two ; JJinto H^^ H^] and K into iT^, JT^ ; the variables in Hi (in the 
reduced forms) multiply other variables of the set H^ ; those in H^ and K^ are 
multiplied together.* Thus using the same symbolical notation as before, we 
have 

3. — General accovmt qf^ Kronecker^e Method of Reduction. 

Consider two forms A^ B which may be either symmetric or alternate, so 
that each of them can be brought to a reduced form by means of congruent sub- 
stitutions of the types already indicated. We shall suppose that A contains 
some variables that do not appear in B , while B also contains some that are not 
present in A. This divides the variables into three sets, Gy H, K] G contains 
all the variables that appear in A and do not appear in £ ; iT, those that are in 
B and not in A\ H^ those that are common to the two' forms. 

Applying the first method of reduction (§1) to A, the variables Q are 
divided into Gi, G^, and the variables H into Hi^=:L and nz-= M. Of course, 

« 

*In the foregoing reductioo, we select a?i,yi from the variables in H\ if the reduced part is 
(flp|F,dcJf 2^1)1 ^o examine Xa, F2 ; in case Xj, F, contain only variables from H, we group 
^1) Vi) -^29 ^2 u^ -B^ii but if X,, F2 contain variables from Ky x^^ y^ will belong to H2, and X^^Y^ to i^i. 



Bromwigh : Congruent Reductions of Bilinear Forms. 245 

in the reduction, the variables are modified, but in such a way that the new 
variables in H are linear functions only of the old variables in H. Then A 
takes the form(Gi) + {(^2^ + {^i where, in the forms ((?i), (G^jjZ), each variable 
occurs once only. 

Substitute these new variables in the form j8 and consider then the variables 
of £ as belonging to the three sets X, M, K. We now apply the second method 
of reduction (§2) to B and we shall obtain a result of the form 

(A) + (AiCi) + (AJMi) + {AQ + (JT,) , 

the variables L dividing into Li, L^, L^^ M into Mi, M^^ and K into K^ K^. In 
this process the Z's are modified only by other i's, and the if,'s only by M^h 
and X's ; further, in the terms (Zi) , (XgiEi) , {L^M^ , each variable occurs once only. 
Substitute the new variables in the expression for A ; the additional terms intro- 
duced by the change of variables will either contain only JTs or else will have 
some variable Z as a factor ; in the latter case the additional terms can be 
absorbed by modifying the variables G^. Thus we may now write 

A = (Q,) + (G^L) + (if) 

£ = (A) + {L,K,) + {L,M,) + {M,) + {K,) 

in these we can pair off certain terms. Thus we remove 

(G?i), {QM and {L,),{G,L^) and (L,Ki), 

and the remainders will take the forms 

{G,L,) + {M) 
{L,M,)+{M,) + {K,). 

Now, taking the terms (Jf) and {M2) + (JTg) , we observe that they are of the 
same general type as A and B were at first, but contain fewer variables ; and the 
groups of variables corresponding to the original G, H, K are here if^, J£|, K^. 
We can accordingly continue the process as given above, and in the continuation 
we alter none of the variables in those parts of -4, -B, which have been already 
reduced, except those which belong to the set M\ those in M^ may have to 
be replaced by/ linear functions of the JTs, when we reduce the two (if) and 
(i4) + {K,), 

So far as the variables M^ are altered by substitutions containing only them- 
selves, we can make corresponding substitutions on the variables Z3 and Q^, f so 

that 

((?^0 = (^«A) and {L',M[) = (AJfi) . 
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Thus we have only to examine the effect of adding- on variables from M^ to the 
variables Mi ; this will give, instead of 

(XaifO + W + TO, 

the terms {L^M^) + {L^M^) + ( Jf,) + {K^) . 

Now, by using the second method of reduction, we can combine {L^M^'\'{M^ 
so that, by adding on linear functions of the variables L^ to the variables M^^ 
we get {M^ + (ig) , and then these can be combined with {L^M^ so that we 
may write 

where now each M is modified by some of the variables X3. Substituting in the 
remaining terms of ^ , we find that the additional terms so introduced have each 
one variable L^ as a factor and so can be combined with the terms (G^s) by 
introducing new variables G%. 

It follows that this method can be continued so long as there are variables 
in one form which do not appear in the other, and that when we have to stop, 
there can only be variables common to both forms in the parts which remain. 

If the forms to be reduced are both symmetric or both alternate, the process 
of reduction, as just explained, can be applied to complete the whole reduction, 
For, if J., JB are both symmetric (or alternate), then all forms of the family 
{uA + vB) are symmetric (or alternate), and we can determine values oft*, v for 
which the determinant | uA + vB \ vanishes ; say Ui'.Vi, t^iv^ are two values of 
the ratio u:v for which the determinant is zero. Then UiA + viB , u^A + v^B 
will be two forms, each a function of fewer variables than appear in the general 
form uA + vB. Thus UiA + ViB, u^A + v^B can be transformed so that each 
contains some variables that do not occur in the other, and the process already 
sketched can be completely carried out. 

But if one of the forms (J., say) be symmetric while the other (E) is alter- 
nate, then the general form uA -^ vB will be neither symmetric nor alternate, 
and thus the method of reduction described can be carried out only so long as 
|J.| =0 or |J5|=0. We shall now explain a process of reduction to cover the 
general case.* 



* Kronecker describes his reduction of a single bilinear form by congruent substitutions as sug- 
gested by his method for two quadratics ; but it differs considerably from that given here, although 
the fundamental ideas are the same. 
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By what has been proved, we can reduce a symmetric and an alternate form 

to the shapes 

A = Ai + A2, B=B^ + B,, 

where ^i, Bi are reduced forms and A2, B^, are forms of such a character that 
l^l^l :^o, \B^\ :^0; further il^* A ^^^^ ^ot contain the variables in Ai, B^. 
Consequently, the number of pairs of variables in -ig, B^ must be even. 

Suppose then that we start from two forms A^ B in 2m pairs of variables 
neither of whose determinants is zero; and let % = c be a root of the determinantal 
equation | X J. + jB | = . Then, since {cA + -B) is a form with zero determinant, 
it depends on (2m — 1) ^'s at most; and so we can choose our variables in such a 
way that one x {pci say) has no corresponding y present in {cA + jB), the substitu- 
tions being supposed congruent. Apply now to {cA + B) the method of trans- 
formation explained in §1, for a single bilinear form; then 

cJ. + jB = 2cxiy^^ + terms without Xi, yf or y^, 

where (since there is no term x^yi in cA + jB), x'l is a linear function of x's 
(containing x^ and yi is a linear function of y's (not containing y^. Interchange 
the a^'s and y's of the last equation, then, as this changes the sign of J3, 

cA — B=:2cxliyi'^ terms without x[,xiiOryi. 
Hence ^ = ai yg + a^ yi + terms without xi, yi or the product jr^ yi , 

B=zc{xiy2 — X2 yi) + terms without xi^yi. 

Applying to A the method given in §1 for a single symmetrical form we can 
collect all the terms in a^f yg together and write 

A = xi!y^ + x'^ yH + terms without xi' , y{', xi.yi, 
B=c {xi'yi — xiyi!) + terms without x{^, yi'. 

Take next the pair of forms in 4 (m — 1) variables obtained from A, B by putting 
a^ = , yi = ; we treat them in the same way. Proceeding thud we may write 
finally, dropping the accents, 

A = {x,y2 + x^yi) + (xsy^ + x^y^;) + .... + {x2^iyz^ + x^^y^^i), 
^ — -81 = ^1 (aiy2 — X2yi)+C2(a:sy4 — aj4y,)+ .... + c^{Xf^^y^—x^y^^{)^ 

where B^ = (a, V2 — y%^^)+-- (»8«-2 mm^t — yzm^Z ^Jm-g) » 

and ^r is a linear function of a;,.^.i, ar+2» • • • • > a^2m» 

Vr being the same function of y,.+i, y,.^,, ,y^. 
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We now proceed to remove as many terms as possible from Bi. 

Take the term ^{^Vi — ^ Vz) j 

and write 

xi = xi — (ixji, yi = yi—fiys, 

^A=^A + 1^^^ yA = yi + (lyz- 

Then 

and 

Ci{xiy^ -- x^yi) + a{x^y^ — x^y^ '\'(k{xzyi — x^y^) 

= ci (x^yg — XgyO + c, {x^yi — x'^yz) + (a + /^Ci — f^CaXxjys — a:,y,), 

Or, if fi = a / {c2 — Cj) , the term in question will be removed from B by the sub- 
stitution proposed; but if Ci = c^, this will be no longer possible. We may accor- 
dingly regard A and B as reduced , except for terms of the type 

(A) (.Tiy, + xgyi) + — + (xgp-iysjp + »i^y^-i) 

(B) cixiy^ — x^yi) + + c (xj^i y,^ — Xj^ y^p^O + B^. 

where jB^ contains terms of the same type as Bi before, but is limited to the 
variables X2f » ^> y^j » y^^- Then consider a term in B^ of the type 

and write Xi^=^x[ + {a/ 2c) x,g, 

x^^i = xl^^i — (a/ 2c) xg, 

with the corresponding substitution in the y's. Then the form of A is unaltered 
and the terms affected in B become 

oyzlM + (olI2c)x^'] — cx^\j/[ + (a/2c)yj +cy^ [xig^i — (ct / ^) x^] 

— ca-25 [>2«-i — (a/2c)yj + a (x^yfig — x^y;) 
= c{xiy2 — X2yi) + c{x^^iy^ — x^yl^^i). 

By the same method we remove all terms with two even suffixes from B^ ; 
so proceeding in this way, the only terms left in -Bg will be of the type 

Consider those in x^.y^] let us suppose that the first term of B^ which contains 

Xg, yg is 

^yz — ^zy%'j 

this assumption may involve certain changes in the suffixes; but it will not 
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interchange the even and odd suffixes. It may also require a division and multi- 
plication of certain variables by a constant. Consider next the pair of terms in B^. 

Write a:g = ojg + oLX^q-i, a^j, = a^ — ax^ , 

then the form of A remains the same and these terms in B^ become , 

This substitution may add to the parts of ^2 w^^ch contain X4, ^4 but will not 
otherwise alter B. Of course it may happen that B^ contains no terms in x^ , y^ 
and then we shall not have to reduce the terms (ari y^ + X2 yi) , c (^i yi — x^yi) 
in B any fiirther. 

Continuing our process, we have finally J., B divided into groups of terms 

(-4) («iy2 + ar,yi) + — + (x28-iy2. + a2.y2.-1)> 

(B) c(a;,y2 — a:,yi)+ .... + c(cB2,.iy2g — X2,y2,-i), 

+ (02^8 — ^8^2) + — + {^^•-2yu-i — ^9-\yt8'2)' 

In particular for « = 1 we have 

{^) («! y2 + ^2 yi) 

(B) c{xiy^ — x^yi). 

It is readily seen that these terms correspond to invariant-factors (X — c)' 
(X + c)«, of \XA — B\. 

4. — Lists of Reduced Forms. 

We now proceed to enumerate all the possible types of reduced forms at which 
we arrive by following Kronecker's process as just explained. There are three 
cases, each of which has to be examined separately; i. e., two symmetric forms 
one symmetric and one alternate form ; two alternate forms. 

Corresponding to each type we give the invariant-factors of | uA +. vB\ ^ show 
ing that the reduced types depend entirely on the invariant-factors, except in 
the "singular" case when | uA + vB\=0. The determination of the necessary 
invariants for the singular case is not considered here, as it has been fully 
explained by Kronecker and others.* 

* Nearly aU the papers of Kroneoker'e which have been quoted give some details as to the proi>er 
invariants ; the 1890 and 1891 papers are the most complete. The last section of Darboux's paper may 
also be consulted ; and a somewhat different determination of the invariants has been effected by the 
present writer. (Proc. Lond. Math. Soc., vol. XXXII, 1900, pp. 88 and 826.) 

33 
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Two symmetric forms. 

This case (which is equivalent to that oftwo quadratic forms) has been handled 
so often* that what is given here is only included to give completeness to the 
investigation. 

The simple sets of terms are of the types 

(i). ( G^i) : A, jBi yi or x^ y^ + ar, yj 

corresponding to an invariant-factor u, or two u^ uoi\uA + vB\. There will be 
no terms in B which contain Xi.yi, x^, y% in this case. In the second case the 
form can be reduced to 

by writing JT^ = aJi + a5|, X2 = a?i — ar,* 

(ii). ( ^2 A) and (A) : A, x^y^ + x^ y^ 

B, x^y2 
with an invariant-factor v? . 
Again A, Xi y^ + ar^yi + x^y^ + cc^ y^, 

with two invariant-factors i^^ u^. But if we write 

Xi = a^i + 054, X| = Xg + X8, -^8 = ^ — ^» -3^ = ^a — a^ii 

the parts in J., B, corresponding to the two invariant-factors, can be separated, 
thus,* 

B, i (Xg F, — X3 Fj). 
(iii). ((^2X3) and ( A iTj: 

^» »iy2 + a2yi 

-S, X2y8 + »8.yi 
giving 1 1^ J. + t?i? I =0 

The general forms obtained from the continuation of the process given for 
{0%L^ and (L^M^ above (p. 245) will be: 

First, A, Xi y2 + aijyi + + a:„»-i yi~ + »3B-iy8~-i 

B — CA, 0,2/3 + a^8y«+ +aiS«-2y»~-l + a8m-iy8m-8- 

* See, in particalar, Kronecker, Berliner Monateberiohte, 1874, p. 59 = Qes. Werke, vol. I, p. 861. 
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corresponding to two invariant-factors {u -^-cvy, (w + ct?)* of \uA + i;5| . The 
parts corresponding to each factor can be separated by writing 

(r = 1 , 2, . . . . , vn) . 

Then if m be odd we find a pair of terms in the middle of A of the form 
i (X« T^ — X^^i F^^i) and the general form is 

A, \(X^ T, + X^ Y,+Xs F4 + X, F3+ . . . . + ^. I«), 

H" a ( -^« + 1 ■** + 1 "h-^m+S F,i» + 3 "I" -^» + 3 ^M + « T" • • • • 

5 — cA, 4 (Xj Pj + .Xg F2 + • • • • +" X„_i F,» + X^ Y^-i) f 

I a (-^in + l -*« + 2"r X,n^2 F,n^ 1 + .... -|" -^2in_2 F3«»_i + ^2m — 1 F2^_2) 

But if m be even, we find this pair of terms i {X^ T^ — X^^i T^^i) in the middle 
of {B — cA) and the forms are, 

-^> i (Xi I^ + -Z'2 Fi + . . . . + X,»-i Fa» + -^ F,n_i) , 

+ i ( JCm -f 1 F|» + 1 + X„ ^ 2 Ijft, + 8 "T -*J^in + 8 ^m + 2 "T • • • • 

Second A, x^ys + Xsy2+ + a'2^-2y8*-i + a?2m-iyam-2 

corresponding to the invariant-factors v* ^?"* of | wJl + t?iS | . The parts can be 
separated as in the first case. 

Third, A, aiy2 + «»yi+ +a^8m_iy»m + arj^ysm-i + ^am + iyam+i. 

B — cA, X2y3 + xsyt+ — + a8my»«+i + ai«+iy8« 

corresponding to the single invariant-factor {u-^ cv)^'^^ of \uA + vB\. 

Fourth, A, Xiy^ + x^yi^ +x^~iy»m + x^y»m^if 

B — cA, X2ys + xsy2+ +ai»y2m» 

corresponding to the single invariant-factor {u + w)^. 

The fifth and sixth cases correspond to the invariant-factors t;** + *, v^ and are 
obtained from the third and fourth by putting c = and interchanging A, B. 

*Kronecker states in the paper just quoted (Ges. W. I. p. 867) that this division into two parts is 
only possible if m=i2n or is even ; bat apparently this is an oversight, as on p. 854 (c) he makes no 
restriction on m. 
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Seventh, A, Xiy^ + x^yi+ +»f-iys5m + ar2^y2m-i. 

corresponding to \uA + vB\ =0. Here we have obtained no rule for finding m 
directly from the determinant without carrying out the reduction (see footnote 
to the next class of reductions). 

A Symmetric and an Alternate Form. 

The simple sets of terms first found will give types as below : 
(i). (G^i) : (terms belonging to the symmetric form only) , 

A, x^yx or a^iy, + 0-2^1. 

In the first case, we have an invariant-factor u of \uA -^ vB\ ; in the sec- 
ond, two u, u. The second case is equivalent to two of the first, by writing it 
in the form 

4 [(»i + x^i{y\ + y%i — (a^i — a2)(yi — y%i\ . 

Terms belonging to the alternate form only : 

5» x\y% — ^y\' 

Here we have two invariant-factors t?, t?, and the form cannot be split up 
into two, one for each invariant-factor, 
(ii). ( G^,ZO and (A) : 

^. ^\yt + x^\ + iK,y4 + x^t, 
S, x^ys — x^yz. 

Here we have two invariant-factors u^j u^ which cannot be separated 
Again we may have, interchanging the parts played by A and B, 

A, x^z + x^^, 

jB, xiy, — x^i + x^i — a;4?/3, 

with two invariant-factors »^ v* ; these can be separated by writing 

^i + ^4 = -^i» ^ — 354 = ^4, X2 — Xi'= X^, x^-^rx^^-X^, 
with the corresponding substitutions for the y's. Then the types become 

-4, i[ — X2F2 + X3F3J, 

By i [X1Y2 — X2Y1+ YsX^ — 1^4X3] , 
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in which the parts are separable. Finally, we may have 

B, xiyg — aj^i, 
with an invariant-factor i^. 

(iii). {G^) fmA {L^K^) : 

A, xiy^ + x^i, 

and here | uA + vB | = for all values of w, t; . 

This exhausts all the possibilities for the specially simple types ; we pro- 
ceed to examine the more general forms, of which the foregoing are particular 
cases. By continuing the process indicated above for dealing with {G^L^) and 
{L^Mi) , we obtain the following possible cases : 

ft 

First : A, xiy2 + Oa^i + + ajg^-i y^w + x^^y^n-^n 

a case which corresponds to two invariant-factors ti* tt* of | uA + vB\; if m be 
odd, the parts corresppnding to the two may be separated, but not if m be even* 
(the reason being that there are {m — 1) pairs of terms in B, and when m is 
odd, these can be divided into two sets each containing i (wi — 1) pairs). 

Second: A, x^i + x^y^ + + ^m^%yim^\ + «2«-iy8«-2> 

^> a^iya — a^i+ +a^2m-iy2» — a^g^yg^^i, 

corresponding to the factors v"*, v~ of | wil -f t?J5 1 ; if w be even, the two parts 
can be separated, but not if m be odd (for here there are m pairs in J5) . The 
separating substitutions are analogous to those required for the last case. 

Third: {A), (xij/g + Og^i) + +(«2m-2y2m + a^yam-i) + a2»+iy2«+i» 

(5), {x^^ — x^^ + + {x%^ ygm+i — aJ8«+ 1 y%w) , 

corresponding to the single invariant-factor w*^ + ^ of | m-4. + 1;5 1 . 

FofWrth: {A), {X^^ + X^^ -}- + (Oji—jygm-l + »2m-iy2m-2) + «2»i2/2«» 

{fi\ {^\y%—^\) + + (^2«-iy2m — «2my2»-l), 



* If we write 
and make the congruent substitationB for the 7*8 in term of the t^'s, we find that A^ B divide into the parts 
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for the single invariant-factor »•" of |wil + ^^| . 

Fifth : {A), {x^y^ + x^{) + + (xg^.i y,« + aJgmyjm-i), 

(B), (ajgj/s — a^aya) + + (»8my2m+i — a^m+iygm) ; 

here | uA + vB\=0*. 

We have now exhausted all the types that can be found by the first method 
of investigation indicated above ; the complete reduction, corresponding to non- 
zero roots of \?,A — B\ = 0, has to be efiFected in a different way, as already 
explained. Thus we find the type of reduced terms : 

Sixth : (A), (xiy, + x^yi) + + {x^s^ij/z, + «». J/i, -i) , 

(5), c{xiy2 — x^yi) + +c{x^^iyu —^Ziyu-i) 

+.(3^2^3 — 3:8^2)+ — + {x%i-%y2s-i — ^-iy2s^%), 

corresponding to the pair of invariant factors (^ — c)', (^ + c)' of \^A — B\. 

Two Alternate Forms. 

The simple types are here : 

(0- (^)- - ^» ^iVt—^tVu 

with two invariant- factors u, u oi \uA -{- vB\. 
(ii). ((7,A)and(A): 

-4, «! ya — as yi + Xs y* — «4 ys 

Bf «»y8 — scsya. 

giving two invariant-factors u^, -u*. 

(iii). (G3A)and(Z,iri): 

A, xiy^ — x^yi, 

corresponding to the simplest types that give \uA + vB\=0. 

*It is one drawback to the method explained here, that the number m cannot be determined (so far 
as we have shown) from the determinant | uA + vB \ and its minors. According to the foregoing, it 
would seem to be necessary to calculate the reduced form before we can find m, but this is not the 
case, as will be seen from Kronecker^s paper and those quoted above. I shall not give the rules for its 
determination, which will be found in Muth's '^ Elementartheiler " (p. 108), where m is called a'* Mini- 
malgradzahl.^' Note that, in all the problems examined in this paper, the two series of m\ given by 
Muth are necessarily the same. 
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We have only to add the results obtained by continuing the process already 
indicated for dealing with {O^ L^) sjid {I^Mi)]we obtain a smaller number of 
types than in the case of a symmetric and an alternate form. 
They are, in order : 

First, A, xiy^ — x^yi+ +»8«-iy2» — «8my»»-i, 

B — CA, X2y$ — Xsy2+ +«lm-2y2«-l a^-iy2m-2» 

corresponding to the two invariant-factors {u + cv)"^, {u + ct?)*, o( \uA + vB\. 
(Here c may be zero.) 

Secondy A, x^ys — x^y%+ +«:»»-« yg^-i — a^m_iy«»-a» 

corresponding to the two invariant-factors t;**, «"*, of | uA + vB\ . 
Third, A, x^y^ — x^y^ + + «8»i_iy«« — awy2«-i, 

corresponding to | liil + t?J5 1 = 0. (For the meaning of m see the last footnote.) 
It will be observed that here the invariant-factors always occur in pairs; and 

not, as in the case of a symmetric and an alternate form, sometimes singly. 
As an illustration of the methods explained we may take the two forms, 

Jl = a(x3y3 — aray,) +-6(a;8yi — Xiya) + c(a^iy2 — «2yi) 

+ Pi^iyA — ^iVi) -^ qip^Vi — ^iy^) + r{x^y^ — x^y^). 

^ = »iyi + a^8y2 + «8y8- 

Let us write — ^4 = ^ — = — rx^ — 6x1 + axg, 

then, as in §1 , we have 

^ = ^8>74— f 4 >78 + — (a^i ya — ^ Vi) , 

r 

where B^=iap '\'hq'\- cr. 

We may note that 6 is the Pfaffian of |il|. Substituting in B for Xj^yy^ in 
terms of ^3, 173 we have 

if we apply §2 to -B we find that with, 

^j = Xi --J- ^8, ^2 = X2 "2 S3» 

(T O 
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we have 



^ = ^1 >7i + ^3 >72 + :p- {p^i + q^%) {pyii + qvz) + -^^8>78 



a' 
Substitute- in -4 for Xi, yi, a^, y,, in terms of ^j, >7i, ^j, yi% and then 

where X^ = ^4 + — 5. (^f 2 — 5^1) , 

Turning again to jB, we have, if 

^ = ^^^-7i-^i^i + ^r:p^^«>72 + '^^8>78 

and this substitution does not alter the form of A. 
Finally write, 

and then we have 

A = a{X, T,-X, Fa) + -|-(X, F,~X, F,) . 

It will be observed that this form of reduction is by no means unique. For 
we may obviously take instead of X^ the linear function (^4 + aXj), where a is 
arbitrary ; and in place of Xi and X^ , Xi cos ^ — X^ sin j3, and Xi sin jS+Xg cos ^, 
where ^ is also arbitrary but real. We can make the function (X4 + aX^ sym- 
metrical in Xj, ccg, ajs by writing a = (og' — bp)/ra*. 

This agrees with what we know from the geometrical interpretation ; for 
the problem is the reduction of a linear complex to its central axis. 

5. — Hermite^s Forms. 

These are bilinear forms such as Xa„Xryty in which a^^, a„ are conjugate 
imaginaries (in particular a^r is real), and Xrfj/r^^^ a^lso conjugate imaginaries. 
The methods explained above can be applied to the reduction of a pair of Her- 
mite's forms, A,B, in which the substitutions on the x^a and y's are conjugate 
imaginaries. 
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For consider the methods of §1 ; if a^ :^ we have, as there shewn 

Oil dxi diji a^ ' 
where J5 is a Hermite's form in 2 (n — 1) variables. But if we write 

we see by the definitions of the coeflicients that these two substitutions are con- 
jugate imaginaries, and then 

an «u 

Again if a,i = 0, we find, as in §1, that 

^_ Jl^M + AM ^^ _ _^?!_ ^ ^ L_J8 

ai2 dxi dyi . o^i 3x2 "Sy^ «i2^i ^^Ji 3yi ayfi^^ 

where jB is a Hermite's form in (n — 2) variables. But, since a^^ a,i are conju- 
gate imaginaries their product is real and positive ; thus if we write 

Y _1 3^ \ <h2 9^ XT __ dA 

jr _ J_ 9^ 1 an 9-^ xr _ 9J. 

a%\ dx2 <h^\ 9xi ' 9xi 

the substitutions are conjugate imaginaries, for a^ is real. Then 

A = XiF, -f Z,Fi ^ J8 . 

Passing to the methods of §2, we must first see that the minor D^ is real ; 
to prove this we note that the change of + i to — i in Dy^ will only change rows 
into columns and so will not alter D^. By a similar argument the minors D^^ 
Z>2i are conjugate imaginaries. 

In the first place, if Ai =i^ we have 

34 
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where G is derived from A by writing zero for xi, i/i and X^ Yr for x^, j/r 
(r = 2, 3, . . . . , n). Further Xr, Yr are defined by 

3(7 _ dA dG _ dA , _ . 

dXr ~ "a^'"aK ~ 'dfr ^'^-^''^' .---^n;, 

from which it readily follows that the substitutions are conjugate imaginaries. 
Again, if Z)n = , (Z> :^ 0) , we find 

where G is found by writing in A zero for Xi, ^i , Xg, yg ^.nd X^, Yr for x^, y^, 
(r = 3, 4, . . . . , n) . 

Know XT _ /? _. 1 jDAs ^ 

V — ^ 1 ^^23 

we have J. = xiFg + XgFi + (7, 

and X,, F, are conjugate imaginaries; as before, Xr, Yr are conjugate imagi- 
naries. 

Thus, if I Jl I = or 1 5 1 = , we can reduce a pair of Hermite's forms 
(J., J?) by a process analogous to that given before for symmetric forms (or 
quadratics) ; also, if X = c be a real root of |XJl — B\ = 0, the same method can 
be applied, for {cA — E) is then a Hermite's form. But, in general, some of the 
roots of \^A — B\ will not be real ; and if c be complex, {cA — B) is no longer 
a Hermite's form. Thus, our general process of reduction fails for these complex 
roots ; and, to carry out the reduction, we must proceed as in the case of a sym 
metric and an alternate form above. There are certain obvious changes, but 
the reductions can be arranged to correspond step by step ; the final typical 
reduced sets of terms being 

{A), (xiy, + xg^i) + + {xu-^iyu + 2^8*^2.-1), 

(5), (cxi^g + o^fx^iUi) + + (cx2,-i Vu + ^o^jM yu-\) . 

+ («22/8 + a^B^a) + + (»«.-iy28-l + 3^28-1 y8«-2)» 

corresponding to the pair of invariant-factors (^ — c)', (^ — Cq)*, c^ being the con- 
jugate imaginary to c. The other types are precisely the same as those for sym- 
metric forms and will not be repeated now. 

St. John's Golligb, Cambbukjb (Enq.)* Jon, 1, 1901. 



On the Imprimitive Substitution Groups of Degree 
Fifteen and the Primitive Substitution 
Groups of Degree Eighteen. 

By Emilie Norton Martin. 



The following work is, with some slight modifications, the same as that of 
which an abstract was presented at the summer meeting of the American Mathe- 
matical Society in 1899. With regard to the imprimitive groups of degree fifteen, 
which form the subject matter of the first part of this paper, it should be stated 
that I have added two new groups to the list as originally presented, namely, the 
groups with five systems of imprimitivity simply isomorphic to the alternating 
and symmetric groups of degree 5, and that Dr. Kuhn reported at the February 
meeting of the Society, 1900, that he had carried the investigation further, adding 
28 to the 70 groups that I succeeded in finding. 

In the second part of this paper the determination of the primitive groups 
of degree 18 depends to a great extent upon the lists of transitive groups 
of lower degrees already determined. Any new discovery of groups of degree 
less than 18 would necessitate an examination of such groups to determine 
whether they can be combined with others in such a way as to generate a 
primitive group of degree 18. This list, 'therefore, cannot claim to be abso- 
lutely complete, since omissions are always possible. 



Imprimitive Substitution Groups of Degree Fifteen. 

Every imprimitive group contains a self-conjugate intransitive subgroup 
consisting of all the operations that interchange the elements of the systems of 
imprimitivity among themselves without interchanging the systems. Therefore, 
the problem of the determination of all imprimitive groups of degree 15 falls 
into two parts: 1st, the determination of all intransitive groups of degree 16 
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capable of becoming the self-conjugate subgroups of such imprimitive groups ; 
2d, the determination of substitutions that will interchange the systems of 
imprimitivity and at the same time fulfill other conditions depending upon the 
particular group under discussion. The intransitive self-conjugate subgroup is 
called for shortness the heady the remaining substitutions of the imprimitive group 
are designated as the taily a terminology that has been adopted by Dr. G. A. 
Miller in his papers on imprimitive groups. 

The elements of an imprimitive group of degree 15 may fall into three sys- 
tems of five elements each, or into five systems of three each. For the first of 
these cases, certain theorems given by Dr. G. A. Miller (Quar. Jour. Math., vol. 
XXVIII, 1896) are useful. With a slight modification in notation in order to 
adapt them to the notation of this paper, they are as follows, where GP repre- 
sents a group in the elements with index 1, while GP and 0^ represent precisely 
the same group in the elements with indices 2 and 3. 

Theorem I. — All the substitutions that can be used to construct tails are 

{a\a!i «i) all {a\d!% • • • • «n) all {a\a\ . . • . aj) all 

j(a{afaf.aja|ai a^alal), {a\a\.a^\ a\al)\ 

— (ajaj . . . . ai) all (afa| aj) all (ajol aj) all. 

Theorem II. — If 0^ = (ajaj .... a\) all, tliere are three imprimitive groups 
with the common head (G^G^GP) pes, and two with the commxm Jiead G^ pos G^ pos 
GP pos + G^ neg G* neg G^ neg. 

Theorem III. — If G^ = {a\al . . . . a\) pos, there are three imprimitive groups 
tvith the common head G^GFGPy and three with the common head {G^GPG^^ i, i . 

Theorem IV. — If the head is Q^GPGPj there is only one group which corresponds 
to {abc) eye. 

The possible heads for these groups are got either by the direct multiplica- 
tion of transitive groups of degree 5 in the three systems of elements, or by the 
establishment of isomorphic relations between such groups. 

The transitive groups of degree 5 are five in number, and fall naturally into 
two categories, the first containing the symmetric group and its self-conjugate 
subgroup, the alternating group, the second containing the metacyclic group, 
together with its two self-conjugate transitive subgroups. These five groups are 
represented respectively by 

(«1«2«3«4<*5) all, {a^Offl^^a^ pos, {ayCLM^^p^ox^, {(^l(h<^zCi4P^\ii^ («1«S«3^4«6)5 • 



Fifteen and the Primitive Suhstitvtion Ghroupa of Degree Eighteen. 261 

From the first two groups come the following heads: 

I. (ajajajajaj) all (a?a|aia|a|) all (aja|a?ajag) all = ^iTgeooo- 
II. ] (alajajajaj) all (aja|a|ajcil) all (afagagaja?) all} pes = E^im* 

III. {a\a]piyi\a\) pos (aja|a|aja|) pos (aja|a|a5aj) pos 

+ (a}ajajalaj)neg(a?a|a|ajaf)neg(«i«l«8«4«6) ^^g = ^432000- 

IV. {a\a}filq\al) pos {alalalqlal) pos (aja|a^jaj) pos = ffzimo- 

V. (aiajajajaj . ojajafaja^ . ajG^alaJal) all = i^igo- 
VI. (aiOaaJaJaJ . afa|a|a|o^ . afolajajaj) pos = E^^. 

From the three remaining groups come the heads : 

VII. (a}ajajalaj)20 (afaJa|afaJ)ao (aia|a|a?ag)ao = E^. 

VIIL {(a}a|ajajaj)20 (aia|a|aJa^)2o (ajajagaja^^o f pos = JB^ooo- 

IX. ] (alajajajaj) 20 {(Aala^lal^o {alalalalal)2o \ 10, 10, 10 = ^2000- 

X. {a\a]ala\al)io (a?G|a|aJa|)io (aia2«3«4«6)io = ^looo- 

XI. \ {a\ala]fi\al)^ (aja|ajajaj)20 {alala^lal)^ } 6, 5. 5 = ^500. 

XII. { (a}a|aJalaJ)io {ala^WAU {<4(4f4al<^l)io } 5, 5, 5 = E^. 

XIII. (aiajosalaj) eye {a\(4o^lol) ^y^ (^i^l^i^S) eye = £^5. 

XIV. (aiojajajaj . afalafalaj . aJofogafaDao = E^q. 
XV. (a}a|alajaj . a?a|a|ajaj . ajafalajajjio = -Slo. 

XVI. {a\a^lalal . afafalafaf . ajalalajag) eye- = ifg. 

The groups corresponding to these heads may be isomorphic either to {a}a^a^) 
eye or to (a^a^a^) all. To generate a group isomorphic to {a}a^a^) eye a substitu- 
tion with the following properties must be added to the head : it must have its 
cube in the head, it must interchange all three systems, and it must transform 
the head into itself. Calling the group so found G, the groups isomorphic to 
{a^a^a^) all may be found by combining with Q any substitution that has its 
square in the head, that interchanges two of the systems leaving the third 
unaffected, and that transforms E into itself, and G into itself. 

As all the heads given above are symmetric in the three sets of elements, each 
head furnishes two groups by means of the symmetrically formed substitutions 

8 = a}afaj . aja|a| . ajagaj . a\alal . ajafag , t = a\al . aja| . alal . a\al . ajaf . 

The letters s and t are used throughout this section of the paper to denote these 
particular substitutions, other substitutions fulfilling the same conditions being 
denoted by the same letters with suffixes. 
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According to Theorem I, any s^ or t^ must be the product of some substitution, 
a^y of the most general head, ffmmoj by s or t. Therefore a^ must be a substitution 
of a subgroup of jE^728ooo ^hat contains the special H under consideration as a self- 
conjugate subgroup. 

We may now proceed to the determination of the groups to be derived from 
the various heads taken in order. 

I- ^1728000 gives us, according to Theorem I, only the two groups, 

]J?iTO8ooo» ^A of order 5184000i, 
and {5i7j8ooo» «» ^\ of order 10368000. 

II. 5^864000 gives uSj in accordance with Theorem II, three distinct groups. 
Of these, two are the groups, 

{Smmi «} of order 2592000i, 
{^BMooot ^f ^\ of order 5184000a, 

A a that transforms the head into itself without belonging in the head is 
a = a\a\ . This cannot be combined with «, as {asY is an odd substitution ; it may, 
however, be combined with t. The remaining group is therefore 

\HsMmi *» ajol-^} of order 51840008. 

Of these two groups of order 5184000, the first contains both odd and even 
substitutions, the second only even. 

III. 5^32000 gives, by Theorem II, the two groups 

\ITmmy^\ of order 1296000i, 
{ ^432000 » «» ^} of order 25920002. 

IV. i?ii8ooo gives us, by Theorem III, three distinct groups, a = a]al trans- 
forms the head into itself, but when combined with s it gives an odd substitu- 
tion whose cube cannot be found in the head. The substitution at furnishes us 
however, with a new t^ . The three groups are, therefore, 

{B^iemi «[ of order 648000, 
{iZgieoooi «» *} of order 12960002, 
{Fjicooo, s, a\al.t} of order 1296OOO3. 

The two groups of order 1296000 are distinct, since the one contains both odd 
and even substitutions, the other only even. 
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V. H^Q is not contained self-conjugately in any larger subgroup of Si-nmoi 
therefore only the two following groups can be formed from it : 

{jffigo, 8\ of order 360i, 
\H^,8y t\ of order 720. 

VI. J3io gives, in accordance with Theorem Til, three groups : 

{5io» ^} of order 180, 

\ITeQ* 8, t\ of order SGOg, 

\JI^, 8y a\al . ajol . alal . t\ of order 360g. 

The last of these groups consists entirely of even substitutions. 

The remaining heads are all composed of substitutions of the type 

<i<vS«<^^J.wJ», (1) 

where Vax=- ojajojaj, Uai=^ Oi^JaJalag, while Va%, Wa«» ^a3> ^a» denote the same sub- 
stitutions written in elements with the indices 2 and 3 respectively. The substi- 
tutions Vaiy Uai generate the metacyclic group in the five elements with index 1, 
these substitutions being subject to the conditions 

i?l» = 1 , ul^=l, <x vS» = ^?Sx wfi*. 

The most general ». is given by 

», = »S. <! »«. ««'. <.<i» . ( 2) 

From this we find 

«8= »«.+ » + <'Mi,»3,+*+'MS,t;2»'^ *+'«:;„ (3) 

where X = 2° (2*ai + 61) + c, , -j 

/tt=2«(2«6i + c,)+a„ I (4) 

r=2'(2"ci + ai) + &i.J 

Transformation of the general substitution (1) by «. gives us 

where ;i = a, + 2V — 2'ai , ^ 

(i = b, + 2''^'-2Pb„V (6) 

r = Ci 4- 2y — 2*Ci , ) 

The general substitution of the group 0=: \ff, 8^\ is 

T=8ivl. ut »2. ulivl, ut,. (7 ) 
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The most general t^ is given by 

t^ = t?S ll'i^vi\ui\vl^u'a\t. (8) 

Upon squaring this substitution, we get 

where ^ = 2^*a^ + 63, ) 

^=2-63+ as, V (10) 

V = 2'*Cs + Cj . J 

On transforming the general substitution T by the general t^, we have, after a 
straight-forward calculation, the following expression for the case a; = 1 : 

where ;i = — 2''-^+^+»a8 + 2^ + '«ai + 2*«|3' + 63, \ 

|t£ = _2*"-««+*+«C3 + 2- + -«Ci + 2^a' +«,, > (12) 

1;= — 2^-*«+>'+''68 + 2>'+*'«6i + 2V + C3.J 

We may now return to the consideration of special groups. 
VII. JB^QQo gives only the two groups formed with s and t, as any a that 
might be used is already contained in this head. The groups are, therefore, 

1 5^8000, s\ of order 24000i, 
j J^aooo «» ^\ of order 48000. 

VIII. JB^iooo has the general substitution (1) subject to the condition a+^ 
+ y=0 (mod 2). From (3), it is evident that s^ is subject to the condition a + b 
+ c = (mod 2). Therefore, s^ is already in the group generated by J5iooo ^^^ 
by fi, and there is only one group isomorphic to {a^a^a^) eye. We find by (9) 
that every tp has its square in the head, and by (11), that every t^ transforms 
the head into itself, therefore, we may take as a new t^ the simplest substitution 
for which Og + 62 + ^2 = 1 (mod 2) , viz. : 

Va't = a\a\ . (4(4<4^WWWa(4' 
The three groups with this head are, therefore, 

] 54000, 8\ of order 120OO1, 
{i?4ooo> ^» *} of order 24000,, 
{ 5^000 > *> ^a''} of order 240008. 
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Of these groups the first and third consist of even substitutions, the second of 
even and odd. 

IX. jE?iooo has the general substitution subject to the condition a = j3 = y (mod 
2). From (3) and (5), it is plain that every s. can be used to generate a group of the 
kind required. The only possible form for the cofactor of «, if it is not to give 
the group generated by a and the head, is ^?S»t?a«v5., where a, 6, c do not fulfill the 
condition a=Lh = c (mod 2). The simplest form for such a cofactor, and a form 
to which all others reduce, is found by making two of the exponents vanish and 
the third become equal to 1, e. g., Si = Vai» = aM^f .ajalalajalajajajajalalal 
Now, «{ = «!. VaxVcflVaz aud ^5 = *i • v\xVa%v\% \ we naay, therefore, take 8\ as the s. 
^n the place of «i and still have the same group. But B\=^{v\tv\i)''^8 {v\%v\%)^ 
therefore the group we have now found is merely the transformed of the group 
generated by 8 with respect to the substitution v2»^2»« Consequently, there is 
but one group corresponding to the cyclic group of degree three. 

If, in addition to the group given by <, we have a group given by t^ , then 
according to the relations derived from (11), ti2 = &3 = 0| (mod 2), i. e., the pos" 
sible values of t^ are already present in the group generated with the help of t . 
The two imprimitive groups with this head are, therefore, the groups 

{ 5^000 » «[ of order 6000. 
{fljjoooi «> <} of order 12000,. 

In this, and all following work, the terms u in the cofactors of 8 and t are 
taken as unity, unless the contrary is expressly stated. 

X. JJiooo has its general substitution subject to the condition a = ^3 = / = 
(mod 2). By Theorem IV, this head gives only one group isomorphic to 
(a&c) eye. If, in addition to the substitution t, there is a substitution t^y the 
relations satisfied by the exponents of the t?'s in (11) reduces to a2=\ = c^ 
(mod 2). We have, therefore, two distinct groups according as a^ is even or odd. 
The three groups with this head are 

]^iooo> «} of order 3000i, 
{i^iooo, «, t] of order eoOOg, 
]5iooo>*» VatVa%Vait\ of ordcr 6000,. 

XL H^ subjects the general substitution to the conditions a = ^3 = y, where 
a = 0, 1, 2, 3. Since every substitution 8^ satisfies the necessary conditions, the 
following independent types of «, must be examined: t?«»«, vji^, v\x8y Va^^a^s. The 
36 
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fourth power of these substitutions is in every case the transformed of s with 

respect to some combination of the vb; therefore, they give nothing new. The 

possible forms for tp are derived from the equation easily deducible from (11); 

— 02+ h^ = (h — c, = — ft, + Cj (mod 4), which, taken in conjunction with the 

limited range of values of Og, 63, Cj, gives a^ = ft^ = c^. That is, every possible tp 

is already included in the group generated by t. This head gives accordingly 

only the two groups, 

\H^, s\ of order I6OO1, 

jJ^Boo, Sy t\ of order SOOOg. 

XIT. jHigo subjects the general substitution ( 1) to the conditions a = /S = y = 
(mod 2). To determine an «., we have from (3) the condition a + 6 + c = 
(mod 2). An examination of the four apparently distinct types of «., vis, ViViS, 
t^v^s, t?it?|«, shows that just as in the last set of groups, these each give a group 
that can be derived from the group generated by s by means of an easy trans- 
formation. 

The possible forms t^ must fulfill the conditions, deducible from (11), —a, + 
&, = — &2 + ^ = — ^2+02 = (mod 2) and also — a^ + b2 = (i2 — c, (mod 4). 
These reduce to the simple condition a, = Jg = Cg, which furnishes the substi- 
tution tp = Vai Vat Vat t This hcad gives therefore the three groups, 

{Hfg^, s] of order 750i, 

I-&250, s, t\ of order 1500,, 

\SfBiQi s, VaiVatVa* t\ of ordcr ISOOj. 

The second group alone contains odd substitutions. 

XIII. 5i25 gives in accordance with Theorem IV only one group in which 
the systems are inter changed cyclically. The general substitution of this head is 
subject to the condition a = jt^ = y = 0. Applying this condition to (9) and (11) 
we find a, = &2 = ^> while a, lies under the further restriction of being even. 
Therefore we have in addition to t the substitution, 

tp = vlivitvit t = aiaf . alal. a^l.a\(4. aja|. olaj.ajaj. 

The three groups given by this head are, 

{jETjas, s\ of order 375, 

1 5^25, s, t\ of order 750,, 

{ H^, s, Vai vi Vat t \ of order 75O3 . 

XIV. ZTgo imposes upon the exponents of the general term the conditions 
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a = /? = y, a' = /?' = /. Making use of this in (5) and (6) we find 2''a' = 
2V = 2^ a' (mod 5) , which gives at once a = 6 = c. Using this latter equality in 
the equations that are deduced from (3) and (4) we find aj = &i = c^ with the 
single exception of the case a = 0, where the equations become indeterminate, 
being satisfied by every value of ai, 6i, c^. An examination of all of the appa- 
rently independent sets of value for aj, Jj, Cj shows that in every case the group 
is transformable into that generated by s alone. In order to determine all sub- 
stitutions t^ we use the equation, derived from (11), — a^ + &2 = a, — (^ = 0^ — h^ 
(mod. 4), from which follows at once a^ = b^^c^. From (12), by making use of 
the special case a = /S = y = 0, can be derived the relations — Og + 63 = — Cg 
+ ag = — 6 + 0, (mod. 5); i, e, aj = 63 = Cg. The only groups with this head are 
therefore the two groups, 

\ff^, 8\ of order 6O1, 

{^2o» ^» ^\ of order 120. 

XV. iTjo has the general term (l) subject to the conditions a = /S == y = 
(mod 2), a' = /?' = y'. By precisely the same line of argument as that laid down 
in the preceding case we arrive at the conclusion a=zb zuc, aj = J^ ^ Cj, 03 = 
62 = Cj, a^=b^:=z Cq. In this work, too, the indeterminate values ofa^, Jj, Ci 
require a careful examination that leads to no new group. From this head come, 
therefore, the three groups, 

{JffiQ, 8\ of order 30i, 

\BiQ, «, t\ of order 6O2, 

{jETio, 8, Vat Vat Va» t\ of ordcr 6O3. 

Of these three groups the second alone involves odd substitutions. 

XVI. jBTg imposes upon thegeneral term the conditions a = ^ = y= 0, a' = 
'/?' = y', By arguments similar to those used in the last two cases, with the 

further addition of the condition imposed by (3), a + b + c = (mod 4), we find 
a = 6 = c = 0, ai = 61 = Cj . In the determination of tp we see at once from (9) 
that C3 must be even, while from (11) we find a2= 63=02, and from (12) 

ag = 63 ^ C3 • 

The groups given by this head are as follows: 

jjETg, 8\ of order 15, 

]5i, s, t\ of order 30,, 

] JSg, 8, vli tfi* vj. t] of order 3O3. 
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Passing now to the case of five systems of three elements each, there are 
seven heads considered in this paper, six in volving all the systems symmetrically, 
the remaining head being unity. 

I. (ajojag) all (alalal) all (ajafal) all {a\a\af) all (aiaSof) all = H^nt^ 

II- {^7776} P0S=: 5^3888, 
111. { ^777« \ 3, 8, 8, 3. 8 ^^ -"48« i 

IV. {a\a\a\) pos {a\a^ pos (aja|aj) pos (a}ajaj) pos (aialal) pos = £^243 » 

V. (a}ajaj . a\o\a% . a\d^\ . a\[x\a\ . aja|a|) all = 5^ , 

VI. {a\a]a\ . afa|a5 . a\ayi\ . a\a^ . afa|a^) eye = H^ , 

VII. Unity. 

Denoting the system with index r by A^, it is evident that these systems 
must be interchanged according to the five groups {AiA^A^A^A^ eye, (^.1^3^.3^4^.5)10, 
{A^A^A^A^A^y^, {A^A^AzA^A^ pos, {A^A^A^A^A^ all. 

The order of procedure in each case is as follows : 

1. If the group is to correspond to {A^A^A^A^A^ eye, a substitution s must 
be found that will interchange the systems cyclically, transform the head into 
itself, and have its fifth power in the head. The imprimitive group so generated 
may be called 6r. 

2. If the group is to correspond to (^.1^1,^.3^14^15)10, it must contain Oi as a 
self-conjugate subgroup. In addition, therefore, to the s of case 1, a substitution 
t must be found that will interchange four of the systems in two pairs, as 
A^A^.A^A^y while leaving the remaining system unaltered, and that will, at the 
same time, transform the head into itself and G into itself. This substitution t 
must also have its square in the head. This imprimitive group shall be 
called (?,. 

3. If the group is to correspond to (-4.1^.2-4,^4^15)20, it must contain both Gi 
and G2 as self-conjugate subgroups. In addition, therefore, to the 8 of case 1, a 
substitution u must be found interchanging four of the systems cyclically, accord- 
ing to -1, J., -4.5 -^4 for instance, transforming Gi and (r, into themselves and hav- 
ing its fourth power in the head. 

4. If the group is to correspond to (-4.1^12-4,-4.4-45) pos, two substitutions, 
V and v\ must be found corresponding to i4i-42 J., and ^1-4^^.5 . These sub- 
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stitutions must, therefore, each interchange three systems, leaving two unaltered, 
they must have their cubes in the head, and must transform the head into itself. 
This group may be called &. 

5. If the group is to correspond to (AiA^A^A^A^) all, two substitutions, w 
and t«/, must be found corresponding to AiA^A^A^ and A^A^. & is to be con- 
tained in this new group as a self-conjugate subgroup, therefore w and «/ must 
transform the head into itself and Q' into itself. The fourth power of %d and the 
square of t(/ must both be contained in the head. 

I. Htyi^ is the largest possible intransitive group with the given systems of 
intransitivity, and, consequently, only one group with this head corresponds to 
each of the transitive groups of degree 6. For each of these groups a substitu- 
tion or pair of substitutions can be found fulfilling all required conditions and 
involving the elements of the systems symmetrically. A second set could be 
found only by multiplying this first step by some substitution belonging to the 
largest group that contains the head self-conjugate ly without interchanging any 
of the systems. But this group is the head itself. The required groups are, 
therefore, the following : 

\Emt^ a] of order 38880, 
{Hmfi.s, t\ of order 77760, 
\n^my *» ^[ of order 155520, 
]5i„e, VyV/\ of order 466560i, 
|jB;„5, w, vJ\ of order 933120, 

where s = ajafajajaj . ajo^olajal . aja|a§fl^ J , 

t = ofai . a\a\ . a\d^ . a|e4 • ^s^ • ^s^s* 
u = d\a\a\ai . a|a^|a| . ala^a^ , 
V = a\a]ai . ojalal . alalal , 
t/ = alalal . ala^jl . ala^l , 
w = aia^af ai . ala'a^ol . alalala^ , 
t(/ = a\al . alal . ajal . 

These letters shall be kept throughout this section of the paper to denote these 
symmetrically formed substitutions, other substitutions with corresponding prop- 
erties being denoted by the same letters with suffixes. 
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II. jETjgge gives only one group isomorphic to {A^A^A^A^A^ eye, viz., the 
group generated by e. Any new a^ must have as cofactor an odd substitution 
belonging to H^i^^ but the fifth power of such a substitution is not contained in 
the head. There are, however, two groups isomorphic to (-4,-4,^.3^14^.5)10, since 
both ^ and t^=.a\a\.t fulfill the necessary conditions. The former generates a 
group (?88«8o, containing only even substitutions, the latter generates a group 
(7j888o, containing both odd and even substitutions. There are likewise two 
groups isomorphic to {AiA^A^A^A^cg^^ one generated by u, the other by a\a!^. u. 
The first of these groups contains odd substitutions, the second only even. G^sggso, 
is contained self-conjugately in both. 

Only one group & can be found for this head, as no new v. or i7« fulfills the 
necessary conditions. Such a substitution would necessarily be of the form av 
or av/^ where <r would belong to the group Hmt- If ^ were even, the group so 
generated would be a repetition of the group generated by v and t/. If a were 
odd, the cubes of av, avf would not be contained in the head. 

Two groups can be found isomorphic to (-4.1-42 ^8^4-^) a^l the substitutions 
w and u/ generating one group, the substitutions ajaj.t^?, alaX.tt^ generating the 
other. This latter group contains only even substitutions. 

From this head we have, therefore, derived eight groups : 

{jETaggs, 8\ of order 19440, 

{5^888, 8. t\ of order 3888O2, 

|^S888> ^1 «M-'f of order SSSSOg, 

]J3g888,fi, u\ of order 7666O2, 

] J33888» *» alajl.t^} of order 7666O3, 

jjBTaggs, «, v'\ of order 233280, 

{5^888 1 ^1 ^[ of order 466560g, 

j-B'3888, o\o\.w, a\a\,%d\ of order 46656O3. 

III. -0^86 furnishes us with only one group isomorphic to {A^A^A^A^A^ eye, 
for an examination of the groups given by all possible types of substitutions s^ 
shows that each of these groups is merely the group generated by the help of 
8 and transformed with respect to some easily discovered substitution. More- 
over, there is but one group isomorphic to ( J.i -4, ^j J.4 -45)10 , viz., that generated 
with the help of t. Any cofactor of t must be of one of the types a\a\, afof. ajof , 
a\a\ . a\a\ . afag, afa| . ajof . a[a\ . a\a\ , but any t^ got by means of these, transforms 
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8 into «* (a substitution not in the head). Precisely the same reasoning shows 
that there is only the one group isomorphic to (-4^^.8-43-4.4^.5)20. 

In addition to the group isomorphic to (-41-42-43^44 -45) pos generated by 
means of the substitutions v and ?/, we must examine groups generated with the 
help of V. and vl, substitutions which contain as cofactors of v, i?' respectively 
the products of transposition, one transposition from each system. A number 
of these may be rejected at once, but we are left with the possible forms : 

t?i = a]q\ , alal . v = a\a?/il . ajajaf . aja'ag , 

V2 = a\a\ . ajal . alal . v = «{a|a| . a]alal . ala^ . a\al , 

v[ = a\al . ala^ . v' = ala^al . a^lal . ala^l , 

V2 = a\a\ . afof . ajofl • v' = «1«2<^2 . olaial • cj^iCtf • afa^ . 

But, since i;i, v| are transformable into v, and v(, ^2* are transformable into t/, it is 
impossible to generate any group by means of any combination of these four 
substitutions excepting a group that can be transformed into the one generated 
by means of v and v'. 

A similar examination of all groups isomorphic to {AiA2AsA^A^) all, shows 
that, in addition to the group generated with the help of w and w\ there is one 
other group generated by means of w^ = alal . w and v/. 

From this head ard therefore formed the six following groups : 

{ 5^8^,5} of order 2430i, 
\ H^^ ,Syt\ of order 4860i , 
\H^y 8^ u\ of order 9720, 
]-Hi8«, v> ^'} of order 29160i, 
jjSise, w,vjl\ of order 58320i, 
] H^^ , a\al .w,u/\ of order 583208. 

IV. ^^243 gives one group isomorphic to (J-j -42^-3-44-46) eye, by means of «. 
The only other permissible forms of «„ are of the type 

81 ^ a]a\ . afa| . «, 8^^=- a\a\,a\a\ . a\a\ . a\al .8. 

But 81 and 8^ are each the transformed of 8 with respect to some substitution 
that transforms the head into itself; therefore, there is only the one group of this 
type. On the other hand, there are two groups- isomorphic to (^1-42-43^.4-45)10, 
since both t and ti = alal . afa^ . a\al . ajc^ . al(4 • t fulfill all necessary conditions and 
generate, one a group of even substitutions, the other a group containing odd 
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substitutions. There are also two groups isomorphic to {AiA^AqA^A^)^^^^^ one 
containing both odd and even substitutions, the other only even. These are 
generated respectively by means of u and of Wi = a}aj . aja| . ajof . ajoj . afal . u , 
and each contains as a self-conjugate subgroup the group isomorphic to 
(-41-42-43-4.4-4.5)10 that consists entirely of even substitutions. 

Only one group can be found isomorphic to (-4i -4, A^ A^ A^) pos, and this is 
the one formed by the help of v and t/. An examination of the various substi- 
tutions Va and vi, corresponding to various types of cofactor of v and v^ shows 
that all groups formed by means of these substitutions are transformable into 
the one group. 

On the other hand, we have two distinct groups corresponding to 
(-41-42^48-^4-^6) 8.11, the one consisting of both odd and even substitutions and 
generated by the aid of t^; and a/, the other consisting entirely of even substitu- 
tions and generated by the aid of alal . w and afol . w\ 

From this head we have, therefore, the eight following groups : 

{H^iSf s] of order 1215, 
]J3i43,«, t\ of order 24302, 

] £"243 » *> ^W • «i«l • ^1^ • ^1^2 • ^\<4 . ^ } of order 243O3 , 
{jBTgia, «, u\ of order 4860,, 

] 5243, *> ^i^ • <^i^ • ^1^1 • «i^j • <^i^ . t^} of order 486O3, 

]jEr24g, Vy v^\ of order 14580, 

]jEr24g, w, w^\ of order 29I6O2, 

{jEr24g, a5a|.i(?, aja|.t£/j of order 29160g. 

V. -Si furnishes one group corresponding to each transitive group of degree 
5. These groups are generated respectively by the substitutions s, t, u, v, «/, w, «/, 
and can readily be seen to be indentical with those of orders 3O2, 60,, 120, 36O2, 
720 included among the groups with three systems of imprimitivity. An inter- 
change of suflBxes and indices in the one set of groups gives the generating sub- 
stitution of the other set of groups. 

VI. H^ furnishes groups corresponding to the transitive groups of degree 5 
by means of the substitutions 5, <, w, v, t/, w, t^. As in the last case, howeveri 
these correspond to the groups of orders 15, 30i, 6O1, 180, 360i included in the 
groups with three systems of imprimitivity. By the use of the cofactor a = a\al . 
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afc^ . aja| . aja| . a\a\ three more groups can be found generated respectively by the 
help of <i = atj Ui = au^ w^ = aw, w'l = era/. These groups, however, are seen 
to be identical with those of orders SOs, 6O3, and 3608 included in the groups 
with three systems of imprimitivity . This head gives, therefore, no group essen- 
tially new. 

VII. In the discussion of the head unity a useful theorem is the following 
given by Frobenius (Crelle t ci, p. 287): 

Th>e average number of elements in all the substitutions of a group is n — a, n 
being the degree of the group, and a the number of its transitive constituents. 

The only transitive groups of degree 5 containing 15 as a factor of the order 
are the symmetric and alternating groups. We have therefore to find an imprim- 
itive group of degree 15 with 5 systems of in transitivity simply isomorphic to 
the alternating (symmetric) group in 5 letters. 

In determining the imprimitive group corresponding to {AiA^A^A^A^ pos- 
we make use of the following facts : (1) the 15 conjugate substitutions corres, 
ponding to terms of the type A^A^. A^A^^mxxBt be of degrees 12 or 14; (2) the 20 
conjugate substitutions corresponding to terms of the type -4i il, J., must be of 
degrees 9, 12, or 15; (3) the 24 conjugate substitutions corresponding to terms 
of the type A^A^A^A^A^ must be of degree 15. It must, therefore, be possible to 
solve the equation 

15 (12 + 2a) + 20 (9 + 3/?) + 24.15 = 14.60 

where a =0, 1 ; /? = 0, 1, 2. The only solution is a = 0, /? = 2. 

Therefore the imprimitive group we are seeking contains among its substi- 
tutions 15 of degree 12 and order 2, 20 of degree 15 and order 3, 24 of degree 15 
and order 5. Making use of the relations among the generating substitutions of 
such a group of order 60 as given in Burnside, Theory of Groups, p. 107, we find 
that the two substitutions corresponding to A^A^A^A^A^, A^A^A^Al, substitutions 
which will generate (AiA^A^A^A^) pos, are respectively , 

s = aiaiafaiO^ . c4a|afa|a| . alalosajal , 
p = a\al . afol . alaf . a|a} . ajal . ala\; 

8 and p are therefore the generating substitutions of an imprimitive group simply 
isomorphic to the alternating group of degree 5. 

In determining a group simply isomorphic to (^.1-42^^4^.5) all, we argue as 
before in regard to the various sets of conjugate substitutions. The 15 substitu- 
36 
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tions corresponding to terms of the type AiA^ . -4.3-44 are of degrees 12 or 14, the 
20 corresponding to the type ^.1-42-43 are of degrees 9, 12, or 15, the 24 corres- 
ponding to the type AiA^A^A^A^ are of degree 15, the 10 corresponding to the 
type A^A^ are of degrees 6, 8, 10, or 12; the 30 corresponding to the type A^A^ 
-4g-44are of degrees 12 or 14; the 20 corresponding to the type AiA^A^^A^bxq of 
degree 15. The equation to be satisfied is therefore 

15 (12+ 2a) + 20(9 + 3/?) + 24.15 + 10(6 + 2y) + 30 (12 + 25) + 20,15 

= 14.120 where a = 0, l;/? = 0, 1, 2;y = 0, 1, 2, 3; 5=0, 1. 

The only solution is a = 0, /S = 2, y = 3, 5 = 1. The substitutions A^A^A^A^A^, 
AiA^A^A^, A^A^A^A^ will generate the group {A^A^A^A^A^ all, and corresponding 
to these as generators of the imprimitive group we have the three substitutions, 

8 = a}afafa}af . a|a|aj(4«l • aj^s^ > 

V 

p = alal . alal . a^ . ajgO^ . a^ . a|a|. 

To sum up the results of the preceding work, the 1 6 heads with three sys- 
tems of intransitivity give 41 groups with three systems of imprimitivity. The 
7 heads with five systems of intransitivity give 42 groups with five systems of 
imprimitivity, but of these 13 groups contain also three systems of imprimitivity. 
Therefore there are 70 imprimitive groups of degree 15 as determined in this 
paper. 

Primitive Substitution Groups of Degree Eighteen. 

The main theorems employed in this investigation of primitive groups are 
the following, in which p is always to stand for a prime number. 

n f 

I. The order of a irrimiiive group of degree n cannot exceed ^-^ — , where 

^. o • • • • p 

2, 3, . , . . p are the distinct primes which are less than f n. (Bumside, Theory of 
Groups, p. 199). 

II. A group of degree p+x or of degree 2p + x, x >► 2, cannot be more than 
X times transitive. (Miller, Bull. A. M. S., v. IV, pp. 142, 143). 

III. If a primitive group of degree n contains a circular substitution of prime 
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order p, the group is at least (n — p+ ly/old transitive. (Cole's tr. of Netto's 
Theory of Substitutions, p. 93). 

IV. A sel/'Conj agate subgroup of a primitive group must be transitive. ( Burn- 
side, 1. c, p. 187). 

V. A self-conjugaie subgroup of a x-ply transitive group of degree w(2<rx<[n) 
is in general at least {x — '^)'ply transitive. Tlie only exception is that a triply tran- 
sitive group of degree 2"* may have a self-conjugate subgroup of order 2**. (Burn- 
side, 1. c, p. 189). 

VI. A group Q which is ai least doubly transitive either must be simple or mus 
contain a simple group H as a self-conjugate subgroup. In the latter case no opera 
tion of Q except identity is per mutable with every operation of H. The only exceptions 
to this statement are that a triply transitive group of degree 2** may have a self 
conjugate subgroup of order 2"*, and that a doubly transitive group of deyree p^ may 
have a self-conjugate subgroup of order p^. (Burnside, 1. c, p. 192). 

Vri. The substitutions of a transitive group O which leave a given symbol 
unchanged form a maximal subgroup O^ , which is one of a set of n conjugate sub- 
groups^ each leaving one of the n elements unaffected. (Burnside, 1. c, p. 140). 

VIII. The number of substitutions of degree K^n contained in a transitive 
group of degree n is equal to the number of substitutions of this same degree I contained 

art 

in the maximal subgroup O^ of degree n — 1 muitipliedby =-. (Stated by Miller, 

Quar. Jour. of. Math. v. XXVIII, p. 216.) 

IX. The average number of elements in all the substitutions of a group is n — a , 
n being the degree of the group and a the number of its transitive constituents. (Fro- 
benius, Crelie, t. ci, p. 287.) 

X. Sylow's theorem, as stated by Burnside, 1. c, p. 92, or by Sylow, **Theo- 
rfemes sur les groupes de substitutions," Math. Ann., v. V (1872), pp. 584 et seq. 

XI. The class of a primitive group of degree n is the same as the does of its 
maximal subgroup that leaves one element unaffected. 
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While the preceding theorems are used throughout the work on primitive 
groups, the following are used mainly in the determination of simply transitive 
primitive groups. 

XII. A simply transitive primitive group O of degree n cannot contain a transi- 
tive subgroup of degree less than n. (Miller, Quar. Jour, of Math., v. XXVIII, 
p. 215. 

XIII. When Q^ contains a selfccnjugate subgroup H of degree n — a , jB" must 
be intransitive^ and it must be the transform with respect to substitutions of G of any 
one of a — 1 other subgroups of Gi{H[, El, .... HL^i). (Miller, Proc. Lon. 
Math. Soc, V. XXVIII, p. 534.) 

XIV. All the prime numbers which divide the order of one of the transitive con- 
stituents of Gi divide also the orders of each of the otiier transitive constituents. 

Corollary I. If one of the transitive constituents of Oiis of a prime degree, 
each of its other transitive constituents is of the same or a larger degree^ and the 
order of Q^ is the same cw the order of the group formed by these other transitive 
constituents. 

Corollary II. If tJie order of Gi is not divisible by the square of a prime 
number, all its transitive constituents are of the same order, and Gi is formed by 
establishing a simple isomorphism between them. (Miller, 1. c, p. 536.) 

XV. If a transitive constituent of Gi is of a prime order, the order of Gi is the 
same prime number, and G is of class n — 1 . 

Corollary. If Gi contains a constituent of degree 2, its order is 2, and the degree 
of G is a prime number. (Miller, 1. c, p. 536.) 

The above theorems are given in the form and with the symbols most con- 
venient for use, and so are not always exact quotations from the papers and 
books referred to, while the references given are not always references to the 
original paper in which the theorem appeared. 

Applying these theorems now to the special case in which n = 18 , we pro- 
ceed as follows : 

Since 18 = 2 . 7 + 4 , by Theorem II a primitive group cannot be more than 
4-ply transitive. 
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By Theorem I the order is seen not to exceed 

18! 



2.3.6.7.11 



= 2^^3^5^7.l3.l7. 



If the group included circular substitutions of orders 2, 3, 5, 7, 11, 13, it would 
be at least 17, 16, 14, 12, 8, 6-fold transitive respectively according to Theorem 
III. This is impossible; therefore circular substitutions of these orders are not 
present, and consequently we see at once that 11 and 13 cannot be factors of 
the order. 

If the order includes the factor 7, then, by Theorem X, there is a subgroup 
of order 7. This must consist of the powers of a substitution composed of two 
cycles of 7 elements each, and it must be contained self-conjugately in a group 
of order 7 . 47n that interchanges transitively among themselves the four remain- 
ing elements. (Cf. Burnside, Theory of Groups, p. 202.) It is quite possible 
to establish a (7a, 1) isomorphism between an imprimitive group of degree 14 
with the systems of iraprimitivity 7, 7 and a transitive group of degree 4; there- 
fore 7 may be a factor of the order. 

A subgroup of order 5^ cannot be present, as it would have to be intransi- 
tive with the systems of intransitivity 5, 5 or 6, 5, 5. In the one case, it would 
have to be contained self-conjugately in a group of order 5*. 8in, in the other, in 
a group of order 5*. 3 . tw . In either case, a circular substitution of order 5 would 
be present, which is impossible. 

The factor 5 may be contained in the order, as it is possible to establish a 
(5, 1) isomorphism between the] cyclical group of degree 15 and the cyclical 
group in the remaining three letters. 

The order must, therefore, be a factor of 2^^. 3*^. 6 . 7 . 1 7. 

Simply Transitive Groups. 

The maximal subgroup Gi that leaves a^ unaflFected is intransitive (Theorem 
XII), and its order is, therefore, a factor of 2^*. 3l 5 . 7 . Moreover, its class can- 
not be less than 6, for if it were 2, 3 or 5, Gi would necessarily contain a transi- 
tive subgroup of too low a degree, and it cannot be of class 4, if G is to be 
primitive. (Netto, 1. c, p. 138.) 

By Theorem XIV, Cor. I, it is evident that Gi cannot contain a transitive 
constituent of degree 13 or 11; by Theorem XIV it cannot contain a transitive 
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constituent of degree 15 or 14, and by Theorem XV, Cor., it cannot contain a 
constituent of degree 2. 

If one of the transitive constituents of Qi is of degree 12, the other must be 
of degree 5. The isomorphism between the transitive groups of degrees 12 and 
5 must be an (a, l) isomorphism, where a itself may be equal to 1. By Theorem 
XIV, the order of the group of degree 5 must contain the factors 6, 3, 2 ; there- 
fore this group must be either the alternating or the symmetric group of 
degree 5. If the isomorphism is more than simple, then the group of degree 12 
must be an imprimitive group with 6 systems of imprimitivity. The head for 
such an imprimitive group as we require is the intransitive group of order 2 
and degree 1 2 given by [l , Uia^ . a^^ . a^a^ . QjO^ . a^aiQ , aiiai2^ . The group 
(^is^u^iB^je^i?) pos contains 

24 conjugate substitutions of order 5 and degree 5, 
20 conjugate substitutions of order 3 and degree 3, 
15 conjugate substitutions of order 2 and degree 4. 

Corresponding to these in the group of degree 17, we have 1 substitution of 
degree 12 and order 2, 24 of degree 15 -f 2a and order 5 or 10, 24 others of 
degree 15+ 2a' and order 5 or 10, 20 of degree 15+2/3 and order 3 or 6, 
together with 20 of degree 15 + 2/3' and order 3 or 6, 15 of degree 12 + 2y 
and order 2 or 4, and 15 of degree 12+2/ and order 2 or 4, where 

a = 0, 1 ; a' = 0, 1 ; /? = 0, 1 ; /?' = 0, 1 ; y = 0, 1, 2; / = 0, 1, 2. 

By Theorem IX, the following equation must be satisfied : 

12 + 24 (15 + 2a) + 24 (15 + 2a') + 20 (15 + 2/?) + 20 (15 + 2/3') 

+ 15(12+ 2y) + 15(12+ 2y') = 120. 15. 

The only type of solution is given bya = /S = y = /S'=0,a'= 1,/= 2. 6ri, 
therefore, contains both a self-conjugate subgroup of degree 12 and order 2, and 
15 conjugate subgroups of the same type. But, by Theorem XIII, only 5 such 
conjugate subgroups should exist if this group is to be the Gi of a simply transi- 
tive primitive group. This intransitive group gives us, therefore, no such group 
as we require. 

For precisely the same reason the intransitive group formed by establishing 
a (2, l) isomorphism between an imprimitive group of degree 12 and order 240, 
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and the symmetric group of degree 5 cannot be employed in the formation of a 
simply transitive primitive group of degree 18. 

If the isomorphism is simple, the group 6?i, including the alternating group 
of degree 5, must contain 24 substitutions of degree 10 or 16 and order 5, 20 of 
degree 6, 9, 12 or 15 and order 3, 16 of degree 6, 8, 10, 12, 14 or 16 and order 2. 
The following equation must, therefore, be satisfied : 24 (10 + a) + 20 (6 +^) 
+ 16 (6 + y) = 60 X 16, where a = 0, 6 ; /? = 0, 3, 6, 9 ; y = 0, 2, 4, 6, 8, 10. 
The only solution is a = 5, ^ = 9, y = 10. 6?i is, therefore, of class 15. 

A group Q of degree 18, formed with the help of this Gi and, therefore, of 
order 60. 18, contains 36 conjugate subgroups of order 5, each of which is con- 
tained self-conjugately in a group of order 30. As each of these subgroups of 
order 6 is already self-conjugate in a group of order 10, the construction of the 
generating substitutions of such a group is an easy matter. Gi is generated by 

and by ^ = a^a^ . a^^ . Offiii% . ciids . (z^dio . ^e^u • ^is^is * ^14^17 > 

and contains, as one of the above-mentioned groups of order 10, the group gene- 
rated by 

The group ]i^, vf is a subgroup of a group of degree 18 and order 30 formed 
by establishing a (6, 1) isomorphism between an imprimitive group of degree 15 
and order 30 with u and its powers as head and the symmetric group in the three 
elements aia^ajg. The question then reduces to that of the determination of a 
substitution of degree 18 and order 3 that will transform the head \u\ into itself, 
interchange cyclically the three systems of {wf, and be in its turn transformed 
into its square by v. An examination of all substitutions fulfilling these condi- 
tions results in finding none that do not give, when combined with other substi- 
tutions of (?!, substitutions that cannot possibly belong to a simply transitive 
primitive group containing Gi as a maximal subgroup. 

There is no primitive or imprimitive group of degree 1 2 simply isomorphic 
to the group {abcdef)^; consequently, no isomorphism can be established 
between the symmetric group of degree 6 and a transitive group of degree 12. 

There remains the question whether the symmetric group of degree 6 can 
be put in a simply isomorphic relation to one of the imprimitive groups of degree 
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12 and order 120 that have both six and two systems of imprivitivity. Such 
groups of degree 12, however, contain two self-conjugate subgroups of orders 2 
and 60 respectively, and, therefore, are not in a simply isomorphic relation to 
the symmetric group of degree 5. 

If one of the transitive constituents is of degree 10, the other can only be of 
degree 7. By Theorem XIV, the group of degree 10 must contain 7 as a factor 
of its order, and, therefore, must be either the alternating or the symmetric 
group. It is impossible to establish an isomorphic relation between either of 
these groups and one of degree 7 without introducing substitutions of too low a 
degree. 

If one of the transitive constituents is of degree 9, the remaining constituent 
may be either intransitive in two systems of four elements each or intransitive in 
eight elements. The isomorphism can in neither case be simple, as an examina- 
tion of all groups of degree 8 and orders equal to those of transitive groups of 
degree 9 shows that in each case a system of intransitivity of degree 2 enters, 
with the single exception of a group of order 144. Here, however, the group of 
degree 9 contains a substitution of order 8, while an inspection of the corres- 
ponding groups of degree 8 shows no substitution of that order. 

The isomorphism is, therefore, an (a, ^) isomorphism, where a and /? are 
not simultaneously equal to one. 

When neither a nor ^ is equal to one, Gi must be formed from an imprimi- 
tive group of degree 9 and an intransitive group of degree 8. The order of each 
transitive constituent must contain 3 as a factor, and, therefore, the group ot 
degree 8 must be some combination of the alternating and symmetric groups of 
degree 4 in two systems of elements. The only combinations possible, consistent 
with the requirements of class, are got by establishing a simple isomorphism 
between the two symmetric groups of degree 4 or between the two alternating 
groups of the same degree. Every relation of isomorphism established between 
these groups of degree 8 and any imprimitive groups of degree 9 consistent with 
the requirements of class, results in a Gi that contaiQS a self-conjugate subgroup 
of order 4 and degree 8, and no other subgroups of the same order. This case, 
therefore, gives no simply transitive primitive group. 

When a becomes 1, the group of degree 8 must, as before, be composed of 
either the symmetric or the alternating groups of degree 4 in two sets of 
elements put into the relation of simple isomorphism. The order of such a group 
does not contain 9 as a factor; therefore this case gives no possible Gi. 
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When P becomes 1, the group of degree 9 must be imprimitive. No tran- 
sitive group of degree 8 stands, however, in the given relation of isomorphism 
towards an imprimitive group of degree 9. The only permissible intransitive 
groups of degree 8 are combinations of the symmetric and alternating groups of 
degree 4 in two sets of elements, and none of these are isomorphic in the given way 
to any imprimitive group of degree 9. 

If one of the transitive constituents is of degree 8, we may have the systems 8, 
6, 3 or 8, 3, 3, 3. In both cases we have an (a, 1) isomorphism between an 
intransitive group of degree 14 and the symmetric group of degree 3. The group 
of degree 8 is not primitive, as no suitable isomorphic relation can be established 
between a primitive group of degree 8 and an imprimitive or an intransitive group 
of degree 6. The only imprimitive groups of degree 8 that can be used are those 
with the head (1, Uia^ . a^a^ . aia^*a>fii^ that are isomorphic to a group of degree 
4 and order 12 or 24. Such groups, however, cannot be combined with the groups 
in the remaining 9 elements in such a way as to generate a group capable of being 
the Gi of one of the required primitive groups. 

The case in which G^ contains a transitive constituent of degree 7 has already 
been discussed, as according to Theorem XIY, Cor. I, the remaining constituents 
must be of larger degree. 

If Gi contains a transitive constituent of degree 6, the systems may be either 
6, 6, 5 or 6, 4, 4, 3. For the former system the only possible arrangement is to 
establish a simple isomorphism between the three groups {aiO^a^^a^a^^ , {aia^^aiif^ 
«u«i2)«o» («i3«i4«iB«i«^i7) pos, or between the groups {aia^p^^a^a^i^, (^r^e^^ioanais) 120. 
(«i3^i4^i6«i««i7) 8»11. An examination of the two groups G^ formed from these iso- 
morphisms shows that these are not the maximal subgroups of simply transitive 
primitive groups of degree 18. 

If the systems are 6, 4, 4, 3, only the imprimitive groups of degree 6, the 
alternating and symmetric groups of degree 4, and the symmetric groups of degree 
3 are involved. The group formed by the system 6, 4, 4 has an (a, 1) isomorphism 
to the group of degree 3, and this isomorphism cannot be simple. No combination 
of these groups can be found fulfilling all the necessary conditions. 

The case in which Gi contains a transitive system of degree 5 has already 
been discussed, as the remaining systems must be of degree greater than 6. 

If (?! contains a transitive system of degree 4, the only arrangement possible 
is 4, 4, 3, 3, 3. The groups involved are therefore the symmetric groups of degree 
3 and 4, and the alternating group of degree 4. One group consistent with the 
37 
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requirements of class is got by establishing a (1,4) isomorphism between the 

group, 

(a9aio«ii . disfli^u . dy&di^n) all, and {aiafp^^ . a^a^^ all. 

This group contains, however, one and only one subgroup of degree 8 and order 2. 

A second group is got by first establishing a (4, 1) isomorphism between (aiO^a 
a^.acP^a^a^) all and {a^aiQan) all; and then establishing a (1 2, 3) isomorphism between 
the group of order 24 so formed and the group (ai2ai^i4 . aiffii^^) all. This group 
of degree 17 contains only one subgroup of order 4 and degree 8; therefore it 
cannot become a Gi . 

Gi cannot contain only systems of degree less than four, as in such a case 
a system of degree 2 would have to enter. 

There is, therefore, no simply transitive primitive group of degree 18. This 
result when joined to all other determinations of similar groups shows that there 
is no simply transitive primitive group of degree p +1, p a prime number and 
<17. 

Multiply transitive groups. 

Among the transitive groups of degree 17 five contain a self-conjugate sub- 
group of order 17. These are of order 17, 2.17, 4.17, 8.17, 16.17 respectively, 
while all excepting the first are of class 16. 

If a primitive group of degree 18 and order 18.17 existed, such a group would 
contain 18 conjugate subgroups of degree 17. It would therefore contain 17 sub- 
stitutions of degree 18 and 18.16 of degree 17.^ By Sylow's theorem since 18.17 
= 2.3^ 17, such a group contains either 1 or 34 subgroups of order 3^ A sub- 
group of this order must be intransitive, therefore cannot be self conjugate, and 
it is impossible to form 34 subgroups of order 9 from 17 substitutions of degree 18. 
No such group of degree 18 exists. 

A primitive group of degree 18 and order 18. 17. 2 = 2*. 3*. 17 would contain 
among its substitutions 153 of class 16 and order 2, 288 of class 17 and order 17, 
170 of class 18. This group must contain either 1, 4, or 34 conjugate subgroups 
of order 3^ As before, a subgroup of this order cannot be self-conjugate, as 
it is intransitive. If there were 4 conjugate subgroups, each would be self- 
conjugate in a group of order 3*. 17 involving all 18 letters and necessarily tran- 
sitive. Such a group is non-existent. If there were 34 conjugate subgroups 
they must be of degree 18, and there are not enough substitutions of class 18 to 
form all these subgroups. 
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A primitive group of degree 18 and order 18.17.4 = 2'.3*.17 contains among 
its substitutions 476 of degree 18, 459 of degree 16, 288 of degree 17. According 
to Sy low's theorem it contains either 1, 3, 9, 17, 51, or 153 conjugate subgroups 
of order 2'. Now the group leaving one element unchanged contains 17 conju- 
gate subgroups of degree 16 and order 4; therefore the group of degree 18 contains 
153 distinct conjugate subgroups of order 4; therefore it contains 153 conjugate sub- 
groups of order 2^ Each of these is contained self-conjugately in no larger group. 

The number of systems of intransitivity in any one is got from the following 
equation, where x denotes the number of substitutions of degree 18 and a the 
number of systems : 

18a; + 16 (7 — aj) = 8 (18 — a), where a :#= 1, a; < 8. 

There are two sets of solutions, either a; = 0, a = 4, or sc = 4, a = 3. 
The group of degree 1 7 is generated by, 

t = dfil^ayfl^ • (^^i{fllt<h • ^4^«^6«1S • «7^n^l8«8 » 

where t and its powers form a self-conjugate subgroup of the group of order 2' and 
degree 18 that is now under discussion. It is impossible to so connect the systems 
and introduce the remaining elements that the first solution may give the group 
of order 2'. Making use of the second solution we have only to combine with 
the group generated by < a substitution of degree 18 that connects the two remain- 
ing elements by a transposition, and unites the cycles of ^ in pairs. The 153 
groups of order 2^ give in this way 153.4= 612 distinct substitutions of degree 
18, while there are only 476 in the group. This group of degree 18 does not exist. 
If there is a primitive group of order 18 . 17. 2* = 2*. 3*. 17, it contains 288 
substitutions of degree 17, 1071 of degree 16, 1088 of degree 18. The group of 
degree 17 which is generated by 

and ^ = a^a^^i^ai^na^a^a^ . a^aj^ia^d^ai^a^ai^ , 

contains 17 conjugate subgroups of degree 16 and order 8; therefore in the 
group of degree 18 there are 153 such conjugate subgroups, and each of these 
is self-conjugate in a group of order 2* and degree 18. Denoting by d the 
number of systems of intransitivity of this group of order 2*, and letting x denote the 
number of substitutions of degree 18 contained in the group, we have the equation 
18x + 16 (16 — x)= 16 (18 — a), where a ^l. There are two solutions, a:= 8, 
a=2;»=0, a=3. The first solution would involve a larger number of substi- 
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tutions of degree 18 than are actually present in the group under consideration. 
The second solution shows that the group must contain 153 conjugate subgroups of 
order 2* and degree 18 consisting of substitutions of class 16 only, and involving 
three systems of intransitivity. A substitution must therefore be combined with< 
that transforms t into one of its powers, and has its head in the group generated 
by t; moreover, this substitution must have as one of its cycles the transposition 
(^^ib)» fti^d must have systems of intransitivity apart from this cycle consistent 
with the systems of t. Such a substitution is a^^a^aiQ . a^ di^ • o^dvi • ^5^i6 • /^o^s • ^t^u- 
«8^i2'«i«i8- The required group is therefore {s, <, a}. 

It is not necessary to prove that these three substitutions give a group of 
the required order, as such a group would be necessarily doubly transitive, and 
it is known that there is a doubly transitive group of degree 18 and of the 
required order. By the mode of construction of the substitutions, it is evident 
that there is only the one type of group of this degree and order. 

Any primitive group of degree 18 and order 18. 17. 16 contains 2312 sub- 
stitutions of degree 18, 288 of degree 17, 2295 of degree 16. The group of 
degree 17 contains 17 conjugate cyclical subgroups of degree 16 and order 16, 
therefore, the group of degree 18 contains 153 subgroups of order 16, each of 
which is self-conjugate in one of 153 conjugate subgroups of order 32. Giving 
a and x the usual meanings, we find that the group of order 32 involves the equa- 
tion 18a; + 16 (31 — x)— 32 (18 — a), wherea ^ 1. The only solution is a = 2, 
a; = 8 ; therefore, the group of degree 12 and order 32 must be intransitive 
with two systems of intransitivity, and must contain 8 substitutions of degree 
18, 23 of degree 16. We have to add, therefore, to the cyclical group of degree 
16, 8 substitutions of degree 16 and 8 of degree 18, all of them containing as one 
cycle the transposition of the remaining two letters. 

The group of degree 17 and order 17 . 16 has as generators 

and u = ajja4aioanaua6«i««i2<^7^i6^^8^5«i8«30^7 • 

The substitution r = a^a^^ . a^a^ . a^^^ . a^a^ . a^^ . a^ai^ . UnOx^ . ai^^^ generates with 
8 and u the required group of degree 18 and order 17 . 16 . 18. A triply transi- 
tive group of such an order is known to exist (Bumside, 1. c, p. 158); so no 
further proof that ]s, w, r\ is a group is necessary. It is easy to see that the 
even substitutions of the group just found form the simple group of order 
18.17.8. 
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The three remaming transitive groups of degree 17 each contains 120 con- 
jugate subgroups of order 17. They are of orders 15.16.17, 15.16.17.2, 
15.16.17.4 respectively. 

The group of degree 18 and order 15.16.17.18 would necessarily contain 
816 conjugate subgroups of order 5. Each is self-conjugate in a group of order 
90 connecting the remaining three elements transitively. This group is intran- 
sitive with two transitive constituents, one of degree 15 and order 90, the other 
of degree 3. The first, however, is non-existent, therefore, the group of degree 
18 is non-existent 

The two remaining groups also, if they can generate primitive groups of 
degree 18, would generate groups that each contain 816 conjugate subgroups of 
order 5. In the one case, we should have to make use of an intransitive group 
containing as a transitive constituent a group of degree 15 and order 180t in the 
other, the transitive constituent would ^ enter as a group of degree 15 and order 
360. Both of these groups are non-existent; therefore, the three groups of 
degree 17, at present under discussion, furnish us with no new groups of 
degree 18. 

As the case now stands, the conclusioti arrived at may be summed up as 
follows : 

The re. are no simply transitive primitive groups of degree 18, and in addi- 
tion to the symmetric and alternating groups, there are only two multiply transi- 
tive groups of this degree, viz., the two given by 

< {(i%ayflijXiifiiryfiL^a^a^ . a^a^^a^a^^ai^a^y^^) , \ of order 2448, 

(^«4«io«n^4«6^6«i2^i7«i6^9«8«6«i3«8«7) i f ^^ Order 4896. 

(aittig . a^a^ . ajajo • «6«u • ^e^s • ^«w • «n^3 • <hsfhi) » ^ 

The second of these is triply transitive, and contains the first, which is 
doubly transitive and simple, as a self-conjugate subgroup. 

The works consulted in the preparation of this paper have included, in addi- 
tion to the standard works on the subject by Jordan, Serret, Netto, and Burn- 
side, the following papers : 

Ask with, " On Possible Groups of Substitutions that can be formed with 
3, 4, 5, 6, 7 Letters Respectively." Quar. Jour. Math., v. XXIV (1890), pp. 
11-167. 
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" On Groups of Substitutions that can be formed with Bight Letters/' Quar. 
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** Note on the Substitution Groups of Six, Seven, and Eight Letters." Bull. 
New York Math. Soc, v. II (1893), pp. 184-190. 
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** Note on the Transitive Substitution Groups of Degree Twelve." Bull. 
Amer. Math. Soc, v. I (1894-1895), pp. 255-258. 
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LXXIII (1871), pp. 853-857. 

" Sur I'enumeration des groupes primitifs pour les dix-sept premiers degrfes." 
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Removal of any Two Terms from a Binary Quantic by 

Linear Transformations. 

Bt Bessie Growe Morrison. 



In his **Bericht," p. 179, Meyer has enumerated the various steps in the 
history of this subject. 

More recently, H. B. Newson (Annals of Math., vol. XI, Nos. 3 and 4, 1897) 
showed that every non-singular quantic of odd degree may be linearly trans- 
formed so that its middle term shall vanish. 

We propose to discuss those linear transformations by which any two terms 
of a binary quantic disappear. 

§1.— COVARIANTS Cn_r,« and C,,n«,. 

r= (1, 2 .... 71— 1) 

x = (l, 2 n — l) ^ 

If to the quantic /=aj we apply the transformation 



28 = ^«l+i"2«i J 



then / takes the form 

If by a transformation 7* any two terms of/' vanish simultaneously, the neces- 
sary and sufficient condition is 

(1) alar'= {r = (0,l,2. "-l)n-r>x 

(2) a:-'<= I x = (0, 1,2 n—l) ^ ' 

The condition that (1) and (2) vanish simultaneously is that the resultant in 
fx, Rn-T,Kt or th® resultant in X, ^r.,_,, vanish. 
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Hence the problem is to eliminate >l or /£ between (1) and (2). 

Either resultant contains the factor /. Let /[4 be a root of/= aj, then 

a;; = o. 

(1) ^)-'=a:ar^ 

(2) /^;=ar"a;. 

It is evident that (1) and (2) vanish simultaneously for z = /[^; 

since ajl aJJ"*" = a" = 0, 

and a* ~* a* = aj = 0. 

Therefore /is a factor of -B„^,.^« and similarly if >l is a root of/, then also is 
/a factor of -B,.^„_^. 

Now if yl and ^ have values whi(A satisfy /= aj, aj = and aJJ = 0. Hence 
in A the first and last terms vanish. Since this case is so simple we exclude it 
by dividing/ out of -B^-r.^and -B,.^„_^ calling the remaining functions (7^_,.^^and 
(7^, ^_, respectively, where 

r= (1, 2, .... 71 — 1) 






x = (l, 2, . . . . n — 1) 



Rn-r,K aiid Br^n-K ^re both of degree [ (n — r){n — x) + xr], 
and <7»_r,« and (7r,«-« are both of degree [(n — r) {n — x) + xr — n] 

§2.— Properties of ;i-Points and /[4-Points. 
From the consideration of 



(1) /(^)— ' = a:a; 

(2) /( 



(M)' 






and (3) /,,r =ar'a; 

(4) /{A)*-«=a:a! 



A 



} 



it can be shown that the z-points, or common values of (1) and (2), are the Jl-points 
-Br,»-«» and the z-points, or common values of (3) and (4), are the /[4-points of 
Rn^T,K\ i- e- if the fi^a are the roots oiR^^r.K and the X'^ the roots of jB^^„_., then 

(6) <<-'' = 0, 
(6) aj-*a; = 0. 
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Similarly if theX's are the roots of .£._,,. and the ju'« the roota of£r,«-< then 

(7) ar'a;=0. 

(8) aJa:-' = 0. 

ft 

There is a one-to-one correspondence between the ^is and ^^s : For the root fi^ 
of the resultant -B««r,« there is a common root Xi to (1) and (2)j also for the root 
\ of jBr,»-ic (8) and (4), have the root ^i in common. 

Give to n in 7 the values of the roots of C^^t^k ai^d to % the values of corre- 
sponding roots of (7^^ „_^, calling the resulting transformations T'n-Mc* then by 
Tn^r.Ky thc (n — T + \Y and {x + 1)*' terms of/ vanish. 

Interchange AV and (i^s, obtaining 7I.,«-.«, and by these transformations the 
(r + lY and (n — x + 1)'* terms oif vanish. 

7J,«,^» and T^^n-K each consist of [(n — r) (n — x) -|- xr — n] transformations. 

Case x = r; Rn-r.K and ^^^^.^ coincide and we call this function C^, which 
is of degree 2r (r — n) +n{n — 1), an even number. 

It is easy to show that the roots of Or go in pairs which have reciprocal 
relations; the root common to r** and (n — r)* polars of Hi is Xi and the root com- 
mon to (n — r)** and r** polars of %i is (ii. 

This reciprocal relation we call correspondence, and denote the correspond- 
ing roots by : 

ft.^(i.= I,2 '^ <'•-'■) + "<—') ). 

Give to ^ and /u in 7* values of pairs of corresponding roots of Gr and we get 
a set of 2r (r — n) ■\-n{n — 1) transformations 7*,, by which the (r + 1)" and 
(n — r + 1)** terms of/' vanish. 

§3.— Form op C„_,,. and a,„_,. 

1) r=l 

(1) /(,,.-.= a,a-» 



M » 



(2) /(^,. =a»-'a;. 
To compute fi,_r,, in symbolic notation put 

38 
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thpn 72 -a.'i \.^r'Yl-'K-' ...• to(n-«)factor8]. | 

"-''" ~ " I [ (a^S) (ay) (a5) .... to (n - x) factors]. J ' 

2) r = x=l. 

7^= a^ [|8"-i y»-^ to (n — 1) factors] [ {a^) (ay) to (n — 1) factors]. 

3) r = 2, (n — x) even* 

i?.-2.. =<<(««')"-' m-'^'r*wr.Yryi-*iyY'f----^o ^factors]. 



,n— 3 *Ji»— 8 



- VLIp . a: a'« (aaO—-*. /Sj- iST * («i^* W)' [y?" ' Y" 

X (yy')« .... to ^~*~^ factors ] . 

(a/S') (ay) . [^r* ^'r ' (5^')' • • • • to "~*~'* factors] 

"y~ . . • ■ cLCa ^" • • • • 



n — jc 



-[- i — -J — = \ ai a 






(2) 



8 



. /3»-» /?':-« (a/3)« {a(i'y .... to ^-=^ factors' 
.7^r^y;^\a'yy{ayy .... to ^Lz:^ factors , 



4) Means of obtaining G^-r^K or Cr^n-K when formulae become complicated. 
a) Let a be a root of G^-r^K and c the corresponding root of C7^,„... In T 
give jt/ and ^ these values respectively, 

then 2Ji = CiZi' + aiZjJ, 

which is a transformation of the set T^^r.K- 
Apply this transformation to, 

then <?r.»-« = Pi2i( ). 

Therefore the first coeflScient of (7r,n-ic must be zero. 

* See '' Resultant of Binary Quadric and n-ic" by Professor H. S. White, Bulletin of A. M. Soc., 2nd 
series, Vol. I, No. I. Also Clebsch, *^ Binare Formen,'' pp. 84-88. In this paper Professor White points out 
the changes necessary if we assume the order of/ as odd, and we find that his formula would become 
much more complex, hence our formula would be extremely so. 
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h) Let a and c be two corresponding roots of G^ , 
then 

% = Ci %' + a^4 

belongs to 7^. 

Apply this transformation to 

Gr = {az){cz){ ), 

then <^r = p2 2( 2^ ( ). 

Therefore the fifst and last coeflScients of Or must be zero. To sum up for future 

reference : 

by T^^r.n ^^^ {n — r+ I)** and {x + l)*4erms of/' vanish, 

by Tf,^r,,f the last term of G^^t^k and the first term of 6v,„_« vanish, 

by Tr^n^, the (r + !)•* and {n — x + 1)'^ terms off vanish, 

by Tr^^^K the first term of Gn^r.x ^Jid the last term of C>^,._« vanish. 

Using thesf results in the applications, we can determine the form of the desired 
covariant (n each particular case. 

§4.— Applications op the Theory. 

1) The GuUc. - 
n =3, n — r> x, hence the only values for r and x are r = x = 1. 

^.) 

••. Ri = a. /?'. yI (a/?) M 

or ^1 * = (ai8)8 a /3^ = A of Clebsch. 

If C7i = (a^)* a^ ^^ = {z' ^) {zfrj), we can give to X and /[£ the values of the 
roots of (7i. 

Hence / can be transformed by "tJ in two ways so that its 2nd and 3rd 
terms shall vanish. 

2) Quartic. 
there are two cases, r=x= i;r=l, x= 2. 

* Always omitting the numerical factor since we are to consider only the roots of the covariant 



/_ 2 
flu.) =afaM- 
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a) r = X = 1. 

/(m) ^ ^« ^M • 

=/ T. 

G^-a^^Jl (a/?)« {ah) =To{ Clebflch. 

By the six transformations 7i the 2nd and 4th terms of/ vanish. 
6) r = 1, X = 2. 

/(M)« = a« a^ . 

i2M = aii3»yJ(a^)(ay) 

G,^, = {ayyalyi = H. 
/(A) = aJaA, 

/(A)* ^^ Ot« O^A . 

Prom §3, 4), a), if we apply a transformation of the set TJ,.,.^^ to Or^^^^ , its 
first coeflScient will vanish. Also by the transformations 7J,-.r,« the (n — r, + l)**^ 
and {x + 1)8* terms off vanish'. 

But by actual trial {Hi — /J) is the only combination of fundamental cova- 
riants whose first coefficient in the transformed form vanishes, and which is of the 
same degree and order as Gi^^ • 

Therefore Oi^, = {Hi — //), where i andy are the invariants of the quartic. 

The quartic can be linearly transformed by the four transformations Tg, % ^o 
that its 3rd and 4th terms vanish, and by 7\,2 ^^ that its 2nd and 3rd terms 
vanish. 

3) Quintic. 

There are four cases ;r = x = l;r = i=2;r= 1, x = 2;r= 1, x=3. 
a) r = x= 1. 

/04)« ^ tt# 0^1* I 

/(At) = ot* ^*t > 

Bi = a, ^i yl hi ei (a/3) (ay) (a5) (ae). 
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To express this in terms of fundamental covariants ; ^ multiply 

by 2h^B^ (a5)(ae) = hi {ae)^ + ej (a5)* - aj {h)\ 

and then by ot^ /8J yj 5J1 cj . 

Assembling identical terms 

4 -R, = 4a, /?» yj «» ^Jl (a/?)« (a«)» - 3/ 4H», 
_=4/». aS-12/. 5; 
G^ = PS— 3iP. where /SJ yj (i^y) = 2^, 

a,^M^f= 2/S: 

(7i furnishes twelve transformations by which the 2nd and 5th terms oif vanish. 

/(<*)» =oc, a,, 
mm)' •-- ^« ^m > 

From §3, 4), h), by ^ the first and last coefficients of C'^ vanish ; also by ^ 
the 3rd and 4th terms off vanish. 

Therefore 0^=- {SI — /J"), where /is the covariant of the quintic of degree 
2 and order 2, and / is the covariant of degree 3 and order 3. 

c) r= 1, x= 2. 

yo»)' "^ ^# ^#i • 



/(A) = ajax, 

/(A)« = (Xf Otx • 



By the transformations T^ ^ the 3rd and 5th terms of/ vanish and the first coeffi- 
cient of Cj^j. 

Ci,8 = (/^ — 16HT) in Salmon's notation. 



* Salmon, '' Mod. Higher Alg.," p. 819. 
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d) r— l,x = 3. 

/(m)« = oCa aj[ ; 
= \fH. 

/(A) = oc, ax , 

/{A)« = Ot« Gt-A . 

By 7^4^ 3 the 4th and 5th terms of/ vanish and the first coefficient of G^^. 

Therefore O^,, = (/^ — 27 /') where /and /are the same covariants men- 
tioned before for the quintic. 

4) Sextic. 

There are six cases : r=x=l;r = x=2;r=l, x=2; r=l, x = 3; 
r = 2, X = 3; r = 1, X = 4. 

a) r = x = l. 

/_ 6 

(I*)* — Otfi OC^ > 

i^i = a. /3' yt a» 6», »: (a/?) (ay) (a5) (ae) (at). 

To express ^i in terms of fundamental covariants multiply * 

(aiS) (a5) /8, 3, = i [(ai3)»a« + {oBf^, - W <] , 

by (ay) (ae) y, e, = i [ (ay )« el + (ae)* y» - (ye)' aj ] , 

and then by a^ /3J yj b^ ei t^ (ai) ; 

we get 

Gi = 2 HT—P S. 
where T-^ (a/3)» (ai) aj /3t »^ , 



6) r = « = 2. 



^=_(ai3)*a,/8«,i^ 
2£r= (ye)»yJ«i. 

/O*)* ^^ ^f* ^M > 



• Stephanos, <'M6in. des Say. Etr.," Vol. XXVII,p. 116. 
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Even in this case the formula §3, 3) is complicated and 'it is not easy to 
express in fundamental covariants in such a way that/ will divide out. 

By T^ the 3rd and 5th terms oif vanish and also the first and last coeflS- 
cients of G'^. 

Therefore G, = {/S^ — 16 HT). 

c) r= 1, X = 2. 

/(/*)« = a, a^ . 
A. 8 = aJ/J^:y^ K < («i8) (ay) (a^) (clb). 

By 7i^4 the 2nd and 5th terms of/ vanish and the 1st term of Cg'e- 

Therefore C^, , = {fS — 3 E^) Salmon's notation. 

/(A) ^^ otjp a^ , 

JiK)* = 01, ^A • 

By TJ , the 3rd and 6th terms of/' vanish and the first term of OJ 4, 
Therefore 

C^i,4 = C?,. (74.4 - 2 (7,«,. /,. (7,.4 + 36 C\,.G,,, G,,, + 3 [Gi, + 4 (7^^. G,,,]. 

(Notation of B. B. Elliott in ** Algebra of Quantics.") 

d) r=l,x=3. 

/^). = a, a^ , 

/o4)« = a* a^ . 

Kz = < ^l rl ^l (a/?) (ay) {aS) , 

= / < Pi yI. {oi^y (a«) , 

= / 71 
G,^ = aj[ /?J y» {a^y (a5) = T. 
/(A) = ajttx, 

/(A)« ^^ tt, ttx • 

(7i.s is of degree twelve and order seven, but the covariants required to ex- 
press it are of too high an ofder to handle easily. 

e) r = 2, X = 3. 

y— 2 4 
(m)* — tt, a^ , 

/(/*)• = a, a^ . 
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By 7]^ 8 the '3rd and 4th terms off vanish and the first term of C74.|. 

Therefore 

(74.8 = ffS — fT. (Salmon's notation). 

f). r= 1, x = 4. 

fill)* = a, a^. 

(75,4=5'. 

/(A) = af a^ , 
/(A)« ^ a, a^ . 

In this case Gi^^ is complicated and requires co variants of a high order to express it. 

Whenever the 2nd and 3rd terms of a quantic vanish (7^_,.,« is always the 
Hessian, and whenever the 2nd and 4th terms off vanish C?..^, « is the Jacobian 
or T. 

In general when two adjacent terms of a quantic vanish (7^_^^^and Oi.,»-« 
will be Hessians of some order ; and when only one term appears between the two 
which vanish, then G^^^ » and (7,., „-« will be Jacobians of some order. 

A Hessian of higher order may be defined up to a numerical factor as the 
result of eliminating z between. 

a!;"*'^aj-^-^ r= (1, 2, ....n— 2) 

and then dividing out / = aJJ . 

Similarly a Jacobian of higher order may be defined up to a numerical factor 

as the result of eliminating z between. 

«;■*■' <-'-* (r = 1, 2, . . . . w — 3), 

and then dividing out / = a^ • 

When r = 1, 2, 3 . . . . etc., we have Hessians and Jacobians of the 1st, 2nd, 
3rd etc., orders respectively. 

These examples comprise all the canonical forms, in which two terms vanish 
simultaneously by linear transformation, of the non-singular cubic, quartic, quintic 
and sextic. 

Dbo. 22, 1900. 
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Memoir on the Algebra of Symbolic Logic. 

By a. N. Whitehead, Fellow of Trinity College, Cambridge, England. 



PAET II. 

The Theory of Substitutions. 
§1. — Types of Trans/ormaiion. 
Any transformation of x and y into u and v can be represented by 

x=/i{u,v), y=Mu,v). (1) 

Here/i (ti, t;) and/2(w, v) will be called the director functions of the transfor- 
mation. They will always be represented by the following notation : 

/i (w, v) = anuo + a^uv + a^uv + a^uv ,1 /gN 

This transformation will also be called the transformation i' ^' •' *l and 

ai, .... a4; &|, .... &4 will be called the coefficients of the transformation. 

In general, x and y cannot be considered as independent variables when 
they are submitted to this transformation. For, by eliminating u and v-fsova 
(1) and (2), we deduce 

!>(«!, a; 61. y) !>(«£. «; 6»iy)i>(«8, «; K y)p{<^i^ ^) 64»y) = o. (3) 

Thus X and y are limited to be pairs of roots of equation (3). Conversely, 
equation (3) is the condition of the possibility of equations (1) and (2). Thus, if 
(3) is satisfied, (1) and (2) are satisfied. Hence, (1) and (2) form the general 
solution of (3). 

Thus the theory of this type of transformation is simply the theory of equa- 
tions. A few theorems connected with it will be given incidentally in this part. 
39 
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A distinct type of transformation exists when equation (3) is satisfied iden- 
tically for all values of x and y. The condition for this is that each of the 
coeflBcients of xy, xy, xy, xy in the development of the left-hand side of (3) 
should vanish. This condition can be exhibited in the single fundamental 
equation 

n{ar+'br) + U{^+br) + n{ar + K) + n{ar + br) = 0, (r = 1, 2, 3, 4). (4) 

When this condition is satisfied, the transformation transforms the independent 
variables x and y into the independent variables u and v. Thus equations (1) 
and (2) can be solved for u and v in terms of x and y , and a reverse transfor- 
mation is thus obtained of the form 

u=F^{x,y), v-F,{x,y), (5) 

where _ _ 

^1 {^^y) — ^i^y + ^^y + ^^^ + oL^^yA /^n 

F%{x, y) = ^ixy + 0^y + 0^y + ^4^y.i 

Thus, this type of transformation is reversible. Let the term " substitution" be 
used exclusively for it. 

In the case of substitutions, there is no advantage in changing the notations 
for the independent variables from x and y to u and v . Let a substitution T be 
defined to consist in the substitution of Tx for x and of 7^ for ^ , where 

Tx = Oixy + a^xy + a^ + a^xy, ) ^j. 

Ty = \xy + ftgxy + b^y + \xy ; ) 

and the coefficients of the substitution T satisfy equation (4). Also 7^ (x , ^) is 
defined to mean ^ (Jx, lSf)\ for instance, Tx means (^). 

§2. — Belationa between the Coefficients of a Substitution. 

We have now to consider more particularly the implications of equation (4) . 
Let us first eliminate bi, b^, 63, b^ from the equation; put >l(&i, b^, b^, b^ for the 

left-hand side. We find that the only factors composing H^ ( q' a' 0' J ^^^^^ 
do not equal i are the six of the type >l(0, 0, i, i), X(i, 0, 0, i), etc. Also, 

^ (0, 0, i, i) = ai a« -f cii Og + a, a4 + aja^ , 
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with analogous values for the other factors of the same type. Hence, 



• • • • 



(% % % *! \ — •— — 

0* 00* 0/ ~ ^p(iq(ir'\'^(^p<''q<^ry (l>» q, r = \, 2, 3, 4), 

where, as usual, p^q^ r are unequal in the same product. 

Hence, the resultant of (4), after eliminating 6^, 62, 63, 64, is 

l^a^a^ar + ta^aqar= 0, (p, j, rj= 1, 2, 3, 4). (8) 

A similar equation holds of 61, 63 » ^3» ^4- Hence, the director functions, Tx and 
Ty^ of any substitution are each of deficiency two and of supplemental deficiency 
two. Thus, functions of this type play a fundamental role in the theory of sub- 
stitutions. 

The conditions (8), which hold between the coeflBcients of a function of 
deficiency two and supplemental deficiency two, can be put otherwise thus : We 
have from (8), 

hence, a| 02 =4= ^ ^4 • 

Also a^a^ (a^ + a,) = , 

hence, a^a^df^axa^. 

Thus ai O) = as 04. 

Hence, equation (8) can be replaced by the set of equations 

apaq = ar^s, CP, q, r, «=1, 2, 3, 4). (9) 

A similar set of equations holds for &i, 63, b^, b^. 

Secondly, these relations (8) or (9), between the coefficients of each of the 
director functions separately, do not exhaust the implications of equation (4). 
For, from equations (9), we deduce the two sets. 



Xaj^a^brbg = Xapa^ brbg = Xaj,aqbj, 6, = Xa^Uq b^ 6,, 
Soj, ag \ bg = Sop Uq bp bq = Xa^ a^ br b, = Zop a^ bp b^ 



;} ('»' 



where {p, q^r, 8=^ 1, 2, 3, 4). 

Then, by the application to equation (4) of (8) and (10), we deduce 

XapUqbpb^ + l,apaqbpbq=:0, (11) 
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or equivalent forms deduced by the use of (10). A complete equivalent to 
equation (4) is given by 

2(apa^ + ^a~)(6^6^ + 6;6;) = 0, (p, ^= 1, 2, 3, 4); (12) 

that is, 2/> (ap, a, ; 6^, 6,) = 0. 

It is easy to see that this equation includes (11). It also includes (8), for we can 
deduce (8) from it by eliminating hi, ftg, 63, 64. 

Equation (8) may be solved for a^ and a^. The general solution is 



(13) 



«8 = ^1 «2 + i^ (^1 + ««) » 

Similarly, 63 = ^1 ^» + S' (*i + ^2) » 

But Oi, a,, &i, &2, and^ and q, cannot be assumed arbitrarily consistently with 
the equation (4). For from (12) we find . 

(oiOg '\-~a^){hi 62 + 61 M = (14) 

and 

(a, oi 61 62 + ^ «A *8)(i^ + M) + («i"«2"6i 62 + «! <h *A)( JP9"i- M) = . (16) 

Equation (15) does not require any relation to be fulfilled between aj, a,, &i, i^* 
Thus when Oj, a^, ag, 04 have been chosen to satisfy (14), p and q can be chosen 
to satisfy (15), and then as, 04, 63 » *4 ^^e given by equation (13). By this pro- 
cess the coefficients of any substitution can be found. 

It is to be noticed that any three of ai, Oj, &i, &2 can be chosen arbitrarily, 
and equation (14) can then be satisfied by a proper choice of the fourth. Also, 
either p or q can be assumed arbitrarily and equation (15) satisfied by a proper 
choice of the other. 

Again, if ai , Oj , a, have been chosen so as to satisfy 

^1 ^2^3 + «i ^ <^8 = , (m) 

then a^ is definitely determined by the equation 

a^ = a^a^ + <h^ + «i^* (16) 

For, solve the first of equations (13) to find the general value of p which is con- 
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sistent with the given values of aj , a, , ag and simplify by the use of (m). We 
find 

Thence, from the second of equations (13), we find 

which reduces to equation (16). Hence, if three coefficients of a function ^ (x, y) 
of deficiency two and of supplemental deficiency two are given, the function is 
completely determined. Thus, if the six coefficients, Oj, a^, a,, ftj, ftg, 63 of a 
substitution are given, the substitution is completely determined. 

§3. — The Reverse Substitution. 

There is only one reverse substitution corresponding to a given substitution 
T] that is, there is only one substitution T' such that 

T'Tx = x, T'Ty = 0. 

This proposition requires proof, for if we solve the equations 

a^=/i(««» v)^ y = /%{^y v). 
for u and v we find 

u= Fi (jK, y, ^1, ^2)* v = F^{x,y,qi, 5,), 

where q^ and q^ are arbitraries which have been introduced in the solution, and 
each particular choice of qi and ^2 would seem to determine a difierent substitu- 
tion which is reverse to T. We have to show that there is only one set of roots 
for u and v in terms of x and y . 

The equations for u and v can be written 

P (^i> ») «*t? +i> («i, x) uv +2^ (as, x)wo + p (^4, a:) w-y = , 

p{bi,y)uv +|>(6,, y)uv +2>(63» y) ^^+p{f>i, y) uv = o. 

These two equations can be combined into 

p (oi, X ; 61, y) uv +p (og, a; ; h^ y)uv+ p (ag, x ; 63, y) uv 

+ JP(«4. a; 641 y)w©= 0. 

The necessary and sufficient condition (cf. Part I, §3) that this equation for u 
and v should only have one set of roots is that the left-hand side should be a 
secondary linear prime. The condition for this is 

2jp(a,,a; 6,, y)i?(a„ a; 6„ y) = 0, {q, r = 1, 2, 3, 4). 
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This equation can be written 

2 {a^arX + a^arx){b^bry + \bry) = 0, (5, r = 1, 2, 3, 4). 
But from equation (12), this equation is satisfied identically for all values of x 
and y. Thus there is only one substitution reverse to T. Let it be written 2^^ 
It is evident that T is the reverse substitution to 7^^. Also, let the identical 
substitution be written 7^, so that 

Assume that 

T'^x = aixy + a^y + a^y + a^xy, 

Then, by hypothesis, 

T-Vi{x,y) = x, T'%{x.y) = y. 

Hence, for all values of x and y, 

«=/i(ai, (3i)xy +/i(a,, (^z) xy^ + A {(H, Ps)^ H-/i(a4» ^i)^yf 

Hence, _ 

/2(ai,i3i)=0, /«(a2,/32) = 0, /3(a3,/?3) = 0, /, (a4, /?4) = 0. 

Hence, ai and ^i satisfy the equation 

/i(i/, v) +j^(w, 2?) = 0; 

and 0C2 and /?3 satisfy the equation 

^(w, v)+/8(i/, t?) = 0; 

and as and ^^ s^'tisfy the equation 

/i(^, t?)+/r(w, «^) = 0; 

and a4 and 1^4 satisfy the equation 

/i(w, i;) +/,(w, v)=0. 

By the use of equations (8) and (10) and (11), it is easy to verify that the 
left-hand side of each of these equations is a secondary linear prime (cf. Part I, 
equation (4)) and, therefore, each equation has only one set of roots. Thus we 
obtain another proof of the previous proposition. Again, if ^ (a, y) is a secon- 
dary linear prime, the solution of ^ (a , y) = is 

«= CD, y—BD. 
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Hence, the solution for the coeflScients of the reverse substitution are 

«! = (as + &«)(«4 + **) . /^i = (a« + *») K + ^4) . 

oj = K + *8)K + M. ^t=(p^i-\- h){ai +^4), 

Os = («8 + h){fli + ^4) . /?s = («« + *»)(«4 + ^) . 

a4 = («8 + *8)(a4 + ^). 184 = (os + 6»)(a4 + 64) . 

An interesting example of a substitution is 

1)f=P{h,y).) 

It is easy to verify that in this case 

T= T-\ that is, T»=r», 



(17) 



(18) 



§4. — T?ie Grr(mp of Substitutions. 

If Ti and 7, are any two substitutions, then Ti T^ and TJ Ti are substitutions 
(as distinct from non-reversible transformations), also we have proved that one, 
and only one, reverse substitution corresponds to any given substitution. Hence, 
substitutions form a group. 

The group of substitutions is not continuous since the concepts of quantity 
and of infinitesimal variations of quantities have no place among the concepts of 
this algebra. It is of finite order, if the number of distinct terms in the algebra 
representing given fundamental constants from which all reasoning starts, is 
conceived as finite. It is of indefinite order in so far as we may always suppose 
new constants to be produced without violating any of the laws of the algebra. 

If y be any substitution the subgroup 7, 7^, y', .... is necessarily of finite 
order, and is therefore, cyclical. For only a finite number of terms can be gene- 
rated by algebraic combinations of the coefficients of Ty and the coefficients of 
T* y, .... must be selections from these coefficients. The order can be reduced 
by the assumption of additional relations among the coefficients of T. Thus, in 
the substitution of equation (18), the order is two. 



§5. — Substitutions Satisfying Special Conditions. 

To find the condition which the functions '^y (x, y\ '^^ (a, y), ^'s (a;, y), "^^ix^y)^ 
must satisfy, if the coefficients of some substitution T are such that, with the 
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usual notation, Oi and h^ are a pair of roots of 1^1 (^» y\ <h ^^^ \ of ^^^ {x, y), a, and 

&s of 4^3 {x, y), a^ and b^ of '^^ (x, y). These equations can be expressed in the 

typical form 

^, (a,, 6,) = 0, (r = 1, 2, 3, 4) . . . . (19) 

Let '^r («» y) = F^xy + Gr a^+ HrXy + K^xy. 

The complete condition satisfied by a,., &,., (r= 1, 2, 3, 4) is found by com- 
bining equations (4) and (19). It becomes. 

n (a, + 6,) + n (^ + 6,) + n (a, + y,) + n (a, + 6,) + 2^, (a„ 6,) = 0, (20) 

(r = 1, 2, 3, 4). 

We have to eliminate a^, 6,. (r = 1, 2, 3, 4) from this equation. Put 31 (a^, a,, a,, 
«*» &i» ^at &3i ^4) for its left-hand side. Now, 

n (cLr + K) = *f unless at least one pair, a,. = i, 6, = i, 

nK+y = i, *' *' *' ^' a,= i, 6, = 0, 

n(a, + 6,) = i, '' . •* *' ^* a,= 0, 6r = *, 

n (a, + 6,) = i, " '^ ** " a, = 0, 6, = 0, 



Hence, each of tjie factors composing IIX (' !.' !.* ^' ' *' *' ^J isi, except those 

in which simultaneously a^ = i, 6p = i ; a^ = t, 6, = ; a,. = 0, 6,. = *, a, = 0, 
6g = ; where (p, g', r, « = 1, 2, 3, 4). 
Hence the resultant of equation (20) is 

U{F^+0, + n, + K,) = Q, (p, g, r, «= 1, 2, 3, 4). (21) 

This is the required condition which the coeflS()ients of equations (19) must satisfy. 

We can deduce as special cases of the above, the following theorems : 

t 

The condition which the coefficients of the first three of equations (19) must 
satisfy in order that (a^, &i) may be chosen to satisfy the first, (oj, h^ the second, 
and (ag, 63) the third, is deduced from equation (21) by putting gjero for F^^ 
Q-i, 5i, K^. 

The condition which the coefficients of the first two of equation (19) must 
satisfy in order that (ai, 61) may be chosen to satisfy the first and {a^, b^) the 
second, is found from equation (21) by putting zero for ^3, G^, H^, K^ and also 
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for ^4, (r4, £4, K4. It can be written out in full in the form 

J^i Gi Hi Ki + F^O^ H% ^% + ^i Gti Si . Fo Gfi H^ + Fi (fi Ki . F^^ G% K^ 

+ FiHiKi.F^H^K^+aiHiKi. G^H^K^ = 0, (22) 

This condition in addition to securing that the two equations 

'4'i(»,y)= 0,1^2 (ay) =0, 

are possible, also secures that the function 1//1 (x, y) 1^2 {^1 v) ^^ of supplemental 
deficiency two. This latter part of the condition is satisfied if either of the func- 
tions is of supplemental deficiency two. For instance both (a^ bi) and (a,, i^) 
can be chosen to be pairs of roots of the same equation 

^1 (aJ, y)= 0, 

if 4^1 (^1 y) is of supplemental deficiency two. Similarly from the previous 
theorem it follows that (aj , 6^), (a, , b^), (03 , b^) can be chosen to be pairs of roots 
of the same equation, 1^1 (^f y) = 0, if '^^i {x, y) is of supplemental deficiency three. 
But it follows from (21) that it is impossible that (64, 6|), (o^, b^^ {a^, b^)j (a^fb^) 
should be pairs of roots of the same equation. 

This fact, that there are sets of four pairs of terms which cannot be severally 
pairs of roots of the same equation of two variables, is one of the fundamental 
facts of the algebra. The analogue for equations of one variable is that the two 
terms a and a cannot be both roots of the same equation of one variable. This 
fundamental fact is the correlative of the fact that there are functions which are 
not evanescible. 

Again, if we assume that a^ And 6, are to satisfy the second of equations (19) 
and Os and b^ the third, and a^ and 64 the fourth of equations (19), let us investigate 
the conditions which are thereby imposed on aj and b^ . We have to eliminate 
Oj, 6,, 03, (3, 04, &4, from these three equations and from equation (4); and the 
resulting equation for o^, bi will be the required condition. It will be more con- 
venient to substitute the equivalent equation (12) for equation (4). Thus the 
complete equation from which the elimination is to be performed can be written 

2 (oiOj, + OiC^) {bibj, + bibp) + X{apa^ + S^) (*p*« + ^>^ 

+ S'^p (a„ 6p) = 0, (jp, 5 = 2, 3, 4). 

Now put ^{a%f<^tt ^4,63, &SI M for the left-hand side of this equation. Then any of 

(A A 4 4 A 4 V 

0' 0' 0' 0* 0' J ' ^^^ wWch either a,=za,, and o, = b^ 

40 
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simultaneously, or a^ = a^ and &, = b^ simultaneously, or as = a^ and &, = b^ simul- 
taneously, it has the value i. Accordingly considering the factors which involve 
none of these three possibilities, we find that the required condition is 

+ n(i^p+(y, + J3;)ai6i = 0, {p,q,r= 2,3,4). (23) 

Thus if ai&iis also to satisfy the first of equations (19), the complete condition 
which it satisfies is 

\F,-^li{G, + H,+ Kr) \ aj>, +_| (?i + n {F, + J3, + K) f a A ^ _^ 

+ \H^ + U{F,Jt G^ + Kr)\aA + \K^ + U{F, + G^ + H;)\aA=0. (24) 

The condition for the possibility of this equation is simply equation (21), as 
should evidently be the case. 

§6. — Congruence of Functions. 

Two functions ^ {x, y) and 4> (x, y) are said to be congruent, if one or more 

substitutions T exist, such that 

T^ (x, y) = 4> (x, y). 

The relation of congruence will be expressed by the symbolism 

^{x,y)<^^{x,y). (25) 



It is evident that if 

^ (», y) -^-> * (a, y), 

and 4> (a, y ) ^^-^ i// (a, y) , 

then 4> (a, y) «-^ 4^ («, y) . 

Thus the relation is transitive. 

A set of functions such that any two are congruent, and which comprises 
all the functions congruent to members of the set, is called a congruent family. 

We will now prove the fundamental theorem that a congruent family is 
composed of all the functions with a given set of invariants. 
For let 

^ {^1 y) = ^«y + Bxy + Gxy + Dxy, 
4> (a, y) = Fxy + Gxy + Hxy + Kxy. 

We require the necessary and sufficient condition that 

<?> («, y) ^s-* * («» y)- 
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Now with the usual notation for the coefficients of the substitution T, we have 
T^{x,y) = ^ {ai,bi) xy + ^ {a^,b^) xy'+ ^ {a^,b^)xy + ^{a^yb^^^ 

Hence ^ (aj, b^) — F, ^ (og, 6,) = 6?, 4> (og, 63) = Si 4> (^i, 64) = ^. 
These equations can be written 

p{A, F) aj>, +p{B, F) a,b^+p{G, F)a,\ + p{D,F)a^^= 0, ^ 
p{A,G)a^b^+p{B,G)ajbj+p(G,G)aJ>^+p{D,G)a^b^= . .^e) 
p{A,n)aJb^+p{B,H)aA+p{G,H)aJb^+p{D,H)a^b^^ 
p{A,K)aJ}^+p{B,K)aJ>^+p{G,K)aJ>,+p{D,K)a^b^=0.^ 

Now by comparison with equations (19) and (21), we see that the requisite 

condition is 

np{A,F; 5, (?; G.H; D,K) = 0, (27) 

where, in order to obtain the various factors, F, G, H, Kwe kept in the same 
positions, and A, B, G, D are permuted in every possible way, so that each 
appears in each factor. 

In order to effect the solution of this equation, it will be convenient to alter 
the notation. Consider 

IIp(«i, c,; cCjB, c,; x^, c,.; x^, c,) = 0, (p, 5, r, 5 = 1, 2, 3, 4). (28) 

Let Ci, Ci, Gsi O4 be the symmmetric functions of Ci, c^, Cj, c^; and let 
Xi, Xg, Xg, X4 be the symmetric functions of 0:1, 0^,9:3, x^. 
Now, consider any one factor of the left-hand side of (28); for example, 
i>(»iiCp; ajg, Cg; a,, c,.; x^^c,). 
Then 

2> («!. Cp ; «»» ^d ; «8» c^ ; «4» c,) = C74ajia%X3a;4 + 2 [(c^ + c, + c^ + c.) XiCCgajj^J 
+ 2 [(^ + ci + c^ + c,) a:ia:8a;3aj4] + 2 [(c^, + c^ + c, + c,) ariajgXjxJ + G^XiX^'^. 

Hence, equation (28) becomes 

'G,X, + -{G;;G,)X,X, + -(G;U,)X,Ts + -{G,Gi^ 

But, from the symmetry of (28), it is obvious that we may equally well write 



X,G, + -{X,X,) G,G, + —{X,X,) G,Gs + —{X,X,) C,G, + X,G, = 0. 

By adding these two equations, and remembering that 

PQ + PQ=0, 
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implies P= Q, we find 

-^4== Gij X^X^^^G^Cii X^^'=' G^G^^ XiX^'^' Oi(7j, Xi= Gi. (m) 

The fourth and fifth of equations (m) give 



Hence, Xg = C^ + g^ Ci . 

But X^j = X^i=^0, 

and (7,^ = 0. 

Hence, gpCi = 0. 

Thus -Tg = (7, . An exactly similar proof applied to the third of equations (m) 
will now prove that X^^: G^. 

Hence, equation (27) is equivalent to the fact that the corresponding inva- 
riants of ^(x, y) and 4>(x, y) are equal. 

As special examples of this theorem, we note that (1) secondary linear 
primes form a congruent family, (2) secondary separable primes form a congru- 
ent family, (3) functions both of deficiency two and of supplemental deficiency 
two form a congruent family. This last family includes as members all primary 
primes whether functions of x only or of y only. 

A congruent family is entirely defined by its invariants. Accordingly, we 
shall name a family by its invariants, and speak of the family {Si, S^^ a%, S^). 

Any family (/S^, /%, S^t S^) includes as a member the function 

Sixy + S^xy + S^y + Sjcy, 

which can also be written 

Sixy + S,x + S^ + S,; 

and also the family includes the twenty-three other functions of the same type 
found by permuting the invariants in their use as coefficients. 

Call such functions the '* canonical functions " of the family. 

There is no fundamental distinction in property between the various canoni- 
cal functions of a family. Accordingly, we shall habitually use the one men- 
tioned above, and will call it ''the canonical function." Thus the canonical 
function of the family (i, i, i, O), which is the family of secondary linear primes, 
is a + y. The canonical function of the family (i, 0, 0, 0) which is the family 
of secondary separable primes, is ocy. The canonical function of the family 



Whitehead : Memoir an the Algebra of Symbolic Logic. 309 

{%, i, 0, 0) is X. The only families which contain some linear functions as some 
members, have been proved (cf. Part I, §9) to be those for which /Si = 8^. Thus 
the canonical function for such a family is SiX + Ssy + S^. Similarly, the only 
families which contain some separable functions as some members are those for 
for which Ss=:Si. Thus the canonical function for such a family is 

Sixy + S^ + S,, that is, {x + S,) {S^y + S,). 

Also, by reference to equations (23) and (24), we can find from equations (26) 
the complete conditions satisfied by Ui and bi after the other coefficients have been 
eliminated. For let Su, S^y Si^ be the symmetric functions of .5, G, D \ and 
let S^i, S^j S^ he the symmetric functions of A, G, D , and S^u Ss%j S^s of 
A, B, D and S^i, 842^ 84^ of A, B, G ; and let JBni -B12, ^^13 be the symmetric 
functions of Oy H, K, and so on. Now, consider Ylp{B, 0\ G, H\ Z>, K)y 
where the various factors are formed by keeping O, H, Km their places and 
permuting B, G, D. By comparison with the evaluation of the left-hand side of 
(28), we see that 

np{B, G] G,H; D,K) 

= p (^18 > ^18 ; ^w ^13 » ^18 ^18 ; SiiS^^y Rii Biz ; 'S'u, Rn), 

with similar expressions for other similar products. Thus we find the required 
equation to be 

Pi^y^'f ^13»^18; ^J2^13» ^18 ^13 J ^11 ^1%, B^ B^^ \ ^11» -Bll) fll^l 

+ p{B,F; S^y B^^; 'S^gs^ss* ^w^is I ^i ^88 > Ai -^18 J ^2i>^n)^i^i 



I ^ \ — J — , "^M* — a * '^JSB '^aj» ^"i* -^"13 » '^31 '^w» — '11 -^"11 > '^ai » — ^11/ -'-i^i 
+ p(GyF; S^y B12I ^38^38» ^12^18 J ^1^88>^1^18J ^81 > -^^u) «1 ^1 

+ p{DyF; S^syRjsl ^48^48, i^uSis; S.^'Sl^yBnB,,] a^^, iZii)«Ji=0. 



(29) 



Also a similar equation can be found for Oz^ bzhy putting G for F and R^iy B^^, B^^ 
for fill, fii2» ^13 respectively in equation (29). Also, similarly for Og, ft, ^.nd for 
^4t 1>A ^y similar interchanges. 

Thus a^y bi can be chosen to be any pair of roots of equation (29), but when 
Oj, &! is once chosen, Og, b^ and a,, 63 and a^y b^ must be suitable pairs of roots of 
their corresponding equations. 

It is easily proved by considering the invariants, that if 

1>i{x,y)^^^i{xyy) 
and 1>i{xyy)<—>^2{x*y)y 
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then, for all values of % , 

^1 (»» y) + ^>% (a. y) ^^^ >^'*i («> y) + ^% («» y) • 

The conditions that ^{x, y) can be transformed into ^{x, y) by some transfor- 
mation which is not necessarily a substitution, are given by the resultants 
of equations (26) without the use of equation (4). These conditions are, if 
Sif S^y S^y S^ are the invariants of ^(x, y) and i2|, R^y B^y R^ of 0(x, ^), 

'S^F+8,F=0y S,G + S^=Oy SuH+S,H=Oy 
SiK+S,K=0. 

Hence, by addition, 

SiRi + 04JS4 = . 

Thus the required conditions can be written 

R^=^S,y S^z^R,. (30) 

In other words, the field of ^ (a, y) must contain the field* of 4>(a, y). Thus 
the conditions that ^{xy y) can be transformed into 0(x, y), and that ^{x, y) 

can be transformed into 4> {x , y)y are 

Ri = Su R^ = S^. (31) 

Accordingly, the additional conditions required in order that these transforma- 
tions may be substitutions, are 

Rji ^^ og , JBg ^ Ml • 

§7. — The Identical Group of a Function. 

Any function ^(a:,y) can be conceived as congruent to itself. Also the 
substitutions such that 

^4>(«»y) = 4>(«» y) 

evidently form a group. For, if T\b such a substitution, T~^ also has the same 
property, and if 7\ is another such substitution, then T^T has also the same 
property. Let this group be called the "identical group" of the function 

^ip^^y)' 

♦Cf. '* Universal Algebra," 838. 



Whitehbad: Memoir oii the Algebra of Symbolic Logic. 311 

By substituting A, B, (7, D for F, (?, H, K in equations (26), we see that 
the coefficients of a substitution of the identical group must satisfy the equations 

"^ +p{B,A)a^b^ + p{G,A)~^b^ + p{D,A)6:^b^ ^^ =0,^ 
p{A,B)iH\+ ♦ +p{G,B)a^b, + p{D,B)ap>, = 0. I 
p{A, C)a,bs + p{B,G)a,bs+ * +i>(A G)a,b,= 0, | ^ ^ 

^(^.Z))a,6,)2>(5,D)a464 + 2>(C', /?)a,64+ * =0,J 

The coefficients must also, of course, satisfy equation (4). 

Then equation (29), in the reduced form required for substitutions of the 
identical group of ^ (x, y), becomes 

p{B, A] /^, /Si,; A^ Snt S^ Si^; S^i S^g^, S^ S^^ ; Szu ^i) ^i^i 

+ 2> ((7, -4 ; /%,, /Sis ; ^w Si^> 'Sit aSi3; /S'gi ^, /Sii Si^ ; /^si, /Sn) ai^l" 

+ p{D,A; S^, /Si,; /S«^«, /S^^,; /Sii )^«, S,, S^f^i S^, S,,) a,b;=0; (m) 

with similar equations for a^, &| and for 03, &,, and for a^, 64. 
Now ASii = 5+C7+2),/Si, = 5(7+5Z)+ C7Z), /Si, = 5C©, 

with similar meanings for analogous terms. Hence it is easily seen that 

P {Sn. S^s) = GDp {A, B), p (S^ ^, S,, ^r,)^=p{A, B\ 
P(^i^2i, ^11 S^)=p{A, B),p{8^,8^ = GDp{A, B). 
Thus ^ _ _ 

piB.A; S^,S,s; S^'Sn.S^S^; S,^ S^. S^ S,,-, S^, Sn)=piA, B)i 

with similar simplifications for the coefficients of a^ bi and a^ bi . Thus equation 
(m) reduces to the first of equation (32). Similarly for the equations for Og, b^ 
and for 03,^,, and for a^, 64. Thus in order to find substitutions of the identical 
group of ^ (x, ^), Oi and by can be chosen to be any pair of roots of the first of 
equations (32), and then c^, i^and a,, &81 &^^ ^4> ^4 must be chosen to be suitable 
roots of their corresponding equations in (32). Or we may start from a,, 6, or 
from a,) &,> ^^ from a^, 64. 

The identical group of every function is of order greater than one, that is . 
contains substitutions other than the identical substitution. 

For if the identical group of ^(x, y) is of order one the left-hand side of 
every equation of the set (32) must be a secondary linear prime, so as to give only 
one pair of roots for a^, 61, and one for 02,62, and so on. Now, each of the left- 
hand sides of equation (32) lacks one term, thus the first of these equations lacks 
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m 

the term a^ &i, and so on. Hence [cf. Part I, §3], the left-hand sides can only be 
secondary linear primes if each remaining coefficient is i. 
Thus every equation of the type 

p{A,B) = i, 
must hold. But this gives 

p (A, B) — 0, that is, A = ~B. 

Similarly 4 = (7, J3 =i G , But these equations are inconsistent. Hence the 
identical group of ^ (a, y) cannot be of order one. 

The identical groups of all members of a congruent family are simply 
isomorphic. 

For, let ^ (x, y) and O (x, y) be two congruent functions; and let the members 
of the identical group of 4) (a, y) be written ST^, y^, etc., and those of the identi- 
cal group of <b{xy y) be written 7^, T^i, etc. Also let T be any substitution 

such that 

T^{x,y) = <i>{x, y). 

Then TT^, TT'^, .... are evidently such substitutions. 

Similarly T^ T^ T^T, are such substitutions. Again let 7\ be another 

substitution such that 

Then T'^ T^ ^ (x, y) = T'' * (x, y)=^ (x, y). 

Hence T^^ 7^ is a member of the identical group of ^{x,y). Accordingly we 

may write 

ar-> 7\ = 7;, that is, Ti = TT^. 

Similarly T^ = T^ T. 

Thus each of the sets TT^, TT!^, , and 7; 7^ TV 7", includes every sub- 
stitution which turns ^{x, y) into 4> (x, y). Accordingly, by a proper choice of 
T^, or of 7i, we can always write 

Hence T^ = T^^ 7; T. 

Hence the identical groups of ^ (x, y) and of 4> (x , y) are simply isomorphic. 
Accordingly it is only necessary to study the structure of the identical group of 
one member of a congruence family ; for instance, that of the canonical form. 
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For instance, let us investigate the general expression for a substitution of 
the identical group ofthe canonical function of the family (t, t, 0, 0). This canon- 
ical function is x. Thus if Tis the required substitution, we have 

7Jc = x, Ty = bixy + b2^ + bsxy + b^'xy. 
Hence from equation (12), 

bi 62 + ^1 6g = 0, 63^4 + ^8 ^4 = 0- 
Thus Ty = xp {b,, y) + xp (6„ y); (33) 

where 61 and 6j can be assumed arbitrarily. Thus the general form for a substi- 
tution ofthe group is found. 

Now let T and T be two substitutions of this group, so that 

Tx =a, Ty =bixy + l^ixy+ b^xy + b^xy, 

Tx — x, Ty =b[xy +'b[xy -{-b'^xy + b'^lliy. 
Then 

TTy =~p (61, 60 xy + p (b,, bi) xy + ^(6„ b',)iy + p{b,, ^)'iy = TTy. (34) 
Hence the substitutions TT and 7"' 7 are the same. Thus this identical group is 
Abelian. 

Also in equation (34), put &{ = &i, and &, = 63; we find 

T^y = y. 

Thus T^ =.r^ Hence every substitution ofthe group is of order two. 

The equations satisfied by the coefficients of any substitution of the iden- 
tical group of the canonical function of the family (/^, S^, 8^, S^, are found 
from equations (32) to be 

8i8^(h\ + * + S^^ \ + S^Ji^bfi = 0, 

SAa.b, + S;S,a,b, + S^S^t^b, + * = 0, ^ 

together with equations (4) ; and it has been proved that any one pair, such as 
Oi and &i, can be assumed to be any pair of roots of their corresponding equation. 

§8. — Gommon Subgroups of Identical Grroups. 

The identical groups of any two functions have a common subgroup which 
always includes other substitutions in addition to the identical substitution, 
41 



(35) 
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except in the case when the two functions are the two director functions of a 
substitution. 

For let ^(x, y) and *(«, y) be the two functions, where A, J5, G, D e^Te the 
coefficients of ^(a;, y), and Fy Gy H, K are the coeflScients of *(a:, y). Then 
the coefficients of any substitution common to the two identical groups must 
satisfy two sets of equations of the type of (32). These two sets can be com- 
bined into the single set 

+ 2>(5, ^; 6?, i^)aJi + i>((7,A; Hy F)^h, + p{Dy A^ Ky F)7xJ>i^ ^ =0, 
p{AyByFy G)a,b,+ * +p{GyB; Hy G)^b, + p{D,ByKy Gyaj^^=0. 
p{Ay G;FyH)ash+p{By G; OyH)^,b, +* +p{DyG; KyH)asb, = Oy\ ^ ^ 
p(AyD; FyK)a,b,+p{ByG; Gy K)lL,b, + p{Gy D) HyK)a7b,+ *=0,^ 

and, in addition, equation (4) must be satisfied. 

Now, by reasoning in all respects the same as that in the previous article, if 
there is only one substitution satisfying these conditions, the left-hand side of 
each of equation (36) is a secondary linear prime. Hence, every equation of 
the type 

f{ByA; GyF) = Oy 

must hold. But this typical equation is 

{AB + AB){FG + FG) = 0. 

Hence, by comparison with equation (12), we see that this condition requires 
that ^{xy y) and ^ (x, y) should be a pair of director functions of a substitution. 
The above proposition can be stated thus : The Identical Group of any function 
^(x, y) which does not belong to the family (t, «, 0, 0) has a subgroup contain- 
ing more than the one member T^ in common with the identical group of any 
other function whatever. The same proposition is true of any function 4)(«, y) 
which does belong to the family (t, t, 0, 0), except in those cases when the 
second function also belongs to the same family (t, t, 0, 0), and, in addition, is so 
related to 4>(x, y) that the two functions are the director functions of a substi- 
tution. 

It has been proved [cf. Part I, §8, equation* (24)] that we can always write 



i^*> 



* A misprint in equation (24), Part I, is here corrected. 



(37) 
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where the coefficients of ^(ar, y) are given by equations (26) of Part I, and the 
invariants by equations (26) of Part I. 

Now Tip{x, y) = ^4 + S, (S, + U^) 7\p' (x, y). 

Hence, if Tq>'{x, y) = ^' (a:, y), 

it follows that Tq>{xy y) =: q>{x, y). 

Hence, the identical group of ^' (x, y) is a subgroup of the identical group of 
^(x, y). Now, the invariants of ^'(x, y) are given [cf equation (26) of §8 
Part I] by _ 

Si = S,S, + S^U, + S^, + S, ^F„ 

si = SsS, + s,u,+ sp^, + s,u;v,y 

Si = S,U,+ S,V, + S,U^V,y 
and Uij Ufy Us, U^ are the symmetric functions of lij, ti,, t^, 1^4 and F,, F^, "F^, F4 

of I?!, Vf, V^y v^. 

Also, if ^(x, y) is the canonical function of the family {Si, S^, S^, S^), then 
equations (25) of §8, Part I, become 

A' = (S,^SMv, + {S, + u,)S,, 
B = (S,+ S,Ui)v, + {S, + u,)S,y 

a = {Si + s, Ui)v, + {s, + us)s,y 
iy = (s, + s,u,)v, + {S, + u,)S,. 

Hence, in general, ^'(x, y) does not become the canonical function of 
(Si Si Si Si). But if we make 

Ui= Ui, Ui=Uz, 113= Z7i, u^=U^, 
Vi= Viy t^g = Fg , 1;, = Fs , V4 = F4 . 

which can be done without altering Ui, U^y U^y U^ or F^, F,, T^, F4, then 

ft 

^(x, y) becomes the canonical function of the family {Si Si S^, S4). Hence, 
the identical group of the canonical function of the family {Si Si Si S^) is 
a subgroup of the identical group of the canonical function of the family 

(^1, Sf^y S^y Si). 

For instance, put 

Ui=U^=iy Us=U, = Oy 

Vi=V,=iy F3 = F4=0. 
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We deduce that the identical group of the canonical function of the family 

{if S^ + Si, S^~S^, 0) is a subgroup of the identical group of the canonical func- 
tion of the family Si, /%, /Sj,, S^).' 

Now, it is proved in §9 of Part I, that if /Si = /Sj, and /Si = ^^4 , the family 
contains both linear members and separable members. Also, in this case, 

S,+ S^=i, Ss^, = 0, 

and the canonical function of the family (t, i, 0, 0) is x. Hence, the identical 
group of a: is a subgroup of the identical groups of the canonical functions of all 
families which contain both linear and separable members. Thus, from the 
discussion at the end of the previous paragraph, all these identical groups have 
a common Abelian subgroup. 



Secular Perturbations of the Planets. 



By G. W. Hill. 



Gauss first clearly indicated the role elliptic functions play in this subject.* 
Halphen has since presented the investigation in a very elegant manner, f The 
modifications made by the latter in the procedure of Gauss are chiefly the trans- 
ference of the origin of rectangular coordinates to the attracted planet, and, instead 
of the differential of the eccentric anomaly, the adoption of the element of area 
described by the radius of the disturbing planet expressed in terms of the differ- 
entials of the rectangular coordinates. He also appeals to the qualities of the 
cone formed by the orbit of the attracting planet as contour of base and the 
position of the attracted planet as vertex ; this improvement, however, had been 
previously indicated by Bour. % A remarkable degree of elegance is attained by 
these changes; but it seems to me that additional statements are needed to 
show the connection with the astronomical problem which originally suggested 
the investigation ; for Halphen, like Gauss, treats only the attraction of a certain 
form of ring. This, of course, is to ignore the second integration which the 
problem demands. Perhaps, therefore, I shall be pardoned if I here attempt to 
supply the mentioned lack. 

In the fashion of Halphen we take the attracted planet as the origin of rectan- 
gular coordinates, but the orientation of the axes is, for the present, left indeter- 
minate. The coordinates of the attracting planet we denote by x , y , s; ; and the 
coordinates of the Sun, which are the negatives of those of the attracted planet 
referred to the Sun, will be Xq, ^ot ^- ^^^ P ^^ ^^ distance of the attracting 
planet from the origin, so that p' = as' + ^ + s^J ^^^ let g denote the planet's 

* OauBS, Werke, toL in, pp. 881-4US6. 

t Q. H. Halphen, Traits des Fonotions ElUptiques efc de lean Applications, Tom. II, pp. 810-888. 

t Journal de I'^cole Polyteohniqne, Gahier XXXVI, pp. 69-84. 
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mean anomaly. Then the secular perturbations of the attracted planet depend 
on the three definite integrals 

■kJTy^^' -hf^T^' iX^y*^- 

But while g is passing from to 27t, the area described by the radius of the planet 
augments from to itaby if a and h are severally the major and minor semi-axes. 
Thus, if a denote this varying area, the preceding integrals may be written 

nab Jo p3 » ^j^5 Jo p« ' Tiaft Jo p« 

The tetrahedron, with da as base and the origin as vertex, has, for volum e 
one sixth of the following expression : 

6 F = xq (y^2 — ^y) + t/o {^^ — ^<iz) + ^ («^y — ydx)* 

But, if h denote the perpendicular from the origin on the plane of the orbit of 
the attracting planet, we also have 3F= hda. Hence 

da = ^{ydz-zdy) + ^{zd<t- xdz) + ^ {xdy - ydx) . 
Then, if we derive the quantities P, , Py, Pu, etc., from integrating the expressions 

dp^— ^ x{ydz—zdy) ^ dP — ^ yiy^^ — ^y) ^ dp, — ^ ^^v^ — ^y) ^ 

dQ^=^^{^^-^dz)^ dQ^ = ^yi^^-^dz)^ ^^^^^z{zdx-xdz)^ 

dR^=^^(^dy-ydx)^ dB^ = ^yi^dy-yd^), rfi2,= l?M^li^, 

around the whole orbit, the integrals above, which we will denote by X, F, Z 
will be given by the following expressions: 

Y^-^ixoPy + yoQy + ZoB,), 

^"^^ (^oP. + yoC. + 2^fi,)- 

The nine quantities involved in these expressions and obtained through integration 
are homogeneous and of the dimension zero with respect to the linear unit. 
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Moreover, if, in the cone formed by the orbit of the attracting planet as directrix 
and the origin as vertex, the plane of the baae is shifted in any manner whatever, 
these nine quantities remain unchanged. For example, consider the expressions 

X {ydz — zd>y) y (ydz — zdy) z (ydz — zdy) 

If we put 

a; = p sin d , y = p cos d cos /I, 2; = p cos d sin ;i , 

they are transformed into 

Bin 6 coQ^Odky cos^QcoQ^d^y coa^dsinXd^ 

Let the equation of the cone be 

A3(? + By^ + Gs?+ Dyz+ Fzx + Fxy = 0, 
or 

J. tan'6+ jBcos*;H- (7sin*X + Z?sin;icos;i + jE'tand sin;i + -PtanflcosX =0. 
Since, from this equation, 6 is obtainable as a function of >l, it is evident that the 
integrals of the preceding differential expressions, extended to the whole course 
of variation of X, depend solely on the elements of the cone and are altogether 
independent of the plane section called the base. 

A simple addition of the differentials shows that 

P,+ Qy + R. = 0. 

Also we have 

d{Q,-B,) = hd(^), d{R,-P,) = id(^^y d{P„-Q,) = id(^y 

But the second members of these equations, integrated along the orbit to the 
point of beginning, give zero as the result : hence 

Q, = Bji, jB, = P,, Py = Q,. 

Thus 

y = ^^^ («oC» + yoQy + 2»-BJ , 
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And, if we put 

we shall have 

3«o Sj/o 92o 

The orientation of the axes of coordinates which serve to define the variables 
Xyy,z,XQ,yQ,Zo has been left undetermined ; but now suppose that the axes of 
symmetry of the cone are employed for this purpose. Then the equation of the 
cone takes the form 

^ + y^ + ^ = 0, 

O^ G^ G^ 

G^y Gyj Gm being constants of which two are of one sign and the other of the 
opposite sign. Plainly, if this equation is satisfied by the set of values x, y, z^ 
it is satisfied by any of the eight sets ± x, ± ^, ±2;. Consequently, each posi- 
tive element of the six quantities C -By, i2,, P,, P^, Q^ is accompanied by a 
corresponding negative element. Thus, in this case, these quantities vanish. 
With this selection of axes we, therefore, have 

^-ii^^-' ^-^iabh^y' ^-^HM^'- 

The naming of the coordinates is, of course, arbitrary, but, to settle the 
choice, we suppose that (?, , O^, O, are in the order of algebraic magnitude, the 
first and second being negative, while the last is positive. The equation of the 
cone appears to involve three variables, but, as we may divide the left member 
by the square of any one of them, it is, in reality, a relation between two vari- 
ables ; thus, but one variable can be regarded as independent. The equation is 
then satisfied if we make 

sc = 6\/— 6?, cos ST, y = e^/—Gy sin 7, z = eV^, 

where e is an indeterminate which disappears when the substitution is made in 
dPt,f dQy, dBg, and T is the new variable introduced by Grauss and may be 
regarded as indicating the position of the planet in its orbit ; its function, in this 
respect, being precisely similar to those fulfilled by the mean, eccentric and true 
anomalies, and it may thus, with propriety, be designated as a perspective anomaly. 
When 7^ goes from to 2n, the planet makes a complete circuit of its orbit. 
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The substitution made, we have 



ydz -- zdy = — tV— GyG, cos TdT, 
zdx — xdz = — ^^/— G^G, sin TdT, 



xdtj— ydx= 6* V G, Gy dT, 

p» = e* [G^, — Gy sin» T— G^ cos^ T]. 

The quantities G^, Gy^ G^ are usually determined in such a way that G^GyG, 
= a*6W; also we may introduce Ic the modulus of the elliptic integrals involved 
and m such that 

Then our integrals take the forms 

X— — ^ -A r-i cos^ T'^T y— _ J^ J. r\_^^TdT_ 

m^ nJ"" (l-A^sin^r)! * m^ nJ^ (1— A^^sia^T)! ' 

m^ 7«t/o (1 — )fc»8in«r)f 

The methods of evaluating these definite integrals severally proposed by 

Legendre, Gauss and Jacobi have all about the same degree of rapid convergence 

but that of the last is to be preferred because it expresses the values explicitly in 

terms of a parameter q called the nome. Putting A: = sin d, j can be derived 

from the equation 

^ + ^ + ^26 ^ _ _ r sin • -2 



[sm \ y 
r+V COS0 -I ' 



l + 2(9*+5^«+5»«+ ....) Ll + V COS0 

The solution is most readily accomplished by the method of tentation. Then, if 
we adopt two functions of 5, K and L such that 

cos20(l + Vcos0f *■ ^ V^-^i ^ ^J' 



we have 



J _ (1 + VcotjA)' g— 4g*+9g^— 16(y^^+ .... 
sin*0cos|0 [l+2(9* + gi«+ .... )]' 



X=-^Zcos«e, r=i\(Z-^), Z=-^3(Jr-isin»0).* 

It will be seen from these expressions that, if -T, Y, Z are regarded as the 



* For the proof of these formulas, reference may he made to Bertrand, Calcul Integral, Liv. III., 
Chap. VIL 

42 
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components along the axes of coordinates of a force acting on the attracted planet, 
one elliptic integral suflSces for determining the orientation of the resultant, but 
that an additional one is required if the magnitude of the latter is to be found. It 
will be an advantage, therefore, if instead of tabulating ^'and L as functions of 
A?, q or 6, we take two other quantities if and x, such that 

M:=^ K — L sin* Vy sur x = -rp ^ .^^ , cos* x = -^ , . aa . 

it— Xsm^O A— Zsm^fl 

Then we shall have 

= »- snr X. Xny Y= — — «- cos' x. ?/o, -Z^ = — « an. 

Let 22 denote the magnitude of the resultant, H and A severally the latitude 
and longitude ofthe point in the heavens towards which it is directed ; the circles 
of reference being the principal axes of the sphero-conic traced in the heavens 
by the frequently mentioned cone. Also let rQ denote the distance of the Sun 
from the attracted planet and >7o, X;^ severally its latitude and longitude referred 
to the same circles. Then our equations will stand 

R cos jBT sin A = 5- sin^ x . r^ cos yjq sin JL, 

li sin J? = — — ^ cos* X . To sin rj^ , 



m* 



R cos jff cos A = — r • ^0 cos >7o COS ^0 . 



m 



If we put 



iV^= —8-^0 cos >7o, 



we shall have 

i. . • % L '^ 4. rr cos* ;c tan yiq cos A d -AT cos Xa 
tan A = — sin* x tan A^ , tan ja = ^J^! , R = == — ^5— . 

cos ^ cos Ja cos A 

As, except in very particular cases, it is not easy to select a^t the outset the 
axes of symmetry of the cone for the adopted axes of coordinates, we must find 
the position of these axes in reference to another system which is known. The 
equation of the cone having a very complicated expression when the axes of 
coordinates are quite general, we select a particular system such that the treat- 
ment may be as easy as possible. Let the axis of x have the orientation of the 
line going from the centre of the ellipse described by the attracting planet to its 
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perihelion, that oty the orientation of the line going from the centre to the point 

where the eccentric anomaly is 90° and that of z the orientation of the line going 

from the centre to the north pole of the plane of the orbit. Let the coordinates 

of the centre of the ellipse be, in their order, A,B,C; we prefer these designations 

although, with e as the eccentricity and the previous notation, they have the 

equivalents 

A = Xo—ae, B = yo, G—z^. 

Then the equations of the orbit of the attracting planet are 

In order to have the equation of the cone so frequently mentioned it is only nec- 
essary to multiply the several terms of the first equation by factors selected from 

Z 7? 

the equivalent quantities 1 = -?^ = y^ , in such a way that they may all become 

homogeneous and of two dimensions in x, y, z. Thus the equation of the cone 
may be written in the shape 



z" 



G' 






= 0. 



This equation is not, in general, referred to the axes of symmetry, hence we 
proceed to make the linear transformation of variables which will bring this 
about. Let x, T, z denote the rectangular coordinates referred to the sym- 
metric axes of the cone, and write the formulas of transformation thus : 

x = ax + ^y +yz , a» -f ^» + y« = 1, aa' + ^3^3' + y/ = 0, 
Y = a'x +fi'y +yz . a'^ +/?'•+/• =1, aV + /?'^" + // ' = , 

the inverse of which are 

a: = aX + a'Y + a"z, a« + a'^ + a"* = 1 , a/? + a'j3' + a"i3" = , 
y = /?x + /?'Y + /?"z, /?«+/?'• + ^''* = i, /?y + /?y+/?V = 0, 
2 = yx + /Y + /'z, y* +/• + /'• = 1 , ya + yV + y"a'' = 0. 

The equation of the cone, after substitution of the new variables, should 
take the form 

X* Y* 7* 
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where (r,, O^, Og are constants and functions of the quantities A, B, C,a,h. 
They are the roots of a certain cuhic which may be obtained in the following 
way : Let F= denote the first form of the equation of the cone, and set 

a _i 3F y _i9F z _,3F 



G ^ dx ' G ^ dy ' G ^ dz' 

From these equations, which are linear in Xy y, z, eliminate these variables; the 
result is a cubic in G whose roots are the values of (7,, Gy, 6?,. In the special 
form of Fwith which we have to deal, these equations, after a slight modifica- 
tion, can be thus stated : 

X A z y B z z z A ^ _^ B^ y 

~G~~G G + a^' ^~~G G + W' ~G ~ G^ 'C G 'C^ G' 

The elimination of x, y, z from these equations gives 



G^a:'^G+b'^G 

Tt is known that the roots of this equation in G are all real, two of them being 
negative and one positive. The mode of assignment of these roots as values of 
Ggy Gy, G^ has already been described. Thus we are enabled to discover the 
values of the latter without reference to the nine coeflScients a, ^, y, etc. But in 
our further progress we shall need to know the latter. They are readily found 
from the first and second equations of the penultimate group combined with the 
conditions a* + jS* + y^ = 1» etc. In the first we make a; = a,y = /?, 2 = y and 
set G^ for G ; again make x = a', y = /?', z = / and set Gy for G ; lastly make 
X = a", y = /?", z = y" and set G, for G. Thus we have the equations 

_ A G, ^ _ B G, 

'^~ G G^Va' ^' ^~'G GT+T'^' 



x 



1 



y — Ai~7 — n — OS 






f A Gy f Ql ^^ B Gy I 



1 + 



^ gT+v^' ^ ~~G a, + b^^ 






y"« = 
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These equations furnish the values of the nine coefficients of the transformation. 
The signs of the three y^s are indeterminate : one may take them as positive. 
The cubic in Q furnishes us with the relations 



^' + ^ + ^ - 1 



G,-\-a* ' G^ + b* ' G, 



G, + a^ ' (?, + i« ' (?. 

Regarding A', &, C as the unknowns in these equations, their solution gives 

,,_ (G, + a')(G„ + a*)(G. + a') 
^ - a* (a^ — 6») 

p, - {G, + b*) (G, + b') {G, + b') 

6« (6» — «=!) 

/7« — G^GyG^ 

By means of these values we can eliminate A, B, G from the foregoing expressions 
for the coefBcients of transformation, and thus obtain values depending only on 
the five quantities G,, Gy, G,,a, b. We have thus 

** - a« (a« - 6=') {G, - G,){G, - G.) 

ff,- 1 g.(g. + a')(g„ + &')(g, + y) 

1^ -b* {V - a') {G, - G,){G. - G,) 

^~a'b* Ig,-G,){G,-G,) ' 

The values of a'^ /ff", /* and again of a"*, J3"^ y"*, are obtained from the preced- 
ing by simply making a cyclical permutation of the subscriptfl attached to the G; 
firstly from x, y, z into y, 2, «, secondly from x, y, z into z, x, y. On account of 
the divisor a' — 6* , small when the eccentricity of the planet's orbit is small, some 
of these formulas labor under a disadvantage. 

In computing the values of the definite integrals 

TtahJ o' ' nab J ~^ ' TiahJ 0* ' 
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where x, y, z are referred to the system of axes determined by those of the ellipse 
described by the attracting planet, we may suppose that the four quantities 
^o> !/o^ ^o« ^ ^1*6 simply constants and unaffected by the transformation we have 
just made to pass from the system of coordinates x, y, z to that of z, T, z. If, 
for the sake of discrimination , we designate the components along the mentioned 
axes as X', P, Z\ reserving X, Y, Z for the components along the symmetric 
axes, we evidently have 

X' = aX+a'Y+ a"Z, F' = /?X + ^'F+^"Z, Z^ = yX + yY+ fZ. 

The components ofthe right members are determined the moment we have solved 
the cubic in O, for which the coordinates A, B, G furnish the requisite data. 
We have only to make 

cro = ^ + ae, y^ = B, z^=C, li = ^C\ 
where h is always to be taken positively. Thus 

X' = - a (il + ae) ^ %\Xi^x — o!B -^008^;^+ a" (7 ^ , 

Wr mr Vfr 

T=- 3{A + ae)—^ sin'x-^'B -^ cos^x + /?"C7-^ , 
Z = ^y M + ae)^sin«x— /5-^cos«x + y"(7 ^. 

Substituting for a, a\ a", /?, /?', /?'' their values in terms of y, y', y", if we put 

U,= -A±^ ^-y if sin«x, 

^ rrr U 

L(?, + a« ^ (?, + a« ^ G, + a*J ' 
T = B r ^ + 3f— » A ^ 1 



we shall have 



^■=4f- +f +f]- 
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By substituting in U^, Uy, CT,, the last values we have given for y, /, y", and 
bearing in mind that 

G,— G, = m\ 0,— a^ — m» sin^ 0, G,- Oy — m^ cos' 0, 
the expressions for the first mentioned quantities become 

0-.= ^.*'tf.((J. + «'XG, + *')Ji,. 

where, if y, y', y" have been taken positively, the three radicals must receive the 
sign of G . 

Let it be required to find the component of this attracting force directed 
towards the centre of the ellipse described by the attracting planet. Putting 
r*= -4^ + ^+ 0*, we ought to multiply the components given above severally 

by the factors — , — , — , and take the sum. Which, if we do, and have 

J r r r 

regard to relations, G^^ Gy^ G, satisfy as being the roots of the cubic in G; call- 
ing this component A, we have 

But the component i^o directed towards the Sun will be more important. Put- 
ting To for the radius vector of the attracted planet, we have 

Then the components X, F, Z ought to be multiplied severally by — Z_^^ 

B G 

— , — , and thus is obtained 

In fact, by multiplying X', Y', Z' severally by the three systems of three mul- 
tipliers 

A + ae B G^ 

B A + afi 







iA + ae)0 _ BC x/rj^^^C'- 
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we shall arrive at a set of components, of which the first, already given, is 

directed toward the Sun, and the second is perpendicular thereto and lying in 

the plane of the attracting planet's orbit, while the third is perpendicular to both 

the preceding. If we call these new components JP', P', Z", and if the angle 

between the planes of the orbits of the two planets be denoted by /, we shall 

have 

Ro = X'\ /So = F' cos / — Z" sin /, Wo= F' sin / + Z" cos /, 

where Bq is the component towards the Sun, /% the component perpendicular 
thereto and lying in the plane of the attracted planet's orbit, and Wq the compo- 
nent perpendicular to that plane. But, if we make use of a rectangular set of 
elements instead of a polar, it is more commodious to refer the components to 
the plane and line of nodes of the attracted planet on the attracting planet's 
orbit. Let this ascending node be distant an arc = (d from the perihelion of the 
latter. Then the desired components X'", T'", Z'" will be 

X'" = X' cos o — F sino), 

F" = -Z' cos /sin o + F cos /cos o — Z' sin /, 

Z"' = X^ sin / sin o + F sin /cos o + Z' cos /. 

It is often interesting to know the position of the great circles forming the 
principal axes of the sphero-conic in reference to the great circle marked out in 
the heavens by the plane of the attracting planet's orbit. If we call Q the lon- 
gitude of the ascending node of one of the planes of symmetry of the cone on 
the plane xy, and i the inclination (always between 0° and 180°), and r the 
angular distance of the centre of the sphero-conic from the node measured in 
the direction of increasing longitudes, the four following equations can be used 
for the determination of these quantities : 

tan i sin S = tt -?^ — ^ > ^^^ * c^s S = 



G G, + a^' ^ G G, + b*' 

where the signs of the two radicals may be taken positive or negative, thus cor- 
responding to the four intersections of the two great circles with the one great 
circle. 
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To find the two semi-axes of the sphero-conic as measured by the arcs they 
subtend in the heavens, take the equation of the cone 

x^ . T* . z^ 



G^x Gy Gt 



4- — - = • 



the section of the cone by the plane z = V (?, gives the ellipse whose equation is 



x» T» 



G^ Gy 



— I. 



The semi-axis of this in the direction of the axis of x is V — G^ and in the direc- 
tion of the axis of r, V — Gy. The greatest latitude >7o of the planet moving 
on the sphero-conic and the greatest longitude JIq will be given by the equations 



tan>7o=y ^, tan;io=y — 



X 



g: --'-^-y G. • 

The general equation connecting the variables >? and X will be obtained if, in the 
equation of the cone, we make 

X = p cos >7 sin ^, T = p sin >7, z = p cos ri cos 31, 
and thus is 

sin'^ , tan^ >7 , cos* '^ — n 

Or, ixy (r. 

These variables vi and A. are expressed in terms of the perspective anomaly T as 
follows : 



cos >7 COS Jl = £ V (r„ cos sin Jl = f \/ — G^ cos T ^ sin >7 = c V — Gy sin T. 



We see that when T^=- 0, also w = and tan 31 = /«/ rr \ and when r= — , 

^ G^ 2 

i^nYi — J j^ , and ;i = 0; when T—n, >7 = 0, tana= — J -p^ . 

On the SoliUion of the Cubic in G and the Argument to be Employed in 

Tahvlating the Elliptic Integrals. 

A few words may be added in reference to the solution of the cubic in (r, 

i~/i_i_M' n — •*• 



G' + o» ' G-\-V ' Q 
43 
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Using r* for ^* + ^ + C7*, this equation expanded is 

It will be noticed that in obtaining the values of k^ the modulus of the elliptic 
integrals involved, and of m,we do not need all the roots of this equation, but 
only their differences. Hence, it will be advantageous to put 

(?=7+i[r«_(a» + y)], a=a» + i[r«-(a» + 6»)], 

b = 6«+i[r^-(a« + J»)], c=i[r^-(a» + 6*)] 

The cubic will then take the form 



J+a J + h /+c 

where J will serve us equally well as G ; but here we have 

a + b + c = ^» + ^+ C«, 

and the developed equation in J will be 

J«+ [a^» + b5» + cC — a» — b»— c» — ab — be — ca] J 

— [bc^* + ca5» + abC7* — abcj = , 

By the elimination of c and C and the partial reintroduction of a* and l^, the 
shorter form is obtained, 

j» _ [a« + ab + b* — oM" — 6'5»] / + a (6»5» - ab) + b (a* A* — ab) = . 

Employing the well-known trigonometric process for the solution of the cubic 
having all its roots real, we derive a// (between the limits ±. 90°) from 

. ,, V27 a (6«5» — ab) + b (a»^» - ab) 

The roots of the cubic are then 

/. = — 4? [a* + ab +b» — aU» — 6»B»]» sin (60° + ^), 

J„- -A [a« + ab + b» — a* A' — b*B^* sin ^, 

/, = A [a» + ab + V— a*A* — l^B^* sin (60° — 4')- 
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To render these equations simpler, we will put 
a + b = 2w cos r, VS (a — b) = 2n sin v, a^A^ + VS^ — 2 ab = v?^ cos ^, 

1 (aU* — WB") = nV sin f . 

With these modifications we have 

Bin 3,1 = ^ MCOB(i^ + a 



J.= 



•^.= 



==n(l 



jtt cos I)* sin (eo** + i^) , 



V3 



n(l — /K cos I)* sin '^ , 



/.= -T=n(l — /tfcos^sin)*(60 — '\|/). 
V 3 

The modulus of the elliptic integrals involved, h, will be given hy the equation 

i? = 8in«e=Azi4 = co8M(60l-^) 

«/• — Jx COS V/. 

and the quantity we have designated by m, by the formula 

m* = /, — tT", = 2n (1 — /li cos ^) J cos -J/. 



The two elliptic integrals if sin* x, if cos* x are functions of '4'; consequently, 
they may be tabulated with the argument '^ or any function of '4^ as, for instance, 
with sin 34^, that is, with the absolute discriminant of the cubic. We have 

cos* Q = — ^ zUzJ ^ and, if we put a* for the second member of this, we have 

cos v 



sm 



e 



1 + ^/ COB d 



= i 



X 



g + g'+g*'+--- 



l+« l + 2(g^ + gr" + g««+ ....)* 



The value of the nome q can be derived from the infinite series (three terms suflSce 
except in very unusual cases), 

^_i l — X , 1 /l — xV, 15 /I — asV . 
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As (r., 6ry, (r. enter into many of the preceding formulas, it may be useful 
to note that 

^« =Jz + Of Cry =t7y + C, (r, =J, + c, 

(?. + a« = J. + a, (7y +a* = /y + a, (y. + a« = 7. + a, 
G^. + J» = J, + b, (y, + 6' = J; + b, (?, + 6« = 7.+ b. 

Variaiion of the Elements of a Planet through Pertv/rhaiion. 

The elements we select for use are defined thus : Xy y^ z, denoting the rectan- 
gular coordinates of a planet referred to the Sun as origin, adopt the elements 
c^f Cy, c,,f,,f^,f^ such that 

ydz — zdy zdx — xdz xdy — ydx 

""• dt ' ""^ di ' ""' dt ' 

^ Cgdy — Cydz fix ^ <^%dz — c^dx ^y ^ c^dx — c^dy fkz 

where we note that /£ is the sum of the masses of the Sun and planet, and r is 
the radius vector of the latter. These six elements are not independent but 
satisfy the relation 

The additional element needed to complete the number six is the element every- 
where attached by addition to the time. With these constants the two equations 
of the path of the planet in space are 

c^ + c^y + c^ = 0, fir +f^ ^rfyV +/.z = c* + cj + cj = A?. 

To understand the correlation of the different terms of these equations it must 
be borne in mind that /li is a constant of three dimensions in reference to the 
linear unit. Consequently, the c are of two dimensions and the / of three dimen- 
sions in reference to this unit. 

The second equation belongs to a quadric surface not, in general, referred 
to its axes of symmetry. Removing the radical from it, it becomes 

+ 2Ji?f^ + 2J^f,y + 2*y.« — &* = 0. 
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The cubic, which must be solved in order that this may be referred to its axes 
of symmetry, is 

+ (/^-/?v-/?)-(^+/?y?+y?^)]x-/«*i>«-(^+y?+y?)]=o. 

But, if e denotes the eccentricity, we havey? -|-y^ + /p = ^t^V; thus the preceding 
equation reduces to 

Put x, = fi^x, then 

x-^ — (3 — c2)x^+ (3— 26«)x — (1— <5*) = 0, 

or {x—iy + ^{x—iy=zO. 

The three roots are x = l, x=l, x = l — ^. The second equation of the orbit 

of the planet is, therefore, a quadric of revolution about the major axis, in 

the present investigation an ellipsoid, as we suppose 6^<Cl. The expression 

cj+ cjH- cj is invariant, as also is /?+yj+y?, both being independent of the 

orientation of the axes of coordinates. The system of principal axes will be 

arrived at if we suppose /, = , /, = , which imply also c, = , as is shown by 

the relation c,/a. + c^ ^ + <^»/» = , unless we have /, = , when, the quadric 

being a sphere, all systems of axes are principal. The equations of the orbit then 

take the form 

Cyy + c^ = 0, iir + fiex = J^, 

where A* = t^ + cj . The radical removed, the second equation becomes 

li^{l—^)a? + liy + fi^^+ 2l^fiex — k^ = 0. 

But, a being the semi-axis major, J(?=:iia(l — 6?), therefore, the preceding 
equation takes the form 

j- + /(^ "Sx +2^ X- (1 -e») = 0, 
a^ a {1 — er) a 

or (a; + aef , y^ + g^ _ - 

The adoption of the attracted planet instead of the centre of the Sun as the 
origin of coordinates renders it necessary, while employing the elements of the 
planet, to substitute — Xqi — yoi — ^o for cc, y, 2. Thus, with this notation, the 
equations of the Sun's path in space are 
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The values of the differentials with respect to the time of the constants c 
and / must now be stated. Denoting the mass of the attracting planet by m^ 

fit' 
the perturbative function B for secular perturbations is — , and we have 

cfc, dR dR vn! , v 

dc, dR dR m' f v 

d/, — dzo dc^_dyo *?. . wi' , . 

'W~~dr dt li'dt^Y ' 

dJL _ dxo dc^ (feo ^x X '^ (^„ ^ ^\ 

dt ~'di ~di~ ~di 'W^Y 

df, _ dyo dc^^dxo J^ . ^' (rcr — nfA * 

dt ~ dt dt dt dt ^Y ^""^ ''-^^• 

There is still one element to be added to the preceding to complete the number of 
six independent constante; thisHs the mean longitude at epoch. The well-known 
equation for its variation shows that a portion is immediately derivable from the 
motion of the perihelion, and another from that of the node; what remains (call- 
ing the element I) is given by the equation 

dl o «^ r ^R I 9-K , 9^1 rt ^' r 35 I V . 2 T 

-5r =- 'y L'^ as + y a^ + ^^] = 2an - [x.-^ + y.X + ,.__-|. 

where n denotes the mean motion of the attracted planet. 

The system just given is the most general as respects the orientation of the 
axes of coordinates. Let vis now specialize by taking, for the plane of xy, the 
plane of the orbit of the attracted planet. This makes c, = 0, Cy =0, c, = k 
and the equation between the c and the / shows that, in consequence, we have 
/, = 0. Then our equations become 

dc, ___»«' d/, _ dy^ dk ,, m! 

~ ^^'^' ~d^ ~ ~ w ~dt ^ " Y 

df^_ da^ dh ,irl 

*^' ~^- -dt -dt ^Y 

w - y ^^'^ '^'' dt ~ dt dt dt dt ' 

* For these formulas consult Laplace, M^canique Celeste, Torn. I, Liv. II, Art 64. 



dt ~ 


9' 


dCy 

dt ~ 


m' 
9' 


dk _ 


m' 
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But our specialization, applied to the definitions of the /, gives 

These values enable us to eliminate the differentials of x^, y^ from the preceding 
equations. By diflFerentiating the equation between the c and /we get 



di '^^'^ di ' '^ dt 



.^- +fy-^^ +*^' = 0. 



The substitution of preceding values in this renders it an identity, hence the 

equation for --^- is superfluous. Moreover, after use in substitution, the equation 

dk 
for -=- is no longer needed, since the secular motion of the semi-axis a vanishes. 

at 
Thus the equations to be employed are reduced to the five following: 

dc» ^t 2J 

dc,, I z 

df, _ ♦nV/- — u 3. Yi/ JL — x JL\ + m>h X 



f = '^(/'-"fXyf-^f)-'"- 



P 

X 



P' ' 



dl « wi' / 05 , y \ 

^= 2an — (a^-^ + yo-^;. 

If X denote the longitude of the perihelion of the attracted planet, we have 
/, = fie cos x^fy^^V^ ^^^ X *' *^^^» ^^ * ^® *^® inclination and Q the longitude of 
the ascending node, c, = A; sin i sin Q, Cy = — Tt sin i cos Q ; whence 

d (sin % sin g ) _ 
d(sint cos g) _ 

' X 



m' ^ 

- j^ y. 


P' ' 


m' 


z 
9" 


m' / 


• 



f • 
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The point of departure for longitudes is still undetermined ; but, if this is 
taken to be the ascending node of the attracted planet's orbit on that of the attract- 
ing planet, we can employ the X'", T", Z'" we have previously defined. Thus, using 
brackets with subscript to denote integration along the orbit of the attracting 
planet we have the equations 



r d(sint8ina) i _ m' „,„ 
rd(8intCOT_g)-i _ m' „,„ 



The integration round the orbit of the disturbed planet has still to be exe- 
cuted in order to arrive at the secular motion of the elements. For this we are 
confined to the use of mechanical quadratures. Here we may use either of the 
three anomalies, or any variable which will show the position of the planet on 
its orbit, as the independent variable. 

Wist Ntaok, March 18, 1901. 



Representation of Linear Groups as Transitive 

Substitution Groups. 



By Leonard Eugene Dickson. 



Introduction. 



One of the advantages of the study of groups of congruences and of groups 
of linear substitutions in a general Galois field is the ability to deal with groups 
of high order as well as with infinite systems of groups by means of analytic 
formulae involving a small number of variables. The study of finite groups 
defined analytically has led to such distinctive methods and the results have been 
given such a degree of generality that there appears to be some justification for 
the attitude of many specialists in the theory of substitution groups towards the 
analytic theory. It is hoped that the present investigation will be a first step in 
the direction of a closer union of these branches of group theory. 

After giving in §1 a proof of the known theorem on the representation of 
certain quotient-groups derived from the general linear group as doubly transi- 
tive substitution groups, and an outline in §3 of the general method of the paper 
for representing the more important classes of special linear groups, I take up 
the orthogonal groups in §§4-16, the abelian linear group in §§17-20, and, 
finally, the hypoabelian groups in §§21-26. A similar investigation for the 
hyperorthogonal linear group* will form part of a paper to be presented to 
the Annalen, In the main, the paper is complete within itself, but occasional 
aid is drawn chiefly from the memoirf in which I made a study of all linear 
groups defined by a quadratic invariant, all of these groups being now repre- 
sented as transitive substitution groups. 

The group of orthogonal substitutions of determinant unity in the GF\_p'''] 
on an odd number m of variables may be represented as a transitive substitution 



* Mathematische Annalen, yoI. LII, pp. 561-5S1. t American Journal, vol. XXI, pp. 198-256. 
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group on (^*<"*-^' — l)/(2>'* — 1) letters. Except for ^'* = 3, m>5, this is the 
minimum number of letters for the methods of representation here studied. For 
m = 3, the above number is p** + 1 , in accord with the known* isomorphism 
of a subgroup of index 2 of the ternary orthogonal group of substitutions of 
determinant unity with the linear fractional group, each in the G^i^[p*]. Aside 
from the cases jd'* = 5, 7, 9, 11, the latter group cannot be represented on fewer 
than 2>* + 1 letters (Moore, Wiman ; and Galois, Gierster, for w = 1). 

The minimum number of letters necessary for the representation (by the 
method under investigation) of the simple groups derived from the orthogonal 
group on an even number m of variables is given in §§10, 11. For the quater- 
nary second orthogonal quotient-group Q^^pm, this number is jp*" + 1 > in accord 
with the isomorphism^ of its subgroup of index 2 with the linear fractional group 
in the (7i^ [/'*]. 

These results serve on the one hand as a check and on the other hand as an 
indication that the method gives the minimum number of letters when p^ 
exceeds a certain low value. 

As a special result of the investigation of the 2m-ary hypoabelian groups 
(the case n= 1), we note that the first and second hypoabelian groups may be 
represented as transitive substitution groups on 

o^w— 1 2*"""^ 2^"*— 1 2"*""^ 1 

letters respectively (minimum values for the method here employed). This 
result agrees with the known isomorphism of the first hypoabelian group and 
the Steiner substitution group. 

Finally, I would call special attention to the important property of various 
linear groups explained in §2. 

1. A linear homogeneous substitution on m variables, 

mm 

A: ^,'=2«*i^i. (^=^' 2, ....,w), 

with coefficients in the Galois field of order p", the G^-^[i>**], permutes amongst 
themselves the linear functions 

^1^1 + ^2+ "" + ^n^n, {^i in the GF [p-]). 

* American Journal, 1. c, p. 219. 

tibid., pp. 249-255. On p. 255, Fi,pn, Fi.pm should read Fi, p^. 



(18 Transitive SvhetittUion Onmps. 



339 



Excluding the case A^i = X^ = = X» = , these functions may be combined 

in sets of jp** — 1 , those of any set being of the form 

where ii runs through the series of marks :^ of the GF [/>"] • Such a set will 

be designated by the symbol jA^fi + +^»}, so that there are 

(p** — l)/(p" — 1) distinct symbols. A substitution A which leaves every sym- 
bol unaltered evidently has the form 



i2: ^i'=p?i. 



(iz=l, 2, , m). 



A substitution R is commutative with every linear substitution J., so that the 
group of all linear substitutions A has an invariant subgroup formed of the sub- 
stitutions R. The quotient-group V is holoedrically isomorphic with the substi- 
tution group G on the above symbols. 

Moreover, G is doubly transitive. In proof, it is only necessary to show 
that, if two distinct symbols 

are given, such, therefore, that the ratios >li:pi, . . . . , >lM:pm ^^^ not all equal, 
there exists a linear substitution which replaces the symbols {^^f and \^^\ 
respectively by the first and the second given symbols. If a^ be chosen, as may 
be done, so that the determinant 



Jli Ag 


. . . . At^ 


Pi P« 


P» 


a<i a« 


••••••• 

. . . . a^jn 


••••••• 


• • • « • • 



*o. 



the required substitution may be taken to be 

» » « 

^i=]2^if*, kt—Yi9J^i^ f*=]S^<^^' (i = 3, .... ,m). 
i-i i-i i-i 

The quoiienUgrcup T may he represented as a doubly transitive svhstitviion 

group on (p*"* — ^)/{p^ — 1) letters. 

Of more importance than T is the quotient-group LF (m , p"") of the group of 
all linear substitutions A of determinant unity by the invariant subgroup formed 
of the substitutions R of determinant unity. The notation LF{m, p*) is derived 
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from the linear fractional form in which its operators may be exhibited. Except 
for jp" = 2, 7n = 2 ; p" = 3, wi = 3, the group LF{m, p^) is simple.* 

The above proof may be extended to the group LF{rn^ p^)] only the ratios 
of the Xi being essential, the determinant employed may be supposed equal to 
unity. Hence the theorem : 

The linear fractional group LF {m , jp*) may he represented as a doubly transit 
five svhstitviion group on (p*** — ^)l{p'' — 1) letters. 

If this method of procedure be employed in the case of a linear group pos- 
sessing an invariant 4> (^i,^8, , ^»), it evidently leads to an intransitive sub- 
stitution group, and the number of letters is unnecessarily large. The present 
paper presents a general method of representing such groups as transitive per- 
mutation groups and determines which representation involves the fewest letters 

2. Frequent application is made of a fundamental property possessed by 
various linear groups. Of the conditions upon the coefficients of the general 
substitution of a given linear group, let Ri denote those involving only the coeffi- 
cients of the first row of the matrix of coefficients, iZj^g those involving only the 
coefficients of the first and second rows, etc. When the linear group contains a 
substitution in which the coefficients of the first row are arbitrary marks of the 
field which satisfy conditions Ri, a substitution in which the coefficients of the first 
and second rows are arbitrary marks satisfying conditions iZj,,, etc., the group 
will be said to possess successive generality. 

The orthogonal, the abelian, hypoabelian and the hyperorthogonal groups 
possess successive generality. Certain linear groups f, the conditions upon whose 
coefficients are of degree ]> 2, do not possess this property, at least when not 
reduced in form [for example, if we use the conditions given by A"^, §3]. 

3. In order that a linear substitution A shall leave formally invariant a 
fimction ^ (^i»fi, ••••, fm)» certain conditions upon the coefficients must be 
satisfied. Thus ^(^1,^2 , ^ '») = ^ requires 

^(an, Oji, ... .,a,Hi) = ^ (1» 0, ... .,0), 

4> (<Xi8 , a28, a82i . • • • , a^) =^(0,1, 0, .... ,0) . 

But conditions of this nature involve the coefficients of one or more columns of the 

* Annals of Mathematics, vol. XI, pp. 161-188; University of Chicago Record, Aug.i 1896. 
t Quarterly Journal, July, 1899; Proc. Lond. Math. Soc., vol. XXX, p. 200. 
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matrix for A. To obtain the conditions involving only the coefficients of one or 
more rows of the matrix for J., it usually suffices to require that ^ be invariant 
under J." \ the inverse of the general substitution of the group. The set of con- 
ditions obtained by means of J."^ must of course be equivalent to the set obtained 
from A, but are usually in a more convenient form. 

For definiteness of expression, suppose there is a single condition 
'4'(ocu> 0^12, . , . ., ai,„) = c involving only the coefficients of the first row of the 
matrix of the general substitution A of the group. The substitution A replaces 
^i^\+^^%+ • • • + ^^m by the function 

i=i i=i 

the matrix of the coefficients of the A.' in the y^ being the transposed of the matrix 
-4, viz., 

Aj Ag .... Am 



Yi = 
Y^ = 



an ttgi .... CLfni 



Hence, if the transposed of the matrix of the general substitution of a linear 

group always defines a substitution of the group, the functions /Li f i + + >t,^ f » , 

where ^ (^i, A;2» >^w) has a constant value, are permuted amongst them- 
selves. But this condition on the transposed matrix may not be satisfied, as, for 
example, when the group is the second orthogonal group in the QF [p"], 
^« = 4?+ 1 [See §4, end]. 

If A^i, %3, , A,,» be a set of marks, necessarily satisfying 

m 

such that the group contains at least one substitution T replacing ^i by ^^\^u 

then the product ST belongs to the group, and hence replaces J^^ by a function 
^Yi^i ^^^ which 

'4'(yi, yj, — ,ym) = c. 

We thus obtain a set of functions which are permuted by the group. For the 
groups studied in this paper, the above assumption will be satisfied for an arbi- 
trary set of solutions >lii • • • • i /Im oi{R^. 
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The following generalization is immediate. Its statement is, however, 
limited to the extensive classes of linear groups possessing successive generality 
(§2). Employing the notations j!?i, ^^^^y • of §2, we obtain a first representa- 
tion of the group as a substitution group by considering the linear function! 

'^i^i + '^^8 + +K£mi where Aq, .... , Jl«areany marks satisfying the con- 

tions Ri] a second representation by means of a pair of linear functions ^X^it 
and 2%8i^i, where Xn, Xf^ are any marks which satisfy the conditions Ri^t] a third 
representation by means of three linear functions with coefficients satisfying the 
conditions Ri^^^si finally, a representation by means of m linear functions whose 
coefficients are the most general set of m^ marks which satisfy the conditions 

Ri^2, m imposed upon the general substitution of the group. Instead of the 

linear functions, we may, in each case, use a positional symbol, the elements of 
each row of which are the coefficients of the successive linear functions, thus : 



L'*i> ^y . . . . , A,»J , I o J * * * ' ' ' 



""All, >l]2, , . . • , Aiiff^ 
^l* ^^f • • • • > ^m 



• • 



^ml) A»j, .... , A 



mm 



In the last case, the group is represented as a regular substitution group; 
indeed, the symbol represents the matrix of the general substitution of the 
group, so that the process, for this case, is identical with that used by Dyck * 

The First and Second Orthogonal Oroups^ §§4-16. 

4. Every group of linear homogeneous substitutions on m variables with 
coefficients in the GF\_p'''] , p ]> 2, which is defined by a quadratic invariant of 
non-vanishing determinant, can be transformed by a linear homogeneous substi- 
tution belonging to the field into one of the two groups. 

1*^. The first orthogonal group 02! j» with the invariant 

^1 + ^8+ • • • • "h ^m-l "h tm • 

2"*. The second orthogonal group G^^ ^ with the invariant 



* Mathemfttiache Annalen, toL XX (188S), p, 80. 
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where v is a particular not-square in the <rJ?'[p**]. For m odd, the second 
group is conjugate with the first.* 

Treating together the two groups, let 0»?p« denote the orthogonal group 
defined by the invariant 

The conditions upon the coefficients of a substitution 

A: ^;=2"«^J (*=1, .... ,in) 

belonging to the group are known to be the following : 

2"*" „t . „,,i _U. (y=: 1, 2, .... , TO — 1), ,. 



» — 1 



A-^: < 



The inverse of A is, therefore, 

^i = ^OLji^j + l^(^mt^my (i= 1, 2, , m — 1). 

1 **"" ^ 

Writing the relations (1) and (2) for the inverse A''\ we have 

m-l ^ 

^o^awH a^afc,» = 0, (y, A; = l, ,m;jzfzk). (2') 

It follows that the transposed of the matrix of A will likewise belong to 
the group if, and only if, either jtx^ = 1 or else 

a^m=0, a„j = 0, ai„»=l, (y=l, 2, ,m — 1). 

In the latter case the substitution leaves^J +....+ ^Ji-i and^i each invariant. 

* Dickson, American Joumal,>ol. XXI, pp. 198-256. This paper will be referred to as A. J., with 
the specific pages mentioned. Certain changes of notation, however, wiU be found desirable for the 
present use. 
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6. Theorem. — The orthogonal groups possess successive generality. 
Given a set of marks a^ of the OF [;>"] such that 

^aji'H- — a/^=l, 2^i«^«"l aj«aL = 0, (3) 

fory, A; = 1, 2, .... , r,j:4^kj where r is a given positive integer* <C m , it is to 
be shown that the group O^Jl^p^ contains a substitution S which replaces ^, by 

m 

^aii^i fory= 1, 2, ,r. 

The theorem may be established by induction. Assuming it to be true for 
the case r — 1, it will be proved true for the case r. The theorem is true for 
r = 1 {A. /., pp. 199-207 ; see §6 below). By the hypothesis, the group contains 
a substitution J.' of the form A (§4) in which 

ay = a^ for i = 1, 2, , r — 1 ; y = 1, . . . . , fw. (4) 

By (3)i a^ii a^' • • • • I arm do not all vanish ; moreover, the determinants of the 
matrix 

^11 ^12 • • • • aiBi 

^21 ^29 • • > « a^M 

^rl ^r2 • • • • «n» 



are not all zero. Hence there exists an m-ary linear substitution Si in the 
GF [^*] of non-vanishing determinant which, like the required substitution S, 

replaces ^^ byV aj< ^< for y= 1, 2, , r. The product A^"^ 8^= B leaves 

i-i 
fi , ^j, , i^^_i each fixed m view of (4) and replaces ^r ^y 

i^i^i + i22^, + • . . . + i2m^m. 
where, for i = 1, 2 , m — 1, 

w—l . - m — 1 

-Bi =z! ^rj a<^ H OC^m Oti«, JR^ = fX^ a/, a„»^ + ^m Otmm- (5) 

In view of (3) and (4), Ri = B^= = Br-i = 0, while 

+ 22 «ri ttrik] 2 ^y ^<* + ^*«^ ^"^ [ "^ "17 S^^'^ ^"» I 2j ^^i ^'"* "^ i^^"^ ^~ I 



»-l 






* For rzz.m, the theorem is true by the definition of the groups. 
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upon applying relations (1) and (2) and afterwards (3). Inversely, the substi- 
tution Si = A'E replaces ^j by the linear function^^ a^ ^^ fory = 1, 2, . • • . , r. 



i=i 



Hence if we construct a substitution R belonging to the orthogonal group such 
that R leaves fixed ^i, ^2, . • • , ^r-i and replaces ^r hy the function 

m m— 1 - 



<=r 



i = r 



the product AR may be taken as the required orthogonal substitution S. 

As shown above, the quantities J?j may be defined by (5). But such a sub- 
stitution R exists in the group OljLr+i and h fortiori in the group 0^]pn in view 
of the theorem above quoted (the present theorem for the case r = 1). 

In a similar manner it may be shown that the group of orthogonal substitu- 
tions of determinant +1 possesses successive generality. Indeed, the theorem is 
true for r = 1, and the necessary modifications in the above proof are evident.* 

6. There is a second method of proof which establishes the theorem for 
every r including r = 1. The theorem is first proved for the case r = m — 1 as 
follows. Given a set of marks 






,«i», (y= 1, 2, , m— 1), (6, 



satisfying relations (3) for r = m — 1 and therefore for y, A; = 1, 2, . . . . , m — 1 ; 
k:4^j\ there exists a single set of marks a^i, a^,, . . . . , a^^, such that the 
substitution 



S: ^i=^^Ji^i 



(y= 1, 2, — , w) 



»=i 



has determinant unity and belongs to the group, O^^^pny viz., 



a;i=(-l) 



m-l 



ajj2 ocss 






^1 ^f 
w-in— 18 O^m— 18 



^i»— Im 



• • • • 



> ^mm, ^ 






I 

^8«— 1 



• • 



O^m-U ^m—\% 



O^m-lw— 1 



Since these expressions are the first minors (with proper sign prefixed) of aii< in 
the determinant | aj< | , this result agrees with that giving the form of the inverse 
J.-* of the general orthogonal substitution A. 



* In regard to the special r61e played by the index ^m) compare 2 28. 
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Taking the negatives of these expressions as the values of the unknown 
a«i» . . • • , a^mi w® obtain the unique orthogonal substitution 8 of determinant 
— I 'having the prescribed coefficients (6) in the first m — 1 rows of the matrix. 

The proof of the general theorem of §5 would now proceed from the case 
r :=^ m — 1 to the case r '=-m — 2, etc. For the first step, aJl»_n, . . . . , ai,_i„ 
are to be determined so as to satisfy a quadratic relation and m — 2 linear rela- 
tions, the latter involving the (given) coefficients of the preceding m — 2 rows of 
the matrix. 

The method will be illustrated by the important case tn = 3. Given any 
set of marks a^i, ai^, ai3 such that 

«ii + ali! + -^ a?, = 1, (7) 

we are to determine marks a2n a.,,, a^z such that 

all + ols H a^ = 1 » an agi + ajg a^ H ais ajjs = 0. (8) 

If any an = 0, a solution is evident. Thus, for ajg = 0, we take a^i = Ojjg = 0, 
aj2 = !• If ttji = 0, take aji = 1 , a^s = a^g = 0. If ai3 = 0, take 

(Xjj ^ 0, aji ^ — ai2 1 a^j = an . 
If every an :#= 0, we eliminate agi from (8) and obtain 

(aJi + afg j aia + (^afi H a]sj (4tll^ H aig ajg a^g agj = aji . (9) 

If both afi + a?2 and afi H afa vanish, the equation determines agg otj,, so that 

ajs may be chosen as an arbitrary mark ^ 0, a^i being determined by the second 
condition (8). In the contrary case, we may take afi + afg ^ 0.* The equation 
(9) is therefore equivalent to the equation 

] (aJi + af,) «» + — ai2 aig a^ | 

H aJi {a\^ "^ ^'^ "^ "TT ^^8 ) ^28 = ^11 (^11 + ^12) • 

In view of (7), the coefficient of als is not zero. By the theorem quoted in §9, 

* For if oJi H" ^12 = 0, aJi + -L af 3 4: 0, then, by (7) ^ is a square and therefore unity, so that 
^11 + ^18=^=0 and the equations are symmetrical in a^i , o^ , a^. 
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the equation has solutions in the (7i^[p"], 



Otjsf ( 0^11 I OC12 ) OCjj "7" CX|2 Oti3 a23] 



and therefore solutions 0,3, a^ in the field. Hence the result: * 

For any set of solutions in the OF [;?**], p =#= 2, of eqiuition (7), <Aer6? ex/6fe a 
svhstitution of determinant unity in the group O^J^ln which replaces ^i by an^i + ai^^g 

Employing this theorem, the corresponding theorem for m variables is 
readily proved by induction (A. J. §12). We obtain therefore an independent 
basis for the general theorem of §5 . 

7. By §§ 5-6, the orthogonal group 0!£:^p» contains a substitution jT which 
replaces ^i by /Ij^i +....+ ^m^m for any set of solutions of 

^\+^+ ••' +^l^i + — ^l= 1. (10) 

If S be any orthogonal substitution the product STia orthogonal and there- 
fore replaces ^i by a function y^^i +....-+• y^^^ for which y? + .... + y^i-i + 

— yi = 1. Hence S replaces ;i,^i + . . + X„i,« by yi^j + + yj^^. It follows 

that the orthogonal group may be represented as a transitive substitution group 
on the N functionsf Jli^i +....+ ^m^m i^ which Jlj, . . . . , Jlj^ run through every 
set of solutions in the (tjF' [/>*] of equation (10). The isomorphism is in fact 
holoedric since among the above functions occur ^1 , ^2» • • • • » ^m-n as well as a 
function involving ^^. But an orthogonal substitution leaving these m functions 
all invariant is the identity. 

Similarly, the subgroup of index 2 formed of the substitutions ofO^^pn having 
determinant unity may be represented as a transitive substitution group on the 
above N functions. 

The orthogonal group contains the substitution G changing the signs of all 
m variables. The group of order 2 formed by G and the identity is evidently 

* Compare the intricate proof (for n = 1, /< = 1) by Jordan, **' Traits des substitutions,'^ pp. 161-166, 
corrected and generalized to any n by the writer, BuU. Amer. Math. Soc., vol. 4, pp. 196-200; and to 
any u, American Journal, vol. XXI, pp. 199-304. However, in the latter papers, the generators are 
found by the same investigation. 

t The value of N is given in §9. 
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self-conjugate under OSl^p-- The quotient-group will be designated CSj^p-. Com- 
bining into a single symbol {^i^i +....+ ^J^^\ the pair of linear functions * 

we obtain a set of i iV letters upon which Q^^]pm may be represented as a transitive 
substitution group, if the case wi = 3, p** = 3 be excluded. The isomorphism 
of the two groups is then seen to be holoedric [§16, case (1)]. 

For wi even, the subgroup of orthogonal substitutions of determinant unity 
contains the substitution G. We obtain a quotient-group which may be repre- 
sented as a transitive substitution group on the above i N symbols. 

For m odd, the subgroup of orthogonal substitutions of determinant unity 
does not contain G and may therefore be represented as a transitive substitution 
group on the i iV symbols, if />* ]> 3 when m = 3. 

8. If Jli, A,2 , , A,,n be a set of marks of the GF [p*] such that 

^\ + ^+ ... +^i-i + — ^i = c, (11) 

where c :#= 1, there does not exist an orthogonal substitution replacing ^^ by 
a) = Ai^i H- ^^2+ . . . . + Jl,n^,„, but there may exist orthogonal substitutions which 
replace some other function 

by (J. From what follows, Xf, . • • • , ^m must also be a set of solutions of (11). 
By employing a new method of procedure, we may generalize the results of §7. 
As in §3, the general orthogonal substitution A replaces the function 
^1^1 + + ^w£mf where ^i, , X^ satisfy (1 1), by 

m m 

We prove that y^, . . . • , y» satisfy relation (11). Indeed, 



m— 1 






* The proportionality factor of {1 must here be d=l in view of (10). 
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upon applying (1') and (2') and afterwards relation (11). Hence the totality of 

functions Xi^j + Xg^g + + ^m£m, i^ which Xj, , X^are solutions o/(ll), 

are merely permuted by an arbitrary orthogonal substitution. 

9. In evaluating iV, we consider more generally the number iVJSf;^ of sets of 
solutions Xi, Jig, . . . . , A,,^ in the GF [p*] of equation (11). This number is differ- 
ent according as m is even or odd, jtx = 1 or r, c = 0, square or not-square. The 
value of the number is (-4. «/., §3): 



For m = 2M, c :^ 0, 


^«(»Jf_l) ^ gJlpniM-l)^ 


c = 0, 


pn9M-l) j_ pJf(^«Jf _^«(Jf-l)) 


For m = 2M+ 1, c = 0, 


y»'. 


c = square, 


y-Jf ± gJr^nif ^ 



Snjr -r- ..JT/vvnjr 



c = not-square j?*"* =f e p 

Here the upper or lower signs hold according as jtx = 1 or 1/ respectively; while e 
denotes zfc 1 according as p" = 41 zfc 1, viz., 

6 = (-l) » 

10. If c:^0, the sets of solutions of (11) have by pairs the same values 
of the ratios Xi! ^8 : ... :^,», viz., one set of solutions and their negatives. As 
in §7, we obtain a representation of Oif,V upon IfJt;^ letters and of Q^^^pn upon 
^Nilt;^l letters (using the results of §16), 

If c= 0, we may reduce the number of letters exactly as in §1. We dis- 
card the function given by Jlj = A^ = .... = X„i = 0, which is invariant under 
every orthogonal substitution. The remaining functions may be united into 
groups of j;;" — 1 each, those of one group having the same ratios >li : Jl^ : .... : A,„. 
This is possible in view of the homogeneity of the orthogonal substitutions and 
of the relation (11) for c=0. We thus obtain (^2:V»— !)/(/>"— 1) symbols 
\^i^\ + ^^^8+ .... 4- Jlm^w}, symbols which are merely permuted upon applying 
an arbitrary orthogonal substitution. Since 

iy^s/.%— 1 =(i>»^=F e^)(i>''^^-^> ± o, 

we may state the final result, incorporating the theorems of §§12-16 : 

The orthogonal quotient-group Q^£!p», w ]> 2, may be represented as a transitive 
substitution group G on the following number of letters : 

n = (p»('— i)_i)/(jp«_i), (modd), 
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the upper or lower signs holding according as fx = 1 or fi=z v . For m odd, the 
group of orthogonal avhstitutions of determinant unity may he represented on £i 
letters. 

It remains to inquire which value of c gives a representation upon the lowest 
number of letters. 

Suppose first that m is odd (rw >3). For c :^ * we may choose c among 
the squares or not-squares so that the number of letters is the least possible (§9), 
viz. : 

For c = 0, the number of letters was seen to be 

a = (^«("*-') — i)/(p" — 1). 

If p^ = 3 , then o •< H . If />'*> 5 , the condition o ]> H may be written 

and is always satisfied since jp*^"*-^' =^n(»i+i)/2^ ^ being > 3. 

Suppose next that m is even. The case m= 2 is examined in §16, the 
orthogonal group being then commutative ; as the case c = leads to a trivial 
group (?, a comparison with the case c :^ is unnecessary. Suppose then that 
m > 4. The various values of c :^ give a representation on the same number 
of letters (§9): 

For c = 0, the number of letters is given by the expression E of §10. In each 
case the upper or lower signs are to be taken according as fx = 1 or // = v . 
Consider the lowest value o( of co' and the greatest value Ei of E, viz. : 

We proceed to prove that if 2?** > 3, o( > j^i. The condition is seen to be 

^n(m-l)^^»_ 3^ _ 3^nm/2 ^ 3^«(m/2-l) ^ 2 > 0. 

Since in> 4,^">5, we have 

The condition is, therefore, satisfied. Hence, o' ]> ^ if p'* > 3. For^^**=3, 
the question is more delicate. Since 

J = J3~/3-i [3^/2 rp (_ i)«/2], E=^ [3'"/2 rp (_ i)W2j[-3«/2-i ^ (_i)-/«], 
^For p"= 3, m = 8, c 4= 0, the isomorphism is not holoedric (216), so that the representation fails. 
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we have o' > ff or c/ < E according as zfc (— 1)'"''^ is — 1 or + 1 . Hence, for 
pn =:S, d ^ E in the two cases fx = 1 with m/2 odd, [i=: v with m/2 even ; 
while Q> <^E when /u = 1 with m/2 even, or ^^ = r with m/2 odd. 

We combine our results into the theorem : 

If m.^ 2, the number of letters employed in the above representation of the 
quotient-group Q^^pn as a transitive substitution group is less for the case^ c = than 
for any c :^ 0, except for the ca^es p" = 3, wi odd^ w>3;p'*=3,wi/2 even, /:i = 1 ; 
p** = 3, m/2 odd, fi =z v . For the latter cases the number of letters, given by a suit- 
ably chosen mark c ^ Ojis 

J [3"— 1 _ 3(~-i)/r| form odd, m^Z] i [3"*-^ — 3"*/2-i] y^^ ^ ^^^ 

12. Theorem. — The orthogonal group O^^l j,n permutes transitively the totality of 
symbols { ^^^ -+• A^^a +....+ ^J^m ] *w which >li , .... , 3l« are solutions of equa- 
tion (11), c being any fixed mark of the OF [/)"] . 

We are to prove that there exists an orthogonal substitution A replacing 
the function o' = 7^[^^ + ^2 + • • • + ^L^m^ where X(, .... , Xi, form a par- 
ticular set of solutions in the QF [p'*] ,p ^2, of 

K + K+ '" + J^«-i + — ^L" = c. (12) 

by the function u = Xi^i + Jlg^2 +••••+ ^m^mj where Jli, . • ■ • , X« form an 
arbitrary set of solutions not all zero of the analogous relation (11). 

If c is the square of a mark y :^ of the field, we may take X( = y, 

yli=0, AiOT = 0. By §§6-6, there exists an orthogonal substitution A 

replacing ^i by 



in view of relation (11) and y* = c. Hence, A replaces o' = Jl^i by o. 

Suppose next that c is zero or a not-square. By §9, there exist in the 
GF [/)'*] more than one set of solutions off 

D' + E^^c (13) 

* For c = 0, the number of letters is given by the theorem of §10. 

tFor m = 2, £7^ is to be replaced by ^E^ in (18) andl by— in the right member of the second 
equation (15). But the final equation is exactly (16). 



352 Dickson : Representation of Linear Groups 

except in the case c = , — 1 a not-square, when the only solution is evidently 
2) = j&= 0. Excluding this case for the present, we proceed to determine an 
orthogonal substitution A which replaces Z?^i + E^^, where D and E satisfy (13) 
and E ^ 0, by the function o . The conditions are evidently 

Dau + Ea^ = X,, (/ = 1, 2, , m (14) 

together with the conditions that A shall be orthogonal. 
If tt]^, a^^ be determined so that (14) and 

m — l » — 1 m — 1 

are satisfied, it follows from §5 that marks 

ay (^=3, , m; y= 1, 2, , m) 

may be found such that A will be the required orthogonal substitution. Substi- 
tuting the values of ocj^^ determined by (14) in the second and third relations (15), 
the latter become 






In view of (11), (13) and the first relation (15), these two conditions reduce to the 
single condition 

The conditions are therefore (16) and the first relation (15) , say (15'). These 
two conditions can always be satisfied. 

If Xi = JL, = = X,»_i = 0, then ?.^^Ohy hypothesis, so that (11) gives 

J- Xj» = c :^ 0. Then (16) becomes — aj^ X^ = 2), which determines ai„». Con- 

dition (15) is the only condition upon an, a^, , ai„^-.i; it may be solved in 

the field by §9. 

In the contrary case, we may take ;ii :^ in view of the symmetry of (11) 

and (16) in Xi, J^, , ^m-i- Eliminating a^ between (16) and (15'), the latter 

may be replaced by 
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If jD = 0, then c = ^ :^ 0, so that the problem, is solved as above. 
For the case m = 2, (11) and (13) have the form 

(I (I ^ 

The condition (17) may be written in the successive forms 

(ca„ — D^Y = (ic (XJ — Z)») + 2)^X1 = XiEK 

If c = 0, the first form of the relation determines ai, linearly unless D^ = 0, a 
case evidently excluded. If c :^ 0, the second relation determines a,2 in the field. 
Then (16) determines an in the field. 

13. For m = 3, relation (17) may be written 
«!» (^l + ^) + — aU U\ + — ^i) + — anai«X2X,— 2Da^:i, 

— -^ Da^ K = ^l- ^. (17s) 

If >\q + A| = 0, then %2 =^ and the equation determines ai2 linearly, its coefficient 
not vanishing for every ai,». In the contrary case, we multiply (17s) by Xf + X| 
and obtain the equivalent equation 

If c = 0, then X„» ^ 0, so that ai„» may be chosen to make the right member a 
square in the field. If c :^ 0, the right member may be written 

Applying (11) and (13) to reduce the last term, the condition becomes 



{o^(^+^) + J a,^X,K-I>^\* 



4- — c;i| |a„— Dc-^ kI*= c-^ E* k\ (??i + X|). 



This equation has solutions in the field for the two quantities in brackets {A. J., 
46 
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§3) and therefore (17s) has solutions ai^^, ai^. Then (16) determines an in the 
field. 

14. The method of procedure for wi > 3 will be illustrated by the case 
wi = 4. If ^3 = 0, the problem reduces to the case just solved. Suppose therefore 
that ^3 ^ 0. The three sums 

do not all vanish [p being ^ 2). If A| + ^| =^ 0, we determine a^ from 
whence (17) takes the form 

If the coefficient of a\^ vanishes, then ^^ ^0 and the equation determines aii» 
linearly and therefore in the field. In the contrary case we complete the square 
in ax„, when the left member becomes the sum of two squares each multiplied 
by marks ^ 0. Solutions* ai2, ai,» therefore exist in the field {A. J., §3). 

If ^4 + — ^l =^ 0, we determine a^^ so that 

whence (17) becomes 

^afa (1 + f^A|/Xi) + afs (;^ + XS) - 2Z>X8ai3 = ;^ - i)'. 

Proceeding as before, we obtain solutions ai2»ai8 in the field. 

To give a treatment which shall include the case c = , — la not-square 
(not solved by the preceding method), we start with a linear function 

where D^ + E^ +rF* = c, (18) 

Tt = 1 for iw > 3, T = — for m = 3 J 

solutions of which exist {A. /., §3), such that F:pO. In order that a linear sub- 
stitution A shall replace J by Xj^i + + X„^„ , in which the X^ are solutions 

of (11), the following conditions must be satisfied : 

Z)ay + Ea^ + Fa^ = X^, (y = 1, 2, . . . • , m). (19) 

* If AJ + ;i} =0, the Gondition becomes ((Jan. — DA«)»=z^^» Af and has solutions only for ^ = square. 
For this reason we treat the three oases in succession. 
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We impose also the condition that A shall be orthogonal. In view of §5, we 
need only consider the following orthogonal conditions :* 

~-l 1 1 

> = 1 /* f^ 

S^^W^"! ^hnfi^m = 0. (21) 

Substituting the value of a^ determined by (19) in (20) and (21), we obtain the 
the reduced set of conditions :f 

m— 1 »— 1 

2aiAH ai,nJ<'m = ^, S^V'^^"^ — a»m^« = ^- (22) 

m — 1 m — 1 m — 1 

^a%+ —aU=l,^a% + — al,= l, ^a^/i^ + _ai,a,, = 0. (23) 
For example, the second condition (21) becomes 

jssi r* f* r" 

The third condition (21) takes the form 

(2^i + -^ ^i) — 2Z?(2ai^Jti + — ai«Jl«) - 2^(2 ^A + ««-^«) 



+ 2DE (2 au«« + — ^i-Ohi) = Ti^* 



where r = 1 or 1 //£ according asm]>3or9ii = 3, the summations all extending 
from y = 1, 2, , m — 1 . Upon substituting for the quantities in paren- 
theses their values, the equation reduces to (18). If any 'ki is zero, say ^^ =: , 
we take 0^^ = on = and have a similar set of equations with m replaced by 
m — 1. 



* For m = 8, /< = V, we must replace 1 by X/fi in the right member of (20) for t =1 8, and similarly F' 
by ^FMn(18). 

t These conditions may be also obtained by requiring the inverse A' * to replace \^i +•••• + ^m^m 
by D^i + E^2 + ^^i I ^0 remaining tn — 3 conditions being then satisfied in virtue of (19). 
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In proving the existence in the QF [^"] of a set of solutions a^.a^oi equa- 
tions (22) and (23), we limit the discussion, for the sake of simplicity, to the case 
m = 3. Taking Xi ^^ 0, we eliminate an and Ogj from the three equations (23) 
by means of (22). TVe obtain equation (IT,) of §13 and a similar one with 
otisi <^imy D replaced by otgj, a%m^ respectively, and the third equation 

<^\sfh% ('^ + ^) + — 0.\m(l2m [A H ^Vj + ^K, {p^vfl^ + aa^lm) 

fl \ (I / [I 

— ^ (Doa + ^«) - — KiDou. + Ea^J) + DI!=0. (24) 

If;ij4-X| = 0, 2S+ —Xi = 0, so that is a square, we have, by 

addition and application of (11), Xf + c = 0. Hence c^O. The three condi- 
tions may be written 

xy=i{iy^ — c), zw = i{JE!^ — c), xw + yz=DE, (25) 

where we have set 

a; = ai8^— 2), y = — ai-^ — ^, z = at^ — E, w = — a^K — £I. 

fi fi 

Eliminating y and z from (25), we find 

\x{E^—c) — DEz\^ ^7^^F*=0. (26) 

Since D* — c=0or E^ — c = requires that c be a square, when the problem 
has been solved in §12, equation (26) leads to solutions z and x different from 
zero in the field, from which y and w are determined by (25). 

If the above sums do not both vanish, their analogous role in the formulsB 
enable us to assume that % = X} + ^ :^ . As in §13, the first and second con- 
ditions may be written in the form 

X^+l~ cXj F* = ^lEXc'\ Z^+^cJi\W= X\DXc-\ (27) 

fi (I ^ ' 

where have set 

Multiplying the third condition (24) by X = XiH-Jl|, it may be written 

XZ+—c^YW=7ilDE{7ilc'^t^'^—l) = x. (28) 
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For brevity, put p = — cXf , or = x;;ic""\ Then (27) and (28) give 

fY^W^ = {Ea — X^){Da — Z') = (x — XZy. 

Prom the latter equality, 

{DaX—xZy + Z^{DEa^ — o<?) = Da {DEo^ — x«). (29) 

Applying (11), we find 

DEa" — 7?- 7,^\\c'^DE{\ — DE) . 

In view of pTP = 2>(T — ^; equation (29) gives 

W {DEo^ — ^)p= {DcX — xZf. (30) 

The coefiScient of TF* may, for DE :^ , be supposed to be a square, by proper 
choice of the particular set of solutions of (18). For each set of solutions Z, X 
of (29), W is determined by (30) and then T is determined linearly by (28). 
The required coefiScients ai^* (hmy oli^> <% are then determined in the field. 

15. Theorem. — The orthogoncU group OSil^y in> 2, w holoedrioally isomorphic 
with the transitive substitution group on the totality of linear functions Xi^i + ^^ 
+ ....+ ^Jim *w which 

Jli + A|+ +Xi.i+ —7.1—c^constant. (31) 

We prove that the identity is the only orthogonal substitution which 
leaves fixed all of these linear functions. In order that A leave fixed 
Xj^i + + ^^in» it is necessary that 

Xitty + XjjOi^ + + Kflii^i = ^ii (y = If » ^)- (32) 

If there exist m linearly independent sets of solutions of (31), 

such, therefore, that their determinant (X^^) ^ 0, then (32) gives 

a^^ = Oj^- = . . . • = Ojj/ — 1 = • • • • = ajHj = 0, (^ 1= 1, 2, .... , tw), 

so that A would reduce to the identity. 

For the case c, a square, say <t*, in the GF [^"] , we may take the sets 

(T, 0, 0, . . . . , ; 0, (T, 0, . . . . , 0; . . . . ; 0, 0, . . . . , (T, 0; >li, Jlj, . . . . , Jl«, 
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where Xi , .... y\^'^^ any set of solutions in which ^^d^O . The determinant of 
these sets is a"'""^X^ nf= • 

For c a not-square and (i=^v, a not-square, we may take as one set 

0, 0, .... , 0, X , where — ^ =:^c^ or x^ = yc = square. Hence, the problem is 

reduced to the case of m — 1 sets of solutions of Xf + + ^-i = c, since 

the determinant 

All '^n .... Aju^ii 

^18 ^fZK .... A^i ig vr 







Ajm — 1 . • • • ^m — lm^l ^ 

X 



= \x 



'ij 



.X 



will not vanish if w — 1 independent sets >ly, A^, .... , 2,^^^ exist. Hence, for 
c = not-square, the problem reduces to the case f£ = 1, m > 2, 

For fi} = 2, we take the sets Xi , X^ and — X^ , ^ of determinant 

X2 + A| = o:^0. 

For m = 3,* we take the three sets given by the rows of 

Xi 7^ 

— Ag Ai = Aj (Ai "T Agj 
^ ^ %S 

where ;Lf -|- X| = c, Xf + ^' + Xi' = c, X3 nf= 0. Such solutions always exist 
{A. J.y §3). The method of procedure from the case iw = r to m = r-flis 
apparent. 

There remains the case c = 0. Let first m = 3. If —1 be a square in the 
field, ;if -H ^ = has solutions ^i ^ 0. We then take 

;ii ^2 

All Ag As 

If — 1 be a nut-square and ^^ = 7^, a not-square, there exist solutions in the field 
of ;^ + i- XI = 0. Then {X^/vf -f — ;\| = 0. We thus take 



V 



Ai Ag JI3 

Ag Ag 

Xs/v X2 



= 2X{Xi :^ 0. 



* It may be shown that it is possible to choose solutions ot ^l+^ ^lc^bo that the three sets ^1, ^ai 
; 0, ^1, ^a ; ^ai 0, ^1 are linearly independent, i. e., such that ^l + ^d^ 0. 
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The method employed in these two cases may be extended by induction to 
the case of general m. 

Let next c=0, /u= 1. — 1 = not square in the (?J^[p'*]. 

For m = 3, Xf + ;i| + X| = has ^ sets of solutions in the GF [p*]. We 
prove that it is possible to choose a set %i, %2, X, such that 

Al A2 ^3 

A3 A^ A2 = (Ai + A2 "i" Ag/V'^i "T '^g T '^a — AjAj — ^lAg — 'W^)i 
A2 A3 Ai 

shall not vanish. Since X? + 3^| + ^Ig = 0, the second factor vanishes if and only 
if the first factor Xi + Jig + Jls vanishes. But if the latter vanishes then 

Ag "p A3 -|- A2A3 ^^ 

SO that either X^g = Jls = (which case may be excluded) or else ^s/X^ is a root 
of G)^ + o + 1 = in the field, where, by the symmetry of the equations, we 
have taken ^2^0. In the second case, 

Hence, of the ^ — 1 sets of solution not all zero, at most 2 (^* — 1) are to be 
excluded. 

For m = 4, we obtain from the preceding sets and any fourth set ^i in which 
^i^O the required independent sets: 

Ai Ag A3 A4 
Aj A3 Ag 

^8 ^1 ^ 
U A3 A8 Aj 

By an evident induction, m independent sets of m solutions exist. 



=^ 0. 



16. It remains to study the isomorphism of the orthogonal quotient-group 
9m?fr» with the substitution group G on the symbols \ ;ii^i 4- . . . . + X^^^ } in 
which %i, . . . . , ^ satisfy (31). 

Let first m = 2. The case c = 0, — l/i^^ = not-square must be excluded 
since the only solutions are then Xi = X,» = 0, whence G is the identity. If 

— — = square, >t,„ may be chosen arbitrarily :^0, when Xi has two values; the 



2 ip^—l) sets of solutions yield two symbols, so that G is of order 2. These results 
agree with those of §10 for ?n = 2, since Eia then or 2 according as ± e = — 1 
or + 1 . For m = 2, c^O, the number of symbols is i (^* =f b) according as 
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/t^ = 1 or r, where c = (~ i)<p"-i>/2^ The order of the binary orthogonal group 
of determinant unity is z)"* ^r f and the group is commutative {A. J., p. 207). 
Considering the self-conjugate subgroup formed by the identity and the substi- 
tution changing the signs of ^i and J^, the quotient-group ^'^J,, is a commutative 
group of order and degree i (;>* =f e). By §12 it is transitive. The substitution 
group is therefore regular J^ This result follows also directly from the remark at 
the end of §3 in connection with §6, since for m = 2 it is indifferent whether we 
employ the symbol [%i, Xg] or the matrix symbol. 

Let next m > 3. The holoedric isomorphism of the two groups will follow 
when the only substitutions leaving every symbol fixed are the identity and the 
substitution G, which changes the sign of every index i^|. Suppose therefore 
that J. is an orthogonal substitution which leaves every symbol fixed. 

Case(l): c = square = a^ Among the symbols occurs {(t^i }. Then Ai 
where A^ is either A itself or else the product AG, will replace ajj by -f aJi, so 
that Ai leaves ^^ fixed. 

Among the p^ — e sets of solutions in the OF [jp*] of 

Af + ;\| = a^ 6=(— i)<^-i)«, 

occur the sets ;ii = ± cr, 7^=^0] X^=.0, X, = db a. Hence, for p^ > 6, there 
exist solutions ^i, Xg both different from zero. The corresponding symbol 
{^1^1 + ^%\ must be unaltered by A^. But if -4.i multiply ^£i + Xgfg by — 1 
then Ai would replace — Xj^j + Jlg^g by — SXj^i + ^J^^ • Since the former func- 
tion leads to a symbol, so must also the latter, whence 9>li -f >^ = ^> requiring 
8^1 = and therefore ^i = 0. This being impossible, A^ must leave Jlj^i + Xj^^ 
fixed and therefore also ^2. Similarly, A^ leaves fixed ^3, . • • • , ^»-.i, and, if 
/t£ = 1, also ^m» so that Ai is the identity. If /^ = v, a not-square, there exist 
p^ + B sets of solutions of 

1? + — JI« = <t2. 

Excluding the sets Xi = ± a, X,» = 0, there remain, if jp" > 3, sets with %| r^/b 0, 
T^^^O . Hence, for jp* > 3 , -l^ leaves ^,» fixed. 

For ^^ = 5 , f£ = T' , it has been shown that Ai leaves ^1 and f ^ fixed. Since 

there are solutions of X5 + — Xj» = a* with T^i^O, %^^Q, it follows that A^ 
leaves ^< fixed. Hence, Ai is the identity. 

* BumBide, '' The Theory of Qroups," p. 177, Ck>r. III. 
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For jfzzi 6y // = 1 , we prove that Ai leaves fixed 

each leading to a symbol, so that Ai leaves fixed their difference 4a^2 ^^^* there- 
fore, fg and hence also ^,. In fact, if Ai multiplies a (fi + 2^2 + ^s) by — 1, then 
A^ replaces <r (— fi + 2^, + f ,) by or (— 3^x _ 2 f^ — ^,). Since the former leads 
to a symbol so must the latter, whence 14<t^ = <t* (mod 6). This being impos- 
sible, Ai leaves fixed ^1,^2, ^8» wid similarly ^4, , ^,». 

Por^** = 3, /^ = — 1, a not-square, we consider the functions ^i+^i+fm and 
^1 — f8 + ^«»each leading to a symbol, and find that -Ij must multiply each 

by + 1. and hence leave ^^and f^ fixed. Similarly, A^ leaves fgi » ^m-i fixed 

and is the identity. 

¥otP^ =3, /£ =1, the method fiaiils, if fn = 3, since two of the three solutions 
of Xf + X| + ;\| = 1 must be zero. Then Ai is not necessarily the identity but 
may be the orthogonal substitution changing the signs of ^2 ^i^d ^g ^^^ ^^^^^ leave 
every symbol unaltered. 

For ^* = 3, [1= If w > 3, Ai must leave fixed the functions 

and hence ^2* ^si ^4 a^^d similarly every ^j. Indeed, if -Ij multiply fi+ fa 4-^8+^4 
(to take an example) by — 1 , then Ai replaces — f 1 + f « + f 8+ ^4 ^y — Hi— ^2 
— ^8 ~ ^4* the latter not leading to a symbol. 

Case. (2) : c = not-square. There are p^ — e sets of solutions of 

^ + ;^=:c, ^4=0, ^^0. 

Each set of solutions ^ , Xj furnishes only one new dependent set of solutions, 
viz., — Xi, — 2^. Let Ai multiply Xifi + ^2 l>y + !• If there be a second 
function Xif 1 + Xgf , independent of the former which Ai multiplies by + 1 , then 
Ax leaves f 1 and f , fixed. In the contrary case, Ai multiplies p* — s — 2 func- 
tions by — 1 . Among the latter, occur at least two independent functions if 
p''>5. Hence (7^i leaves fj and f, fixed. Thus either Ai or GAi^ aB.y A^, 
leaves f 1 and f, fixed. Then -4, cannot multiply Xi^i + X^^ by — 1 , where 

^1 + — ^ = c,Xi:^0, since A^ would then replace — Xifi + ^^^ by — 3X,fi 

— ^^M» whereas the latter does not define a symbol. Hence, A^ leaves ^^ fixed. 
Employing X£i + X^^^ • we see that A^ leaves f < fixed, and is, therefore, the 
identity. 
47 
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If2>'* = 5, and /t^ = r, a not-square, the symbol ]X„»^^} occurs. Let Ai 
denote A or AG according as the former or latter leaves ^^ fixed. Then 

^ H ^ = c has jp* -|- € = 6 sets of solutions and Ai cannot multiply 

^i^< + ^n^M i^i =^ 0) by — 1 . Hence, Ai leaves every ^< fixed. 

If p*" = 5 , and /^ = 1 , then 2 is a not-square, so that we may suppose that 
J-i leaves Xf i + 31^2 fixed, 2X^=zc. Since Z{2Xf=c (mod 6), the function 
2>t (?i + ^8 + f s) leads to a symbol. If Ai multiplies it by — 1,-4.1 replaces 
2^ (—^1 — fi+^s) t>y the excluded function — 6;igi — 6;if, — 2X^8- Hence, must 
Ai multiply the above function by + 1 and, therefore, leave ^g fixed. Employ- 
ing X^i + ^^8 , we find that Ai leaves J^ fixed. Hence Ai is the identity. 

Ifp^ = 3 and ^ = r = — 1 , we may suppose that Ai leaves ^^ fixed. Since 
c = — 1 , there exist only six sets of solutions of 

^ + ^ — ^=-l> 

yielding the symbols j^i + fg}, |^i — Jgf and ]f„[. Hence, if m = 3, Ai need 
not be the identity; it may change the signs of ^i and ^3. If, however, tw >4, 
there exist functions 

^iKi + ^, + ^B + ^., ;^ = ;i| = A|=i. 

If Ai multiply any one of these by — 1 , -^i would replace Xj^i + X^i^, + Xaf g — ^m 
by the excluded function — Xif 1 — X^^ — ^s • Hence, the multiplier is always 
+ 1 , so that Ai is the identity. 

Case (3) : c = 0, — 1 = t*, i a mark of the GF [p**] . Among the symbols 
occur \^izti^^\. If A multiply fi + i^^ by p and ^1 — if, by a , then A replaces 
f 1 and f 2 by the respective functions 

h{p + o)^, + ±-{p-a)^,. _^(p_,r)fi + Hp + a)f2. 

By the orthogonal conditions per = 1 while ^j (/> 2) is replaced by a function 
not involving f 1 or f , . If m = 3 , f ,» is replaced by ± f „^ . If m > 3 , we con- 
sider the symbols | f 1 ± tf^ } for / = 3, , m — 1 and find that f j is replaced 

by a function of fi and ^j. Combining this with the earlier result, ^i is replaced 
by a function of fj only and p = (r=±l. Ifiii>3, it follows that A is the 
identity or G. For m = 3 , /t£ = 1 , the same result evidently holds. Finally, 
for m = 3, f£ = 1/, there exist sets of solutions of 

Xf + ai+-l.X2, = 0, (;ii=^0). (33) 
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Let A replace X^^i + X^^g + X^« by x and — Xi^i — ^g + >l«^.. by X. Then A 
replaces 2;i^« by (« — X) ^^^ + (« — X) ;i2^8 + (x + X) ;i^f«. But, for w = 3, ^ 
was shown to replace f^ by db ^^. Hence x = X= ±1, so that A multiplies 
^fi + ^8 by ± 1. Similarly, J. multiplies ^i^y — ^£% by ± 1. Hence, A is 
either the identity or (7. 

Case (4) : c = , — 1 = not-square. If /i£ = r , we may take fi=> — 1 and 

consider the symbols {^i ± ^„f, {^^ ± J^} for /= 2, , m — 1, when, as in 

Case (3), A is seen to be the identity or G. 

If, however, /[£ =1, there exist no symbols involving only one or two indices. 
Consider the p^ — 1 sets of solutions of 

;t^ + ;ii+A| = o, (;iinf=o). (33') 

Each set furnishes exactly p^ — 1 dependent sets obtained by multiplying the 
given set by the various marks :^ of the OF[^p^'] . Hence, there are p"" + I 
groups of dependent sets, those of different groups being independent sets. 
Hence, there are at least two independent sets 

(X) Xii, ^12, ^18 ; ^11 ^, ^. (not every 7<^ = aXj^) 

leading to linear functions which A multiplies by the same factor p. If the 
quantities 

be solutions of (33'), then 2a^r = 0, r = ^n^\ + >^i»^ + ^i»^- If r = 0, every 
one of these sets of quantities would be a solution of (33^), so that every linear 
function Xi^i + >l,^i + ^^ would be multiplied by p. Then would A multiply 
each index by p, so that p* = 1, requiring that S be the identity or G [proof as 
in §16, the right member of (32) being p^J. If, however, rq/bo, either a = 
or ^= 0, so that only 2{p^ — l) of the sets of solutions of (33') are derived 
linearly from the sets (X). There remain {p^ — 1)^ sets linearly independent 
of the sets (X). If any one of these leads to a linear function yli^i + ^^ + ^Ig^s 
which A multiplies by p, then A multiplies ^i, ^, and ^g by p = =k 1 (§15). In 
the contrary case, they lead to at least two independent functions which A 
multiplies by the same constant x, since they may be separated into p"^ — 1 
independent groups of sets, none of which lead to a multiplier p. Eliminating 
^8> we obtain a function ai^i + (i^% which A multiplies by x. Likewise from 
the sets {X) we obtain a function h^^^ + hj^i which A multiplies by x. Since 
X =^ p • these functions are independent, so that A replaces ^i and ^2 by functions 
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of J 1 and ^, only. If m = 3 , -4 replaces f , by ± ^3 in view of the orthogonal 
conditions, so that A multiplies the functions derived from {X) by p and, there- 
fore, multiplies ^i and ^2 each by p. If m>3, we make the above argument 

with ^2 replaced by ^i (t = 4, , m) and see that ^1, and then every i^^, is 

multiplied by a contant 

We may combine our results into the theorem : 

The orthogonal quotient-group Qm,V) ^ ^ 2, i^ hdoedrically isomorphic loith 
he corresponding auhstitulion group on the symhola \ ^^f j ,4- • • • • + ^Jim \ i^ which 

X\+ .... + ;i4-i H >tl w a constant c, the cases m = 3, j?* = 3,/z = lorv 

oegin exceptional i/c^O. 

For the simple groups defined by the orthogonal groups'*' and the correspond 
ing substitution groups, the isomorphism must, of course, be holoedric. By a 
study of all the invariant subgroups of CJr.V» tl^© above theorem may be other- 
wise established. For the exceptional case 2?*" = 3, m = 3, the orthogonal groups 
are of special structure, being then solvable groups. 

TJieahelian linear group, §§17-20. 
17. For the substitutions of the abelian group we employ the notation 

^/ = 2Kf^ + y<;>7i), ni = t,{fiS + ^i^j), (34) 

(i = 1, 2, m) , 

the number of indices 2"" being even. 

The general abelian groupf Q is composed of all the substitutions (34) with 
coefficients in the OF [^"] satisfying the conditions 

2 Mii — rM = ^' 2 (^A — y</^«) = o, (35) 

(i, ij= 1, . . . ., W; » :^ A;), 

since they must leave invariant, up to a factor (i^O, the function 

* Amerioan Journal, vol. XXI. 

t Dickson, Quarterly Journal, 1897, pp. 169-178. It will be refered to as Q. J. 
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when operating simultaneously upon the two sets of indices 

a?i, Vi] -2fi, F<. (»= li I w) 

If /E£= 1, so that ^ is an absolute invariant, a subgroup H is defined, which is 
called the special abelian group. 

For m >» 1, the maximal invariant subgroup of ^Tis composed of the identity 
and the substitution changing the signs of all 2m indices, the case m =: 2, ;>* = 2 
being an exception, H being then isomorphic with the symmetric group on 6 
letters. The quotient group will be designated A (2ni,^*). It is simple except 
for m= l,p*= 2; m = l,p* = 3; wi = 2,^*= 2. 

18. Theorem. — The special abelian group possesses stux^essive generality. 

The relations (36) and (36) do not explicitly include a relation involving only 
the coefficients a^j yi^ of the first row of the matrix for (34), but the first relation 
(35) requires (since ii^O) that the coefficients a^, y^ shall not all vanish. But 
for ai^, yij arbitrary marks not all zero, ^contains (Q. «/^, p. 171) a substitution 
replacing ^| by 

To prove the theorem for the next step, let a^, yy, P^, 5y be an arbitrary 
set of marks of the OF [p'''] such that 

We are to prove that H contains a substitution S which replaces f| by o 
and 97i by the function 

By the case already considered, H contains a substitution 

in which a{^sai^, yi^^yij^ the coefficients subject to relations (36) and (36), 
when f£ = 1 and the letters are primed. The inverse of A is 



i-1 
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Since the ratios /^i^: ai^, J]^: yi^ are not all equal in virtue of (37), there exists a 
substitution Si , with coefficients in the GF [p"] of determinant not zero, whidi 
replaces ^i by a and >7| by ui . Hence the product A"^ Si = R leaves ^i fixed and 
replaces 971 by 

In particular rj = 1 by (37) since ai'i = a^, y^ = y^. Since /^ = AB, the pro- 
duct AR replaces ^1 by o and 971 by Oj. The required abelian substitution Smsj 
therefore be taken to be AR^, if there exist in ^ a substitution R which, like jB, 
replaces ^1 by ^1 and r^i by p. Such a choice of R is possible since (Q.X 
p. 172) the group H contains a substitution leaving ^| fixed and replacing yji by 

2 (fi^^.^ "'" ^-^J*^' where ri = 1 and the remaining p^, yjj are any marks. 

The general case of the theorem may be established by induction (compare 
§6), the method of proof being quite similar to that just employed in proving the 
first cases of the theorem. 

Corollary. The general abelian ff/rmp O poseeeses euoceaeive generality. 

The substitution of ^T which replaces ^i by o, for O]^, yu arbitrary marks not 
all zero, belongs to the larger group Q. To prove the next case of the theorem, 
in which a^, y^ ^u, ^^ are any marks satisfying the first condition (36) for i = 1, 
we need only take as the required substitution replacing ^i by o and 971 by c^ the 
product ST where S is the substitution of H (determined as above) which replaces 

^i by o and t7i by — ih ^^^ T is the substitution of O which alters only y^, 

multiplying it by /^. 

19. An abelian substitution (34) replaces the linear function 

z =2 («£ + y^d (^«) 

M 

by the function 2' =2 (*<^< "^ vMi where 

(i= 1, , wi), 
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Expressed in the matrix notation, these relations become 







«i 


yi 


«t 


yt 


as. 


y. 


x[ 


= 


o-n 


/?u 


a«i 


(3,1 


a,, 


^.1 


yi 


: 


yn 


^n 


yn 


^a 


• • • • y»i 


«-i 


*: 


«!« 


i3i» 


a«» 


i3*» 


••••a«. 


P^ 


yL 


— 


yi" 


Oil, 


r«« 


«*. 


— y»«. 


^M» 



the matrix being thus the transposed of the matrix of substitution (34). But if 
(34) be abelian, then is also the substitution given by the transposed of its 
matrix. In fact, the conditions that the latter be abelian are precisely the con- 
ditions that the inverse of (34) shall be abelian (Q. J., p. 170). 

As a first result, we observe that the p*^ — 1 functions 2, obtained by allow- 
ing Xij .... J x^j yij .... , ^» to run through every set of 2m marks not all zero 
of the 6?J^[2>~], are permuted transitively* by an arbitrary abelian substitution 
(34). Combining into a single symbol {z\ the functions xz, where x runs through 
the series of marks :^ of the OF [|9*] , we obtain a set of (2>'"** — l)/(i^* — 1) 
symbols which are permuted transitively by an arbitrary abelian substitution. 
This result corresponds to that of §1 for the general linear group on 2m indices. 
The substitution group is, however, not doubly transitive in the case of the abel- 
ian group (see the next paragraph). 

The abelian quotient-grovip J. (2m, p^) may he representedf as a simply tran- 
sitive substitution group on [f^^ — l)/(jP'* — 1) letters. 

To obtain other (less immediate) results, we consider in connection with (39) 
a second set of functions 

Upon applying (34), Z is replaced by Z'=2 (^f< + Yivdj where XI and Ti are 
expressed in terms of ^, F^ by formulas similar to (39), i. e., by means 

*The relations (89) may be solved for Xj, 2^/ = ^i • • • • 9 *'^) since the determinant of their coeffi- 
cients is not zero, being equal to the determinant of (84). 

t A special abelian substitution leaving every symbol ^z)- fixed, is either the identity or changes 
the signs ail the indices. 
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of a matrix which is the transposed of the matrix of substitution (34). It fol- 
lows that, if (34) be abelian, the following function is an invariant : '*' 

2(xiF;-y;zo = 2(x,r,-y,z,). 

Introducing a positional symbol as in §3, we may state our result in the form : 
An abelian suhaHtution permutes amongst themselves the totality of symbols 



'•^l •» 1 -^2 J^2 • • • • -^1 



<-l 



in which c is any constant mark of the GF [/>"] . 

For the case c= 1, the above symbols include the following: 

rl On 

Lo 1 oJ • 

Hence, by §18, the totality of symbols given 6y c = 1 are permuted transitively by 
the special ahelian grcup H and, h fortiori^ by the general abelian group O . 

More generally, let c be any mark :p 0. By §18, iJ contains a substitution 
S replacing |i and rii by the respective ftmctions 

since, by hypothesis, 

'^{x,Yfi-^—y,Xfi--') = c'-'^{x,T, — yiX,) = c-'c=l. 

Hence, S replaces the first by the second of the following symbols : 

rl O-j rxi y^ arj y, »» y« 1 

Lo c J ' Lxi Fi X, F, X^ F^J * 

The totality of symboU defined by a given mark c:f:0 are permuted transitively 
by the special abelian group. 

There remains the case c = 0. The case m = 1 may be excluded as trivial. 
In fact, Xi, Yi are then proportional to Xi, yi (not both of which are zero), so 
that the function Z is a constant (=^0) times the function «, and, therefore, the 

* While the result is deriyed by means of f of gl7, the two inTariants are not to be oonf need, tke 
one formed of variables and the other of ooeffloients. 
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employment of a symbol of two rows has no advantage over the use of a symbol 
of one row, a case previously studied. Indeed, for w = 1 , the abelian group is 
the general binary linear group. 

Suppose that m >» 1. In the applications to be made, a symbol is to be 
excluded as trivial when -Zi = pa:<, Pi = pXi (i = 1, , w). A linear substi- 
tution evidently replaces a trivial symbol by a trivial symbol and a non-trivial 
symbol by a non-trivial one. Consider the following special and general symbols 
given by c = : 

U 1 0....0 0-1' Lx, ri-.-.x. yJ' l(«^iyi-y*^0 = o, 



<=1 



of which the first is not trivial and the second is assumed to be not trivial. In 
order that a linear substitution (34) ehall replace the former by the latter symbol, 
following conditions are necessary and suflScient : 

Hence the first and third rows of the matrix of (34) are determined, and, indeed, 
so that the abelian condition involving them [formula (36) for t= 1, &= 2] is 
satisfied. To determine the coeflScients of the remaining rows so that (34) shall 
be a special abelian substitution, it suffices, in view of the theorem of §18, to 
determine /?ii, ^i* (* = 1, i ^) of the second row, so that 



m 



2(V,-i3i*yO = i. 2(*«^'-/^«^0 = o- 



<=1 i=l 



For w > 2, these two equations may always be solved in the field. Suppose 
Jhat Xi ^ 0, changing if necessary the notation. The second relation then 
determines Su. Substituting this value in the first, we obtain the equivalent 
condition 



m m 



2 8u (x,Zi - X^) - 2 |8i. (y,X, - Zx^) = Xi. 



i=i i=l 



This relation for Sjg, > 5i„», /Ju, /?i, , fiim may always be solved (with, in 

fact, 2m — 2 of them arbitrary) unless the coefficients on the left all vanish. 

But this would require that the ratios XijXi^ y*/ I^i (* = li » *'*) should all be 

equal, since equal to XiJXi , which is contrary to hypothesis. We have the result: 
48 



370 Dickson: Representation of Linear Groujjs 

The non-trivial symbols given bi/ c = are permuted transitively by the 
special abelian group. 

20. The number of sets of solutions in the GF [p^"] of 



m 



2(x,F,_y,X0 = c (40) 



i=l 



is j9"t*~-i) (^•*" _ 1) or ^»(2*-i) (^2m« — J + p"") according as c ^f: or c = 0. 
For c= 1 this result follows from §18 in connection with Q. J., §§6-7. But the 
same number of solutions exists for any c i^f: as for c = 1. Indeed, if x^, y/, 
Xi , V'i be a set of solutions when c = 1, then x^ y,', cX/, cF/ gives a set of solu- 
tions of (40); two sets of the latter type are identical only when the two corres- 
ponding sets of the former type are the same. Subtracting p"^ — 1 times the 
number of sets when c = 1 from ^*"*'*, the total number of sets of 4m marks, we 
obtain the number of sets for c = 0. 

Of the solutions of (40) when c = 0, the following are to be excluded: the 
2)'"*" sets in which a^ = y^ = while -Zi, Yi are arbitrary; the p" (jp*** — i) sets 
in which «<, y< are not all zero, while X, = pa:<, ^i = p^i (i = 1, • • ■ t wi), giving 
the trivial symbols. There remain 

(^ _ i)(2>~(8~-i) — _p~). 

For m = 1, this number vanishes, agreeing with the result in §19. 

Combine into a single new symbol ] \ all the symbols [ ] which are 
derived by multiplication as follows: 

IXi Y,....X^ YJ ^vX, vY,....vX^ vyJ' 

Ifc^O, then by (40) ^ui^ = i, so that the symbols are combined in sets of ^" — 1. 
If c = , they are combined in sets of (^" — 1)'. We obtain the following num- 
bers of new symbols: 

^n(2«-l)(^2wn_ijy(^m_lj for C :^ ; 

(jp2«» _ i)(^«(2«-i) — jp»)/(_p~ — 1)2 for c = 0. 

The latter number is less than the former. Each is greater than the number of 
letters required by the method, explained at the beginning of §19, except for the 
excluded case m = 1. 

Whether or not the employment of symbols involving three or more rows 
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would lead to a representation on a fewer number of letters is not evident. Such 
an investigation would naturally proceed upon lines similar to those used above. 

T7ie first and second hypoabelian groups, §§21-26. 

21. Every group of linear homogeneous substitutions on if variables with 
coefficients in the GF [2"], which is defined by a quadratic invariant not expres- 
sible in the field as a quadratic function of fewer than M variables, is holoedrically 
isomorphic with one of the three groups (A. J., pp. 222-224, pp. 243-246) : the 
first hypoabelian group Gq, the second hypoabelian group C?x/, each on if= 2m 
indices , the special abelian group in the GF [2"] on M — l = 2m indices. 

To complete the investigation of the representation of linear groups defined 
by a quadratic invariant, there remains the case of the hypoabelian groups ffx, 
composed of all substitutions (34) in the GF [2^] which leave formally invariant 



m 



< = 1 

The group is the first hypoabelian group if ^ = ; the second hypoabelian group 
if ^ = ^', where Jl' is a particular mark such that 

^im + ^'£! + ^'yjl 

is not decomposable into linear factors in ffJ^[2*]. 

The conditions for the invariance of F,, under (34) are the abelian relations 
(35) and (36) for ;i/ = 1, together with 

2/?A+^/s?l+^^?l={^ L-=?) ""^^ (42) 

For p=^ 2, the inverse of a special abelian substitution is obtained by 
replacing a,j, /?^, y^, S,,- by 3;<, /?^i, X/,, a,.« respectively. From (35), (36), (41), 
(42) may therefore be obtained an equivalent set of conditions. It follows 
readily that the transposed of the matrix of a hypoabelian substitution is the 
matrix of a hypoabelian substitution. 

The group G,, contains a subgroup /^ of index 2 defined by the additional 
condition (A. J., p. 231): 

1 M 

' 2 a A + ^' (a?i + ^n + Tn + ^fi) = "» • (*^) 
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If m >* 1, the group J^, is simple ; if m >* 2, the group /o ^^ simple. 

22. Theorem. — TJ^ groups J^ possess successive generality. 

We are to prove that, for any set of marks, not all zero, of the (rJ^[2*] 

satisfying conditions (36), (36), (41), (42) for i, i = 1, 2, ^ t^h^i, where t 

is any given positive integer < 2m, there exists in J^ a substitution S which 
replaces ^i and >7, by respectively 



m 



for each Z= 1, 2, . . . . , r, in case <= 2t; but also replaces ^^^.i by X^^.^ if 

t= 2T+1. 

The theorem has already been proved for < = 1 . Indeed,* for any set of 
marks, not all zero, of the (r-F'[2**] such that 

m 

there exists in e/^i a substitution replacing ^i by Xj. Also (A. J., p. 233), for 
any set of marks of the GF [2*] satisfying 

m 

there exists in /^ a substitution which replaces ^i by X^. 

To prove the theorem for <= 2, let a^, yy, ^y, 5y be any set of marks of 
the GFl2*] such that 



m 



m 

2/^A + ^i^i+5i5!i = ;i. (44) 

By the case < =1 just established, Jj, contains a substitution A and its inverse ^~~\ 
both exhibited in §18, such that a{y = aij, yij = yij. Also there exists a linear 
substitution /Si, with coefficients in the (7i^[2**] of determinant not zero, which 
replaces fj by Xj and >7i by T^. Hence, the product A~^Si=R leaves ^i fixed 
and replaces rji by the function p of §18, where, in particular, ri= 1. We pro- 

^ Bull. Amer. Math. Soc., vol. IV (1898), p. 498. 



■V 
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ceed to prove that* (mod 2) 



m 



5;p/, + xpf = ;i-;irf = o. (45) 

By a simple arrangement of the summation indices, we have 

M 1, .. . . , HI m m in 

2 ft'-^ = S /^«^«S Wi« + i^^yi*) +2 /^«S ^i>i« +2 ^*S ^/'i^i* 

i=l i, fc ^=1 i = l i i = l J 

+^}a^{8I,7j>^ + Wi) +2Mu2 (aii^i^ + <^x) 



= 2 i^"^« + 2 i^" (^« + V") + /^> (^ + ^^u + vii) 






+ 2 ^" (^«" + ^.^") + ^11 (^ + ^" + ^z^") ' 



i=a 



since the coefficients of ^n^vc^ huhyc and ^i^xk (the latter if i ^ k) vanish, while 
that of ^1,-iuk {i = k) is unity, in view of the abelian conditions (35) and (36) 
when written for the inverse of (34) [see §21] . The other reductions were 
made by using the relations corresponding to (41) and (42) for the inverse. 
Adding the term 

i = l 
and setting a{, = a^j, yij^ y^, we obtain the sum 

m m 

2 /^i*^« + ^.^n + ^li + Jl2 (^^^^' + ^i'O' 

which =0 (mod 2) in view of the first and third relations (44). By the origin 
of R and Si , the product Si = AR replaces ^i by JTi and yji by Fj . 

Inversely, if i2' be any substitution which replaces ^i by ^i and >7i by p, 
the product AR^ will replace ^i and >7i by Xj and F^. Hence, if i2' can be 
chosen to belong to J„, the required hypoabelian substitution S may be taken 
to be AR. In view of relation (45), there exists in Ji^, for Jl = , such a substi- 
tution R' (Bulletin, 1. c, p. 498). For ^ = ^', there exists in J^ such a substitu- 
tion R (A. J., p. 234). 

* A shorter, but indirect, proof is sketched in §36. The third relation (44) would form the basis, its 
left member being identified with F^ of §21. 
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By a similar method we may establish the general case of the theorem by 
one-stage induction [compare §5]. 

Since the relation (43), distinguishing the subgroup /^ from the total hypo- 
abelian group Gr,,, involves the coefficients of all the rows of the matrix, it does 
not affect the cases of the theorem for which < <[ 2m. But for t= 2m, the theo- 
rem is evident from the definition of the group. Hence, the above proof shows 
also that the groups Gr,, possess successive generality. 

23. In the definition of (?v» the indices ^j, yji play a special role, and hence 
the coeflScients a^j, ^^y y^j, ij^, a^,, ^ji, y^i, 5^1, enter in a special way into the 
relations (41), (42), and the analogous relations derived from the inverse 
substitutions. 

By a change of notation, ^« and t^^ ^aay be given the special role, and hence 
also the coefficients of the last row and last column of the matrix. From this 
new standpoint the groups possess successive generality, the first case of the 
theorem being known (A. J., pp. 227-8). 

24. For any one of the N^^^ sets of solutions (not all zero) in the OF [2"] of 



m 



2«V% + ^n+^i=^» W 



m 



these exists (§22) in J^, a substitution T replacing fj by^ {a^^j + Cifq^. If 

therefore She any substitution of /^j the product /S^'will belong to .7]^ and hence 
will replace ^i by a function 2 {p^xj^s + <?i/>7i)i whose coeflScients satisfy (46). All 
such linear functions are therefore permuted transitively by /x- For ^ = 0, ^i, 
n^ (i = 1, . . . . , m) occur among these linear functions; a substitution of JJ, which 
leaves them all fixed is the identity. For Jl = X', the functions 

^\ + ^»» >7i + ^2» ^<» Vi (i = 2, , m) 

occur among the above linear functions defined by (46). A substitution of Ji 
which leaves them fixed is evidently the identity. Similar remarks hold for the 
groups Qi,. We may therefore state the theorem: 

-//* m > 1, tlie groups J^ and 0„ may be represented as transitive substi- 
tution groups on N^^^ letters. 

The number of sets of solutions of (46) is known {A. J., p. 230, p. 235): 

N^!n = (2~" — l)(2'*<~-i> + 1), Ni^X = (2""' + 1) 2-("-^>. 
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In the evaluation for ;i = 0, the set of solutions ay= Cj^ = (y = 1, . . . . , m) 
has been excluded. For Jl = 0, (46) is homogeneous, so that we may group the 
linear functions into sets of 2* — 1 each, those of one set differing only by a 
constant factor. The resulting symbols 

are permuted transitively by «7i. A substitution S leaving every symbol fixed 
multiplies each index by a constant* p; \i S belong to /©> th® abelian condition 
(35), for |M = 1, gives p* = 1, whence p = 1 modulo 2. 

If m^ Ij the groups Jq and Gq may be represented as transitive substitution 
groups on (2""* — 1)(2'*^"*-^^ + l)/(2'* — 1) letters. 

■ 

25. We next treat J^^ from the standpoint indicated in §23. For any set 
of solutions (not all zero) in the GF [2*] of 



m 



2 a^r^j + ^'aii + ^'cl, = , (47) 

there exists (A. J., p. 227) in Jy a substitution which replaces ^^^ by 



m 



2 (^"^^i + ^«^^^) • 

The number of such sets of solutions is (A. J., p. 230) 

(2~"*+ i)(2~("*-iJ — 1). 

Proceeding as in § 24, we obtain the theoremf : 

If m ]> 1, tJie groups Jy and Gj,^ may be represented as transitive substitu- 
tion groups m (2"** + l)(2"^"*-^> — l)/(2'* — 1) letters. 

This number is less than the number N^^^ of §24. 

26. To obtain a representation of Jq upon a smaller number of letters than 
that given by the last theorem of §24, we employ the general method used for 

° Ck>nBider in connection with the symbols -{ ^i }-, -{Vi }-, *{ ^2 K etc., also the symbols •{ l^i+fa Y » 
"{ ^1 + 7a Yt etc. The various multipliers are thus seen to be equal. 
t A substitution of Jk' is the identity if it leave fixed the symbols 

since ^» and Vi are multiplied by the same constant [unity by (85)] and since a like result holds for 
^1 and i7i. 
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the orthogonal groups (§8, seq). The functions a^j^i + Cu>7i + + a^^^ 

+ ci«>7«in which 

m 

2 iP'^fy + '^i + ^11 = c = constant (48) 

are permuted amongst themselves by the substitutions of (rx* The simplest 
proof may be based upon §3, noting first that the left member of (48) has the 
form of the defining invariant F^, of the group Gj, (§21) and secondly that the 
transposition of the matrix of a hypoabelian substitution leads to a hypoabelian 
substitution. A proof following the method of §8 results from the computation 
of (45) made in §22. 

The case c = has been treated in §§24-25. For different values of c :^ 0, 
relation (48) has evidently the same number of sets ofsolutions, since every mark 
of the GF [2*] is a square. For ;i = ^', we take c = V and have the case 
treated in §24. 

There remains the case % = O^c^^O, when we takec = 1. From the known 
number of solutions of (46), for Jl = 0, we derive at once the result that the 
equation 

has in the GF\T'\ the following number of sets ofsolutions: 

(2~* 1)(2""* — 2"^*""^^)/ (2"— 1) = (2** 1)2"^*"^^ 

Among the functions auJi + Cii>7i + defined by (48') occur (if m >► 1), 

^i + >7i. ^i + *7i + f<» fi + »7i + >7if i%+ri% + ^u 

(i = 2 ,...., m) . 

A substitution on the ^{, >7o which leaves fixed all of these functions, will leave 
fixed every index and, therefore, be the identity. The isomorphism of G), with 
the substitution group is therefore holoedric. We may state the result : 

If m^\, the groups Jq and Gq may be represented as transitive substitution 
groups on (2*** — 1)2*^""*^ letters. 

27. Comparing the number of letters required by the final theorem of §24 
for the representation of «/i and Gq with the number of letters required by §26, 
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we find that the former is less than the latter if n ]> 1 but is greater if n 1 . 
For n= 1, these numbers are 2**~^ + 2*"^ — 1 and 2**""^ — 2*"^ respectively.* 
For this case (n=l) our results for the representation of the first hjpoabelian group 
as transitive substitution groups agree with the results of the lengthy investigation 
by M. Jordan upon the groups of Steiner.f As we are now in a position to pass 
directly from any hypoabelian substitution to the corresponding substitution of 
the isomorphic substitution group, the results of M. Jordan may be proven quite 
simply. This investigation and the generalization to arbitrary n will be deferred 
to a later paper. 

Thb XjNiVBRsrrY of Chioaqo, February^ 1901. 

♦ By §25, Jk' for n = 1 may be represented transitiyely on 2*"~ * — 2" ~ * — 1 letters. Adjoining the 
symbol •{ }• , we obtain an intransitiYe representation upon the same number of letters as employed 
for the group Jq. 

t '^ Traits des substitutions/' pp. 229-249. See particularly Nos. 818, 847. In the defining congru- 
ence No. 818, line 6, the right member should read 1 instead of 0. 
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A Class of Number- Systenui in. Six Units. 

Bt G. p. Starkweathbb. 



§1. 

It has been shown by Scheflfers* that complex number systems in n units 
can be divided into two distinct classes. In any system of the first class, called, 
after its best-known representative, the quaternion class, there exist three quan- 
tities, ei, e,, ^8, between which and the modulus, or idemfactor, no linear relation 

exists, such that 

ejCg — e^ = 2eg, "\ 

€fy — efy=2eiA (1) 

^1 — ^1^= 2e,.J 



For every number-system of the second class, to which the name non-quaternion 
is given, it is possible to choose as units quantities 



fii , . . . . tiy. , >7i f • • • • *? 



• ' 



which have the following multiplicative properties: tiiUj, and UjUi^ Jl^if ^^ 
linear functions of ti^, .... Uj^i] 971 ==971; 97^)71^=0, i^h] yiiU,i is zero except 
for one value of {, say X^, when it equals Uj,, and similarly, u^^^i is s^ro except for 
one value of i, say fijc, when it equals v^- If /^k =^ ^> the unit Ui, is said to be 
skew, otherwise it is called even. This form is called the regular form, and no 
quaternion system can be put in it, nor does any non-quaternion system contain 
quantities satisfying the equations (1). 

If we consider now non-quaternion systems without skew units, if there be 
more than one of the quantities 97 , the system can be reduced to a sum of systems 
containing each only one 97 .f Therefore, we may assume that in the systems 

* " Complexe Zahlensysteme," MathematiBche Annalen, XXXIX, pp. 806, 810. t Ibid., p. 828. 
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considered there are {n — 1) of the units u and only one 97, which is the modulus. 
These will be called simple systems. Any number 

(where Ui, • • • - an^j, f are ordinary complex quantities) satisfies the equation* 

(a-f>7)- = 0, 

where t? is a positive integer not greater than n. This is the characteristic equa- 
tion. If t; = n — 5, S may be called the deficiency of the system. 

In a preceding paperf the writer has considered this class of systems, and 
showed that by a proper selection of new units the system would be reduced to 
a form having multiplicative properties which, when S equals two, or when S is 
small in comparison with n — S — 1 , are simpler than those of Sche£fers' regular 
form. The case J = 2 was then taken up in detail, and certain general proper- 
ties deduced, and finally, a determination was made of all such systems which 
are linearly independent for the case n > 6 and the parameters reduced to the 
smallest possible number. The case n << 3 cannot occur, the cases n = 3, 4, 6 
have already been considered by Scheffers by other methods, while the case n = 6 
presented especial diflSculties, to overcome which the writer has not had the 
time until the present paper. 

The problem then is, to determine all the linearly independent simple non-qva- 
temion number-systems containing no skew units^ which can be formed from six 
unitSf and which are of deficiency ttoo, and to reduce the parameters to the smallest 
number^ 

§2. 

As was proved in the preceding paperf the system can be put into the 
following form : 

* Ibid., p. 816. t American Journal of Mathematics, toI. XXI, No. 4, p. 869. 

tL. o., p. 880. 
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Wi 



w 



% 



w. 



^ 



Wi 



W2 



W^ 



8 



'^l 



V 


















«?1 








M>i 





-|(3c + d)«, 


Wj 





Wl 


Wf 


awi 




Ws 








— awi 


bWi 


M 


Ti 





— |(3^ + c)«'i 


dfti — etOi 

— 2 (^ + '^) "'s 


9^1 




Tg 


«?l 


w, 


«?» 


fi 


•*•« 


»7 ■ 



x 



Application of the associative law, and also of the fact that any number 
formed from the first five units must satisfy the characteristic equation a^ = 
yields the following relations, necessary and suflScient, between the parameters 

dy Oj Cj • • • • y • 

y*=0, (2) 

c6=0, (3) 

db=zO, ^4^ 

* ^ja-cf-\-^{c-^ d){Zc + d), (6) 



» — y« = <iflf + -^ (c + d)(3d + c), 

df - eg = ^ (c -\- d){c — d) 

j{f— fl') + 2 a» {c-\-d)=z 0. 
These give rise to the following cases : 



(6) 

(7) 
(8) 
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6:^0. Then c = d = t=y=0. 

6 = a = 0, c :^ 0. Then, first, /* = flf^, yielding 

/= g^^i c — d, i — cf. 

/= — gfz^O, c— — d, i — cf, y=0. 
6z=a = c = 0, d^O. Then/=gr = t=0. 

6z=a=c = (? = 0, /^g^. Theni=y=:0. 



6 = a = c=d = 0, f^=^g. 
6 = 0, a:]|bO, c= — d:^0. 
6=0, a:^0, c = d=0. 
6=0, a^frO, c:i^ — d. 

a+f 



I 






Then t = o. 

Then f——g, i=icf, j—0. 

Theni=y=0. 

Then either 



(1) 

(11) 
(III) 

(IV) 

(II') 
(V) 

(VI) 

(VII) 

(VIII) 



a' 



a 



8 



gz=. — Aa — f, 



a a 



(IX) 



or 



m A" a 
c = ' 



a{m — a)' 



d = 



a? 

m — 3a 
a(m — a) 






4a 



m* — 4 Twa + 7a^ 
9 = 



. (m — ay 



4a 



4d 



2 






wi — a 



a' 



m ^ a. 



(X) 



IP is included among the reciprocals of II. All these cases follow easily from 

equations (2), (8), except IX and X. We proceed to consider these more 

close ly- 

We have by hypothesis 6=0, a^O, c^ — d. By replacing Tg by the new 



unit ri = 



a{c + d) 



Ta we obtain a new form of the same type with c and d 



2c 



2d 



replaced by d = — , . and d' = -^ — Xln ^^^pectively, whence a {cf + d*) 

= 2. This being of the same typical form, the equations (2), .... (8) will hold 
written with primes. Dropping the primes, we can thus assume a{c + d)-= 2, 
and the equations become 

^ +y« = c/+ ac + 1, (5') 

i -ja = (A _ c) (/ + 3 — oc, (60 



a 



f — cf—cg— 2ac — 2, 



y(/— i/) + 4*=0- 



(70 
(80 
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Prom (7') 2 + A/ 

imless ia-^-f + g=0, (9*) 

But in that case we have 

»— jo = — -^-l+c/+ac, (6") 

-?-/= _ 2. (7") 

a 

From these, with (6'), /= — a, i=l,y = 0, which contradict (8'). Hence 

(9') is impossible, and accordingly, (9) is always true. Substituting in (6^) and 

(6') we obtain 

. _ j7' + 8ay+3a/ + /^ + 4a« , . 

a{2a+f+g) ' ^'^^ 

>=-^ (") 

Substituting in (8') there results 

flf* + 6asf» — ^f+ 12aV — 4as/+ \%off—fg + 6a/« +/» + 16a» = 0, 

whence g=, — 4a — /, (12) 

g— f—a:h V— 4a/— 3aV (13) 

Both of thesOi with the corresponding values of c, % andy obtained from (9), (10) 
and (11), satisfy (5^), . • • . (8^). The possibility of (9') being true must, however, 
be excluded* This cannot occur when equation (12) is taken, as it makes a equal 
to zero, contrary to hypothesis. When equation (13) is used, it necessitates that 
/= — a shall be excluded when the upper sign of the radical is taken. 

When/= — a, (13), using the lower sign gives the same value of g, hence 
of c, % andy, that (12) does. The same is true when/= — 3a, using the upper 
sign of 1 3. Hence it can be assumed in (1 2) that / :^ — a , — 3a. This, remem- 
bering that a (c 4- ^) = 2, gives case IX, p. 381. 

Considering now (13), as the radical is awkward, introduce the new para 

meter m = V — 4a/ — 3a*, whence/= 7- — • 

As with / equal to — a we must exclude the positive sign of the radical, 
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m:pa. As m takes on all other values, /takes on all values, and conversely; 

also the equation 

m' — Ama + 7a' 

^= is — 

gives all values of g yielded by ( 1 3) for the corresponding values of /. Hence 
m can be used as a parameter in place of/ with m:paj and from (9), (10), (11) 
and the fact that a (c + ^) = 2, we obtain case X. 

By replacing r^ by ri=: r2 + ar^ a being properly chosen, h can be made 
zero in I and III, and e can be made zero in VII, VIII, IX andX. In lY ecan 
be reduced to zero by replacing T| by t^ =: t^ -}- at^i , and then h can be made zero 
by replacing w^ and u>^ by u?, = 1^3 + atr^ and w^ = tr, 4- 2awi respectively. So 
simplified, the forms on p. 381 will be called typical forms. A partial list 
of these forms was given, in the preceding paper.* Of the six there given, I 
II, IV, V and VI are respectively identical with those here numbered I, VIII 
II, V and VI, while III there is included in VII here. 

A nilfactor will be defined as a quantity v^ different from zero, such that 
);x = x)' = for all values of x, x being a number of the system. An alternate 
will be defined as a quantity a , different from zero, such that ouc = — xa for all 
values of X. A nilfactor is thus also an alternate. Such quantities evidently 
cannot exist in a complete system, that is, a system containing a modulus. The 
system given in the table on p. 380, with 97 deleted, is incomplete, since it con- 
tains the nilfactor toi. By actual trial in each of the given typical forms, the 
following theorems can be demonstrated : 

I. The inoomplete typical forms possess no nU/actors except linear functions of 
Wi and such r^s as are themselves nilf actors. 

II. The incomplete typical forms possess no alternates except linear functions of 
Wi and such r^s as are themselves aJtemaies. 

§3. 

We next proceed to determine the inequivalent systems and reduce 
the parameters as far as possible. Suppose two systems, Wi^ tr,, w^yTuti^ 97, 
and w[, ti7|, 1173, Ti, T|, yf are equivalent. Evidently ri^^rf. Consider any unit 
u' of the second system different from rf. Then 

* L. a, p. 881. 
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But every quantity x in the incomplete system w'l, w^y wjg, Ti, r^ must satisfy the 
characteristic equation a* = 0. In order that w'* =0, it is necessary that c equal 
zero. Hence the incomplete systems t(?i , w^, t^g, Ti, t^ and t^f, rc^, ^8* '^i* *^« ^^^ 
equivalent, and we can, therefore, drop ri out entirely. The transformations for 
w'l and w?2 need not be given, for they follow as powers of ^^3. 

By interchanging the r's, I goes into V when 6 = 0, /:^ g^ into VI when 
6=0, /= g , and into VIII when e^O. So I drops out. 

In II, we can make d zero if h = 0, y=#=0, by the transformation w'^ = 
tOs + ^'^2' This changes the value of c, which, by hypothesis, is not equal to zero. 
But should it reduce to zero by the transformation, the system would come into 
form VI. When c = — cZ, e can be made zero by the transformation 
t( = Ti + awi. 

In V, when /:^ — g^ h can be made equal to zero by the transformation 
Tg = r2+ aTi, and when /= — gr, we can make e equal to zero by w'^ = t(?3+ ari. 

In VI we can reduce h to zero when /=#=0 by the transformation T2 = 
T, + aTi, and, when /= 0, y :#= 0, the same can be done by the transformation 
Tj = Ti + awi . 

VIII goes into either V or VI when A = by interchanging the r*s. 

Transformations w^ = xw^, ri =: ytj, r, = aTg enable the following parame- 
ters to be reduced to unity, provided they are not zero : In II, c and any two of 
6, h andy. In IF, d and any two of e, h andy. In III, c, e and/. In IV, c 
and/. In V, 6, A and one of/ and g. In VI, any three of 6, /, A andy. In 
VII, a, c and h. In VIII, a, A and one of/ and gr. In IX, a and A. In X, a 
and h. 

The preceding facts yield the most of the following subdivisions and reduc- 
tions of the typical forms. Some of the subdivisions are made, not from the pre- 
ceding, but for reasons explained on- pp. 386, 387. The subcases of IV are 
reciprocals of the corresponding cases under II : 

II. (A) c=l h=0 y=0 6 = (?:#: 1, 
(B) c=l A=0 y = 6=0 rf= 1, 

(C) c=i A = o y=o 6 = d= — 1, 

(D) c=l A = y=0 6=1 d^j4s 1, 

(E) 6=1 A = y=0 6=1 d= 1, 

(F) c=l A = oy=l 6 = d= 0, 

(G) c=l h = J=l 6 = 1 d= 0, 
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II'. 



III. 



IV. 
V. 



VI. 



50 



(H) c-1 


A=l 


• 


= e = <?:#: 1, 


(I) c=l 


A=l 


• 


= e=zO d= 1, 


(J) c=l 


A=] 


• 


= e=0 d = — 1, 


(K) c=l 


A = l 


• 


= 1 « = (2:^ 1, 


(L) c=l 


A=] 


• 


= 1 e = d =1 1, 


(M) c=l 


A=: 


I J- 


= j e=l d'=f= 1, 


(N) c = l 


^=] 


• 


=y e = 1 <? = 1 


(A) d=l 


A = ( 


) J- 


= 6=0, 


(D) d=.l 


^=( 




= e=l, 


(F) d=l 


A = ( 


) J- 


= 1 e = 0, 


(G) d=l 


A=( 




= 1 e= 1, 


(H) d=l 


A = 


1 j; 


= e = 0, 


(K) rf=l 


A = 


1 .7 


= 1 e=0, 


(M) <i=l 


A = 


1 J 


=i 6 = 1. 


(A) c=l 


/= 


1 e: 


= 1. 


(B) c=l 


/=: 


I e: 


= 0. 


(A) c=l 


/=! 


L. 




(A) /=1 


i^=#= 


1 


A = 6=0, 


(A') /= 


9 = 


1 


A = 6=0, 


(B) /= 1 


^^ 


1 


h=0 6= 1, 


(B') /= 


9- 


1 


A=0 6=1, 


(C) /=1 


9 = 


— 1 


h = 6= 0, 


(D) /= 1 


9 = 


— 1 


A=l 6=0. 


(A) /= 1 


• 


1 


6=1 h = 0, 


(B) /= 1 


• 





6=1 A = 0, 


(C) /= 1 


• 


1 


6=0 A = 0, 


(D) /= 1 


• 





e = A = 0, 


(E) /=0 


• 


1 


c= 1 h=0. 


(F) /=0 


• 


1 


6 = A = 0, 


(G) /= 


• 





6=1 A=l, 


(H) /= 


• 





6=1 h = 0, 


(I) /=o 


• 





c = A= 1, 


IJ) /=o 


• 





6=0 h=zO, 
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VII. (A) a=l c= 1 A=l /^O. 

(B) a=l c= 1 A=l /=0, 

(C) a=l c= 1 A=0 /:^0, 

(D) a=l c= 1 * = /=0. 

VIII. (A) a=l A= 1 /=1 g4^ — l. 

(B) a = l A= 1 /=1 ^ = —1, 
(A')a=l A= 1 /=0 ^= 1, 

(C) a=l A= 1 /=0 gr= 0. 

IX. (A) o=l A= 1 /^ — 1, — 3, 

(B)a=l A= /:^ — 1,— 3. 



X. (A) a = 1 h= 1 m ^ 1, 1 ± 2V— 1. 

(B) a=l A= 1 »i= l±2V^r, 

(C) a=l A= m:^l, 1± 2V— 1, 
(D)a=l A= Om= 1 ± 2V— 1. 

Here are 64 cases, and to test them for equivalence might require 1431 
applications of the general linear transformation. The process.is greatly reduced 
by the following considerations, remembering that throughout we need only 
consider the incomplete systems, 97 being deleted. 

First the systems can be divided according as they are commutative or non- 
commutative. Second, since the number of linearly independent nilfactors is 
evidently a characteristic ot the incomplete system, by the theorem on p. 383 these 
two groups can be divided according as none, one, or two of the r^a are nilfactors, 
the last case of which can occur, of course, only in the commutative class. Third, 
since the number of Jinearly independent alternates is evidently a characteristic 
of the incomplete ^stem, the subgroups of the non-commutative class can be 
subdivided according as none, one, or two of the <r'« are alternates. In the commu- 
tative classes alternates must be also nilfactors, hence it yields no new subdivi- 
sions for them. These considerations separate the systems into eight distinct 
classes* 

Next suppose two systems Wi, w^j w^j ri, r^ and Wi, v>^^, 1^3, ri, t, are 
equivalent. Then tr^ is linear in Wu w^, to^f 7i, r,. Hence from the 
general table on p. 380, w^, which equals wj^^, is linear in u?i, to^, Tj. There- 
fore t^i, which equals w^wj^i is linear in toi, for products of Wi, w^ and r^ 
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with any units of the incomplete system contain only toj. Hence Wi and t(?i, 
both nilfactors, have the relation Wi = cwi . Now in the preceding paper* the 
writer has proved the following theorem : 

If two incomplete systems are equivalent, and nilfactors Vy v'y having the 
relation v' = cv, are units in the respective systems, then if i; and 1/ be deleted 
in each system the resulting systems are equivalent. 

Therefore in our two systems, if Wi and Wi be deleted, the resulting sys- 
tems in four units (excluding yj) are equivalent. But the new systems will be in 
the typical w — r forms given in the preceding paper f for w = 5, with w^ taking 
the place of ti?i, and theorems given on p. 383 hold for these. Hence we can sub- 
divide each of the eight classes above according to the commutative, nilfactive, 
and alternate properties of the r^s with Wi deleted. This gives a total of eighteen 
distinct classes, and each system need be tested for equivalence with only those 
of its own class. This will require at most 143 applications of the general linear 
transformation, in fact, far less. 

A number of special cases on pp. 384, 386, 386 are necessary for these 
various subdivisions, as was mentioned on p. 384. 

The systems in the different classes follow below. In designating the classes 
c stands for commutative, n for non-commutative, the first number gives the 
number of r^s which are nilfactors, the second the number of r'« which are alter- 
nates, but not nilfactors. This is not given in the commutative systems, being 
there necessarily zero. Then follows the designation of the same properties 
after Wi is deleted. 



(1) 


c2c2 


VI .^. 


(2) 


clc2 


VIZ 


(3) 


del 


II B, I, L, VI F. 


(4) 


c0c2 


VIZ). 


(5) 


cOcl 


Ill ^, VI C. 


(6) 


nllc2 


YIH. 


(7) 


nllnll 


11(7. 


(8) 


nl0c2 


VI a. 


(9) 


nlOcl 


II E, N, VI 'E. 


(10) 


nlOnll 


IIJ. 






•L. c, pp. 877, 878. 






t L. c, p. 881. 
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(11 

(12 
(13 
(14 
(16 
(16 
(17 
(18 
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nlOnlO II A, D, F, G, H, K, M, IV Ay D, F, G, H, K, M. 

n02c2 V G. 

n01c2 V D, VIII B, G. 

nOlnll VIIJ?, D. 

nOlnlO IV A, VII A, G, X B, D. 

n00c2 

nOOcl 

nOOnlO 



V A, A', B, 5*, VI B, VIII A, A'. 

IIIA,YIA. 

IX A, B, XA, G. 

Consider now the different classes. 

Glass 3. II X goes into VI JS^by the transformation 






Ti + Wj 

Tj — T| + tOj . 



Glass 6. In III J5, yean be made zero or 2\/ — 1 by the transformations 
given for the similar cases for III A in Class 17 below, except that it is notneces- 

— J = — . If y equals zero, III B will go into VI G by the 

transformation 

*«' — «^s _ '^s 



^r[ 



i< 



— T 



1 I w's 
2^2" 



Glass 9. If y :^ 0, II iV^ goes into VI E by 



w, = 



<< = 



Ti 



^ tC, — 7J T, — 



1 



C&w« 11. II' F goes into II Fby u>i = — to, + t,, 

II' fl" goes into II 6" by tc^ = — tc, -f- Tg. 



Starkweatheb : A Glass of Number- Systems in Six Units. 



389 



II' MifJisO goes into II M by 

t'x =T, 

i , 1 

II' Mifj=0 goes into II' Hhy 

Ti = Ti — 2tCi , 
Tg = Tg — M>,. 



II G goes into II K by 



II i> goes into II A by 



ri= ^ri + iwi, 



-rl = Tj + 



1 + d 



II / D goes into II' A by 



T. = Tg + YZI 



tOi 



tOg 



w^ = 



ir ir goes into II K by 



-tr„ 

Tj =: Ti — 2Wi , 

Tg ^ — Tg-t" tOj, 



«)i = tr8 — fg, 

Ti=— f, — Wg. 



II Jf if y= goes into II ITby 

Ti = T, + 



1— d 



lOl 






1 + d 

d 



to*. 



II if ify= 



i—d 



goes into II F by 



^«'^ = ^ 



<2 



(2 



T, 



. ,l+d 

ft = rt + YZTd ^»" 



1 
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II Mitj:pO, L=^, goes into II iTby 

,_ {l-d-2j) il-d-2j)(l.\-d) 

^*~ J'il-d) ""' ^ J'{l-d)* '^• 

In II K, d can be made zero by 

wj, = (1— d)»w, — d{l— d)» r„ 

Ti=(l-<?)«T,. 

r^ = (1 — <Q8t, + <i(l—d)»«78. 

Glass 13. VIII J5 goes into V D by 

v}s = w, + rt, 

C72a«» 14. VII B goes into VII D by 



W8 = 






Glass 16. If /:#: — 1 VII 4 goes into VII G by 






wi = ti)a + 



tc*, 



2(/+ 1) 
If ; :#: — 1 VII Cgoes into IV A by 



10^ 



•rf 



ri 
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Class 16. V B goes into V J5 by 

ri = ri — W9. 

Y A goes into V Ahj interchanging the r's. 
VIII A' goes into VIII A by 

Ti = Tj — Tg , 



'l^i = 



r,. 



V B goes into V J. by 



/ 2 
«^8 = ^3 — :: '^i . 






tr«. 



r M/n 

1 — ^ 



VIII ^, if S':#: 1, goea into Y Ahj 



wi 



= tc,— 



r; = T, — 



To — To — 



'8 



8 



4 

1 

1-J7 



«'« + 



1-J7 



»». 



tOt 



to. 



9 



!+-/■• 



In V J. , gr can be changed to — by 

if 



t<?8 = «?8» 



C7&»« 17. In III A, ifj :^ 0, =fc 2 V — 1, it can be made zero by 



tri = 



<< = 



Ti = 



a? + 2t^ _^ xy 
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where 



and 



(2) i+(-^y=Ji. 



X 



Infinite values of the parameters being excluded, y ^ <» , so — ^ oo. Therefore 



X 



from (2) y :#: 0. Since y :^ 0, — :^ 0, hence x^fs 0. Prom (2), y is finite unless 



x 



= ifc V — 1 , in which casey = =fc 2 \/ — 1, which is contrary to hypothesis, y 



X 



X 



being finite, x is, for — is. Since/ :#: it 2 V— 1, — ^ ± 2 V— 1, ^ ^/^^ 

If U 

whence a:^ + ^ ^ , x* + 4^ =# 0. These suffice to make the determinant of the 
transformation finite and different from zero. 
Ill A if i = goes into VI A by 



r«'^=-^- 



"2 ' 



f{ = 



<r; = 



2^2 



ti I «>» 



2 



2 



In III A, if J— — 2V— 1, it can be made + 2 >/— 1 by 



r, — 



— «>3, 



(TZtUA 18. In IX J. and B/oan be reduced to — 2 by 



''ws 



ri = 



Ti 



/» + 4/-f 2 4.__/±_2__ 

2(/+l)(/+3)*^'"^2(/+l)(/+3)'^' 

— A(/+2) , /+2 

— A(/+2) , /+ 2 
4(/+l)(/+3) "'»"^(/+l)(/+3)"'' 



*!. 



(/+!)(/+ 3) 
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X J., if m ::^ 3, — l* goes into X (7 by 

, (m* — 2m — 3)(m - iVm* — 2«j + 5) m*— 2m— 3 , m — 1 

The remaining forms are inequivalent, and the parameters can be reduced 
no further. The proofs of these facts are not diflScult, except in the following 
cases : To prove that X J3 is distinct from X Z>. To prove that X A with w = 3 
and m-^ — 1 cannot go into X C. To prove that in X C, wi cannot be reduced. 
To prove that IX A and B are distinct from X . These will be considered in 
another section. 

We have, then, for the linearly independent systems, VI /, VI /, II J?, II /, 

VI F, VI A III 5 (withy = 2V^=T),VI G, YIH, II 0, VI G, II E, II iV'(withy=0), 

VI E, II cT; II A, II F, II H, II ir(with d=o) , ir a, ir h,yg,y a viii g, vii z>, 

IV A, VII A (with/= — 1), VII G (with/= —1), X B, X A YA, VI B, VIII A 
(with ^=1), III ^(withy=2V=n),VI^, IX^ (with/=-2), IX 5 (with 
/= —2,) X A (with m = 3), X .1 (with m = — 1), X G. 

lull HcP 4^ If thus omitting c2 = 1 and cZ = — 1. These are precisely II / 
and II /, which can, therefore, be omitted if we remove the restriction on c2 in 
II H. In IIJ., also, the cases c? = 1 and rf = — 1 are excluded, which are II B 
and II G respectively. These can, therefore, in similar manner, be omitted. In 

V A, gf =1 and g = — 1 are omitted, which are respectively VI D and YG. These 
will accordingly be left out. In X C, m :^ 1, 1 it 2^/ — 1 . The second of these 
is X /), which will be dropped. 

The different forms are given in the following table, the letters having the 
signification given in the general form on p. 380. All forms are linearly inde- 
pendent, except that No. 24 with any value of g is equivalent to the same form 
with g having the reciprocal value. 
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a 



h 




c 


d 


e 



/ 


1 
9 


h 


• 

« 


• 

J 


1 























2 























1 








3 





























1 


4 








1 


1 





1 


1 





1 


2V— 1 


6 

















1 


1 








1 


6 































7 






















1 








8 








1 


1 



















9 








1 


1 










1 








10 




























1 


11 








1 


d 




















12 








1 




















1 


13 








1 


d 











1 








14 








1 














1 





1 


16 











1 




















16 











1 











1 








17 

















1 


— 1 


1 








18 


1 




















1 








19 


1 





1 


— 1 




















20 








1 


— 1 







— 1 





1 





21 


1 





1 


— 1 





— 1 


1 


1 


—1 





22 


1 





1 


— 1 





— 1 


1 





—1 





23 


1 





It V— 1 


1± V— 1 





tV-1 


=bv-l 


1 


1 


=F 2'V^— 1 


24 



















g 











26 














1 




1 











26 


1 
















1 


1 








27 








1 


1 


1 




1 





1 


2V— 1 


28 














1 




1 








1 


29 


1 





1 


1 





— 2 


— 2 


1 








30 


1 





1 


1 





— 2 


— 2 











31 


1 





2 








— 3 


— 1 


1 


—1 


— 2 


32 


1 








2 





— 1 


— 3 


1 


—1 


2 


33 


1 





m + l 
m — 1 


m — Z 
m — 1 





»i'+3 
4 


m* — Am 4-7 
4 





(m -l)* 
4 


-(m-1) 



m^l 
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If reciprocal systems are considered equivalent, Nos. 16, 16, 23 with one 
sign of the radical and 31 may be omitted, being reciprocals respectively of 
11, 13, 23 with the other sign of the radical and 32. 11 and 13 are the same as 

their respective reciprocals with d replaced by --=- , hence in those cases d can be 

restricted to |c2K[l and c2 = 0. 33 is the same as its reciprocal with m replaced 
by (2 — m), hence m can be restricted to the cases when the real part of m is 
not less than unity. 

§4. 

We return now to the proofs of inequivalence mentioned on p. 393 as 
being difficult. The first three are especially so, and will be considered together 
as follows : The two tables 



Wi 



Wi 



w. 



2 



Ws 



^8 



W2 



t^a 
























Wi 





2m 
m — 1 





w, 


Wg 


«?, 


m + 1 , 

~-^ Vl + Wg 

m — 1 








— tCi 










- 2 {m-2) 


m— 3_ 
tn — 1 


tn' — 4m + 7 

4 '"' 

• 


htOi — (m — 1) Ti 
(m — 1)» 


m-1 "^^ 



m :^ I 
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w[ 



Wf 



wi 



< 



wi 



















w'i 











MJi 







«>8 







Wi 



Wj 



< 



Tl 











w{ 







t'. 







2m' 



m' 



tci 



—j rTi + W, 

m — 1 



m'' + 3 , 

7 Wl 










2(m'— 2) , 



m'— 1 



to'— 3 , 
m — 1 

— toi 



— :^w[ 



h'wi—{m'—l)ri 



it 



— jm' — ly , 

4 • 



m'ipl 



represent any cases of X. Suppose these two are equivalent. The general 
linear transformation is 

w^ = XiWi + Oati^g -f- XsW^ + x^Ti + ajjTg, 

'Ti = yiWi + y^w^ + ys^a + y{c^ + y^r^. 



From the first, 



tr^ = {g?^h + 2^2X3 + ^^^ — iCiXs 



m* — 2in + 6 



+ (»8 — 



m — 1 
2~ 



a^6 )(a8 + 



m — 1 



^5)^2+ 2x5^0:3 



m — 1 
2 



X, 



j)*^!, 



^i=(a?8 — 



m — 1 
2^ 



-)^+=^^^'-)>"- 



Obtaining t^gT^ and T^trg hy multiplication, also from the second table 
(expressing the latter in terms of ii^j, tr^, xo^, Ti, t^), adding and subtracting, and 
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comparing the coe£Scient8 of like units, we find that y^ and y^ are both zero, also 

/ A \ I 2 , m* — 2»7» + 5 

(A) afjZj + ^j— -J x^ + x^—x^ — '— 

, 2 ir? — 2m + 6 . , 

+ *6^ ;;; — ? "~ ^*^* 1 + n^^^yi . 

«1 — 1 4 

(B) xga,— xjaji — j-^ =yg, 

(C) sBjZs + iCiZs — a:B2.(»»— l) = y«. 

(D) 2«,25 + «^4 — X4«, — X4ZJ 2X^ + OjZ^ 5— 



(E) 05,8, — x,28 = ^j7^ y« + (a^8 — ^^ «6)(*» + ^^^ scb) , 

^_^= 2 / m-1 y 

^m — 1 m — 1 ml — 1^ \ 2 / 

Obtaining equations in like manner from w!^l^ and t^^w'^^ subtracting and 
dividing by (x^ ^^- x^) , we have 

(G) x^ — x^—\x^— — — x^y^i->r^i m — \ / 

The division is possible, for \x^ ^^^ scj J does not equal zero, else Wi does. 

Similarly, from TiT| and TgTi, we obtain 
(H) 2^825 — y^zg — y^gg^?^ 

From TiS" the Ti terms and the Wx terms give, respectively, 

(I) 2e,(^-^?L=:i)=_Kii:l)'«,(«,_a,^)_(^'_. 

(J) ^+2«^+J^-.,^. *^'-|*» + 5 = -(m'-l)y, 



I j;/ / ♦" — 1 \ V , ^« _ 2m + 3\ 
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Substituting from (Q) in (E) and (F), we obtain 
^^^ ^* ~ 4(!L-\) (^' ~ ^^ ^0 "^'(^^ - 2m + 5), 

Substitute from (B) and (C) in (H), factor, use (G), and divide by 
fa^a -Q— ^sjf^s + 3^8 J (which cannot equal zero, else Wi does), 

and there results 

Substituting from (L) and (M) in (I), and dividing by {m'—l)fx^ — x^ ^~ \ 

r\[\ «, _ ^' — 1 / I ^n* — 2m + 6\ 
W ^-^r=l(^ + ^' 2(m-l) ;• 

Substituting in (M) from (N), 

(0) .. = ("■'- 'H;;' -^^ + °) a,. 

Substitute from (N) and (0) in (6), divide by 

/ m — 1 \/ , m*—2m + Z\ , ^ ux • 
[xs — — — Xfijlxs + x^ _ /^ 1 , and we obtain 

(P) • = 1 or m' = wi . 

m — 1 

Hence, m cannot be changed. Replace, therefore, m' by m in the equations 
and see if A can be changed in the cases X^, m = 3, — 1, and X B. Since, in 
the latter m=l ± 2^/— 1 , these can all three be combined into the case 
{m^—2m + 6){m^— 2m — Z) = 0. Let A = 0, K= 1. 

Substituting from (K), (L). (N) and (0) in (A), 



(Q) 



m^—2m + Z , m* — 2m + 6 . 2x^^ , ^ 



m* — 2m + 5 (m^ — 2m + 6)' 

— 0:4X3 -^ -X,X, g(^_i) 

2a;B«j m* — 2m + 5 

m — 1 4 
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Substitute from (Q) in (D), using (N) and (0), and we have 

(R) J (*" ~ ^)* —Jrrr-lf— + ^"^^ + 2x,x, ^^ _ ^), 

+ m-l '^ (m-l)» +'»'* m-1 ^T^"^' 

Substituting in (J) from (0). (N) and (Q), 

^, (fw»— 2OT+6)(m«— 2CT + 3) . m* — 2m+6 »n«— 2m + 5 

'-^ (^rfriT -+^ m-1 -'^^ 2 

_ (m» — 2m + 6)(m* - 2m + 3) . (m»— 2m + 3)(w'— 2m + 5) 

' * 2(m - 1) "^ '"*'» 2(m — 1) 

(S) -{ + x«X3 ^'-2*» + S _ ^^^^ (m'-2m + 6)(m'— 2m + 3) 

2 4 

_ ^^^ (m«— 2m + 6)(m-l) 

4 
— Z' »*— 1 ^ NV . m«— 2m + 3\ 

Multiply (iZ) by — -^ and add to {S) and we get, remembering that 

by hypothesis (m* — 2fii + 5)(m* — 2m — 3) = 0, 

whence tr^ = , which is impossible. Hence the reduction cannot be made. 

Consider the fourth case of p. 393 IX A and J?, since / can be reduced 
to — 2f are both included in the first of the following tables, the second repre- 
senting X : 
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Wi 



w^ 



to 



8 



«?i 



W4 



^8 



'^l 








> 

















Wi 





2wi 





to, 


tCt 


Wl 


«?2 + '^l 








— Wi 





— 2wi 





— 2to, 


— Wt + r, 


— 2Wi 


hwi 



Wi 



tr( 



tri 



u>'. 



t'x 



< 











< 



< 







— 2(m— 2) 



tOs 



«? 



w* 



-tci 



m— 1 



wi 



m — 3 ^ 
m — 1 ' 



■ri 







wi 



Ti 



2m , 

wi 



•m — 1 



?L±_;ri+ 

m — 1 



wj 



— 7 — wi 



nc — 



4m +7 , 
— — I — wi 



A'wi — (m — 1) *i 
4 



«^ 
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Supposing these to be equivalent, we have 

^i = y\^i + y%^% + yz^z + yi^x + ^5^2, 

whence m?^ = a|M?8 + (Aaf + 2a5|a5j — 4x4X5) w^ + 2x3X^1 , 

ti?J = X8(a5— 4xJ) w^. 

The products T{ti?j and w^^c^ (remembering that w[, hence X3(x| — 4x|), can- 
not equal zero), show that y^ and y^ are both zero. w^^[ and ^{w^^ give 

(A) »iy8— 2x5^4 = 0. 

The tTg terms in w'^^ ^^^ '^M yield 

(B) aV58 = y«- 

toj^tg and rjM?j5, after dividing through by X8(x8 — 2x5) and X8(x8+2x5) respec- 
tively, give 

(C) 2,+ 22, = ^^(x,+ 2«,). 

(D) z,-2q> = -^(^-^) (x,-2x,). 
whence 

(E) 23=^^ + 4x5. 
TiTg and r^Ti yield respectively, 

(P) (y,-y4)(*^+2z,)=:-^^(x|-4«J)x,. 

(G) (y. + yiX'^ -2z,) = - ^'-4m + 7 ^^_ ^^ ^ 

Now it is impossible that m equal zero, for then, from (C), Z3+ 225 = 0, 
whence, from (F), X8(x| — 4x5) = 0, which is impossible. Similarly, m does not 
equal two. Hence, we can divide (F) and (G) by (C) and (D) respectively, 

obtaining . 

(m2+3)(m— 1), „ V 
yz — yi= — ^ — -^-g^^ ^(os— 2x6)x8, 
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, (m* — 4wi+7)(m — 1), . ^x 

V'+y*= ^ — 8 (m- 2) — -io'> + ^^)^' 
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from which 

^^^ y«= 8m^(m-\^) [-aJ8K-2m-3) + ar, (m - l)(m« - 2m + 3)] , 

(I) y*= 8m^(m-2) *^ x,(m - l)(m«- 2m + 3) - 2x,(m»- 2m - 3)]. 

Substituting from (H) and (I) in (A), there results 

(m» — 2m — 3)(a^ — 4a|) = 0, 

whence m' — 2m — 3=0, giving m = 3 or — 1 . In either of these cases substi- 
tute from (E) and (H) in (B), obtaining respectively 

Oj + 2x5 = or Xs — 2x5 = 0, 

either of which is impossible. 

Hence, IX is distinct from X. 

Talk Uniyerstty, Jan.^ 1901. 
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